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Abstract
Vibration-based energy harvesting may hold tremendous impact for future applications of
continuous machine and structural health monitoring. Here a novel resonant frequency tuning
approach is proposed where the application of a bias voltage to a pre-stretched electroactive
polymer (EAP) membrane results in changes in membrane tension which can be used to adjust
the resonant frequency of the membrane. The effect of the bias voltage on the EAP membrane,
which induces an electrostatic pressure and corresponding reduction in membrane thickness, is
determined via an analytical model of the activation response of the EAP membrane, with the
results confirmed using FEM simulation in ANSYS. Through a mass-loaded circular membrane
vibration model, the effective resonant frequency of the membrane can be determined as a
function of changes in membrane tension due to the applied bias voltage. In the case of an EAP
membrane, pre-stretch contributes to the mechanical stiffness of the system while the applied
bias voltage contributes to a change in electrical stiffness of the membrane. Experimental
characterization of the EAP material VHB 4910 from 3M verified the resonant frequencies
corresponding to the bias voltages predicted from the appropriate models. Given an effective
system stiffness range between 598 Nm−1 (when λ=1.5, U=0) and 266 Nm−1 (when λ=5,
U=5000), the corresponding resonant frequency tuning range for a particular circular central
loaded EAP membrane device is between 31.4 to 21.8 Hz. The proposed bias voltage tuning
approach for the EAP membrane may provide a novel strategy to enable resonant frequency
tuning of energy harvesting devices in particular application environments.
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Nomenclature

a thermal expansion coefficient

e0 free-space permittivity
(8.854×10−12 As V−1 m−1)

er dielectric constant

ze
electrical damping ratio

zm
mechanical damping ratio

zt
total damping ratio

l stretch ratio
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lra
II stretch ratio of the active region in the radial

direction in state II

lta
II stretch ratio of the active region in the

thickness direction in state II

lrb
II stretch ratio of the passive region in the radial

direction in state II

ltb
II stretch ratio of the passive region in the

thickness direction in state II

lp stretch ratio in a pre-stretch state I

l l l, ,r
i

c
i

t
i stretch ratios in the radial, circumferential and

thickness directions where superscript i refers
to different states of 0, I or II

ut nominal actuation strain

ws source vibration frequency

wstruc undamped natural frequency of the vibrating
structure

C ,10 C ,20 C30 unstretched Yeoh model constants

¢C ,10

¢ ¢C C,20 30

stretched Yeoh model constants

E Young’s modulus

I1 first invariant Cauchy–Green deformation
tensor

M mass of the membrane

P power output of an energy harvesting device

Pres power output at resonance of an energy
harvesting device

T membrane tension

Teff effective membrane tension

U applied bias voltage

W strain energy function W in the Yeoh form

Y source vibration amplitude

a radius of the membrane

b radius of the central added mass

bm mechanical damping coefficient

be electrical damping coefficient

feff
effective system frequency

kmech mechanical stiffness

kmech
I membrane mechanical stiffness in state I

without consideration of the bias voltage effect

kelec electrical stiffness

keff effective stiffness

m added mass on the membrane

meff effective system stiffness

p hydrostatic pressure

pel
electrostatic pressure

r electrode radius ratio

r0 membrane radius in an initial state 0

r I membrane radius in a pre-stretched state I

r II membrane radius in a bias voltage state II

r ,a
i c ,a

i ta i active region (with an electrode) radius,
circumference and thickness where superscript
i refers to different states of 0, I or II

r ,b
i c ,b

i tb i passive region (without an electrode) radius,
circumference and thickness where superscript
i refers to different states of 0, I or II

s _eff r
effective film stress in the radial direction,
which is the [1, 1] element of [ ][ ]ss IIII

sr
I Cauchy stress in the radial direction in state I

sz
I out-of-plane Cauchy stress in the thickness

direction in state I

sta
II membrane out-of-plane stress after applying

the bias voltage

sra
II membrane in-plane stress after applying the

bias voltage

t0 membrane thickness in an initial state 0

t I membrane radius in a pre-stretched state I

t II membrane radius in a bias voltage state II

ta II membrane contracted thickness after applying
the bias voltage

[ ]sI matrix of membrane stress in state I (pre-
stretch)

[ ]sII matrix of membrane stress in state II (bias
voltage)

[ ]sE matrix of stress produced by the electrostatic
force from the applied bias voltage

1. Introduction

Vibration-based energy harvesting may hold tremendous
impact in powering continuous machine and structural health
monitoring devices in various application environments, and
a comprehensive discussion of vibration-based energy har-
vesting is available in the literature [1]. Generally, it is desired
to ensure that the resonant frequencies of an energy harvest-
ing device match the ambient vibration frequencies to max-
imize the energy harvested [2]. For example, Challa et al [3]
presented a resonance frequency tuning approach using a
magnetic force applied perpendicular to a cantilever beam,
achieving ±20% of the unturned frequency based on the
mode of the magnetic force and the separation distance
between the magnets. On the other hand, a horizontal tunable
electromagnetic vibration-based micro-generator was
designed by Zhu et al [4] via induced variable axial magnetic
forces. A two-dimensional resonant frequency tuning model
was recently developed which generalizes these approaches
[5]. The tuning model is based on effective stiffness theory,
where the effective resonant frequency of the system is a
function of two variable stiffness terms which are in turn
governed by the separation of the magnets in 2D space.
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While cantilever-based energy harvesting geometries
have been more frequently studied, membrane-based designs
have also been pursued. For example, Rezaeisaray et al [6]
designed and analyzed an SU-8 membrane-based energy
harvester which uses a nonlinear stiffness effect based on a
Duffing oscillator to obtain a frequency bandwidth of 146 Hz.
Mo et al [7] developed a theoretical model for a piezoelectric
circular membrane subjected to pressure fluctuations, con-
cluding that the optimization of energy harvesting perfor-
mance is highly dependent on the ratio between the thickness
and radius of the membrane. In addition, a piezoelectric cir-
cular membrane array connected in parallel was shown by
Wang et al [8] to increase the device performance compared
to the power generated from a single membrane. Another
reported membrane-based energy harvester was proposed by
Palosaari [9], whose experimental results suggest that pres-
sure fluctuation could be a potential method to tune the
resonant frequency of a membrane-based energy harvester to
match the ambient vibrations for maximum power output.
Note that the term of pre-stress used in [9] refers to the
membrane out-of-plane stress, which is different from the
usage of the term (denoting membrane in-plane stress) used
below in this work. More recently, it was found that
mechanical stretch of a hyperelastic polymer membrane
induces a membrane tuning stress and corresponding reduc-
tion in membrane thickness, which impacts the effective
stiffness and hence the vibrational response of the membrane
[10]. Membrane geometry-based energy harvesters have
become increasingly attractive as a means to leverage the
properties of emerging soft materials to target lower fre-
quency vibration sources.

In recent years electroactive polymers (EAPs), which can
deform in response to the application of an electrical stimulus,
have also been explored for potential mechanical energy
harvesting applications [11]. Among EAPs, dielectric elasto-
mers (DEAs) have drawn great attention due to their out-
standing overall performance [12], including large elongation,
high speed of response, and high energy density. Pelrine [13]
proposed DEAs as a means of actuation by using an incom-
pressible DEA membrane between two layers of deposited
compliant electrode. When an electric field is applied across
the sandwiched membrane, the membrane acts as a capacitor
with the Columbic force generating a Maxwell stress between
the electrodes that results in squeezing the DEA membrane
and inducing expansion of the DEA due to incompressibility
of the elastomer [14]. Typically, silicones or acrylics are used
as DEAs, and carbon or graphite powder/grease or other
highly compliant metal paints [15] are used as electrodes. The
operating voltage of DEAs is around 1–10 kV [16], corresp-
onding to an electric field up to 100 V μm−1. In addition, a
considerably high actuation strain (over 100%) [17] could
also be obtained using DEAs. Several commercial products
have been described in the literature such as Polytek Devel-
opment series poly 74 [17, 18], BJB Enterprise TC-5005 A/
B-C silicone [17, 18], Elastosil RT 625 by Wacker [17, 18],
Dow Corning HS3 silicone [19], NuSil CF19-218 silicone
[19], and 3M VHB 4910 acrylic tapes [19, 20]. Among easy-
accessible commercial products [17–20], 3M VHB 4910
acrylic tapes show impressive performance due to the high
dielectric constant (εr=4.7 for an unstretched material) and
high actuation strain potential up to 6 times the axial stretch in
both planar directions [20] and will be the focus of the work
presented here.

Because relatively high actuation strain (over 100%) can
be produced through the activation process, DEAs typically
demonstrate hyperelastic material behavior, whose stress–
strain relationship can be described in terms of a strain energy
function. The mechanical behavior of hyperelastic materials
have been characterized by different functional forms of the
strain energy, such as the commonly used Yeoh [21], Ogden
[22] and Mooney–Rivlin [23] models. Previous work found
that the membrane thickness decreases in an unstable manner
when using the Ogden and Mooney–Rivlin material models,
with a corresponding increase in out-of-plane film stiffness
not compensating for the increased electrostatic forces [24].
Therefore, the Yeoh form is chosen here for this work to
better capture the physical behavior of the EAP material. (The
reader is directed to the literature for a more comprehensive
discussion of instabilities and failure modes for EAP mem-
branes [25].) In addition, we note that the analytical model
described in the next section assumes for simplicity a purely
hyperelastic material and neglects more complicated viscoe-
lastic material effects which have been described previously
in the literature [26–29].

For a pre-stretched EAP membrane, it has been observed
in the literature that the dielectric constant of the VHB elas-
tomer decreases as the stretch ratio is increased [20]. There-
fore, changes in the material properties of the VHB membrane
as a function of strain may affect the resulting bias voltage

Table 1. Material parameters of EAP membrane.

Membrane (3M VHB 4910)

Symbol Description Value Units

r0 Initial radius 19.05 mm
t0 Initial thickness 1000 μm
λ Stretch ratio 1.1–5 unitless
εr Dielectric constant 4.7 unitless
E Young’s modulus 1.44 MPa
a Thermal expansion

coefficient
1.8×10−4 m/m-°C

e l=r, 1 4.7 unitless
e l=r, 1.5 4.4 unitless
e l=r, 3 Dielectric constant 3.7 unitless
e l=r, 4 3.2 unitless
e l=r, 5 2.6 unitless

C10 0.0693 MPa
C20 Unstretched Yeoh model −8.8×10−4 MPa
C30 16.7×10−6 MPa

C10′ 0.053 74 MPa
C20′ Stretched Yeoh model −4.86×10−4 MPa
C30′ 3.89×10−6 MPa
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response. However, the effect of pre-stretch on the dielectric
constant of VHB elastomer is a much debated topic, and
complex factors have been proposed to explain the changes of
material properties of EAP material due to stretching [30–34].
While a complete explanation for the stretching effect on the
changes of EAP material properties is outside the scope of the
current work, it appears that those changes can further affect
the response of bias voltage activation on the EAP membrane.
Therefore, for the membrane material of VHB 4910, the di-
electric constants with the stretched Yeoh material model are
used in this work. Experimental values of the dielectric
constant as well as material properties for the Yeoh model for
VHB 4910 material have been measured by Wissler for dif-
ferent pre-stretch levels as listed in table 1 [35] (here C10, C20,
and C30 represent the unstretched membrane and C10′, C20′

and C30′ describe the stretched membrane material properties,
respectively).

2. Bias voltage tuning mechanism

In this section, a resonant frequency tuning approach is pre-
sented where the application of a bias voltage to a pre-stret-
ched EAP membrane is used to tune the frequency. Here the
effective system stiffness (a combination of mechanical and
electrical stiffnesses) contributes to the tuned resonant fre-
quencies of the membrane. A general tuning model is first
presented following by a discussion of the response of the
EAP membrane to a bias voltage and the corresponding
change in vibration response due to the induced compressive
stress from the applied voltage. Lastly, the impact of mem-
brane mechanical and electrical stiffness contributions on the
overall system effective stiffness are highlighted.

2.1. EAP membrane tuning via bias voltage

A theoretical lumped parameter tuning model for bias voltage
tuning of a pre-stretched membrane-based energy harvester is

shown in figure 1(a). A circular EAP membrane is stretched
from the initial state 0 (radius r ,0 thickness t0) to a pre-
stretched state I (radius r ,I thickness t I). (In order to increase
the electrical-to-mechanical conversion efficiency, DEAs are
commonly pre-stretched up to five times their in-plane
dimensions [24].) Afterwards, a bias voltage is applied to the
pre-stretched membrane with its active region (electrode
coated area) experiencing a further expanded radius and
contracted thickness due to the activation of the EAP material
while the edge of the membrane is fixed =( )r r .I II There-
fore, based on the effective stiffness tuning model after both
pre-stretch and applied bias voltage activation of the EAP
membrane, the effective stiffness of the membrane-based
energy harvester is a function of the membrane pre-stretch
and bias voltage stiffnesses such that

= + ( )k k k , 1eff mech elec

where kmech and kelec are mechanical and electrical stiffness,
respectively, and an ideal membrane is assumed to have no
intrinsic stiffness [36].

An appropriate lumped model for the bias voltage tuning
model is shown in figure 1(b). The effective stiffness can be
represented as a combination of two parallel variable springs
representing mechanical and electrical stiffnesses, while
dampers denoted as mechanical dashpot bm and electrical
dashpot be represent the mechanical losses and the mechanical
energy transformed into electrical energy, respectively. The
tuned effective frequency feff of the EAP membrane-based
energy harvester subject to the applied bias voltage can be
expressed in equation (2), where keff is the effective system
stiffness and meff is the effective mass of the system.

p p
= =

+ ( )f
k

m

k k

m

1

2

1

2
. 2eff

eff

eff

mech elec

eff

Figure 1. (a) Schematic of bias voltage tuning model for pre-stretched circular EAP membrane with three states: 0 (initial), I (pre-stretch), and
II (bias voltage). Tmech is the membrane tension in state I only subject to a mechanical stretch, while Teff is the membrane effective tension in
state II as a result of both mechanical and electrical contributions to the membrane tension. (b) Lumped model of the resonant frequency
tuning approach where membrane mechanical stiffness and electrical stiffness are represented as variable springs.
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While in practice it may be difficult to change the added
mass during device operation, an alternative approach high-
lighted in equation (2) is to adjust the mechanical and elec-
trical stiffnesses of the membrane in order to target the
environmental source frequencies. Based on the generic
lumped parameter model shown in figure 1(b), the power
output of an energy harvesting device given a sinusoidal
ambient excitation vibration w=( )y t Y tsin s (where Y and
ws are the source vibration amplitude and frequency, respec-
tively) can be written as [37]

z w

z
=

- +

w
w

w
w

w
w

⎡
⎣⎢

⎤
⎦⎥

⎡⎣ ⎤⎦

( )
( )

( )P
m Y

1 2

, 3
eff t s

t

2
3

3

2 2 2

s

struc

s

struc

s

struc

where the total damping ratio zt z z z= +( )t m e is the sum of
mechanical zm and electrical ze damping ratios, respectively,
and wstruc is the undamped natural frequency of the vibrating
structure. Note that the relationship between the damping
coefficients of bm and be and the unitless damping ratios of zm
and ze used in equation (4) are z w=b m2m eff m struc and

z w=b m2 .e eff e struc When the energy harvesting device is in
resonance such that w w= ,s struc the power output at resonance
Pres can be simplified as

w
z

= ( )P
m Y

4
. 4res

eff s

t

2 3

2.2. Bias voltage activation of EAP membrane

When a bias voltage is applied to a pre-stretched EAP
membrane, the membrane further expands in the plane of the
membrane and contracts out-of-plane due to the induced
electrostatic forces. Here a bias voltage activation model is
used to describe the relationship between the applied bias
voltage and the resulting EAP membrane stresses and geo-
metry (accounting for electrode area). Note that the following
derivations are simplified by assuming the material is
incompressible and isotropic such that the stretch ratios in the
radial, circumferential, and thickness directions satisfy
l l l = 1,r

i
c

i
t

i where superscript i refers to different states of
0, I or II as shown in figure 1(a) and the time dependence of
the mechanical response is neglected. Note that the stretch
ratios are defined as the ratio of the length of a deformed
dimension to the length of the corresponding undeformed
dimension. Given that the material is incompressible, the first
invariant Cauchy–Green deformation tensor I1 can be written
as l l= + /I 2 1 .r r1

2 4

From state 0 to state I, a circular EAP membrane is
subjected to a pre-stretchlp such thatl l= ,r

I
p l l=c

I
p and

l l l l= =( )1 1 .t
I

r
I

c
I

p
2 After pre-stretch, the membrane

is activated from state I to state II by applying a bias voltage.
As shown in figure 1(a), the electrode area of the EAP
membrane is denoted as the active region with radius r ,a

i

circumference c ,a
i and thickness t ,a

i while the passive region
refers to the outer region of the membrane area without an
electrode and has dimensions r ,b

i cb
i and t .b

i Here the nominal

actuation strain ut and the electrode radius ratio r are defined
as

u = - ( )t

t
1, 5t

a
II

a
I

= ( )r
r

r
. 6a

I

I

Due to the electroactive response of the EAP material,
the stretch ratios of the active and passive region in the radial
and thickness directions of the membrane can be determined
based on a previously described spring-roll model [24] such
that

l
l

u
=

+
( )

1
, 7ra

II r
I

t

l
u

l l
=

+
·

( )1
, 8ta

II t

r
I

c
I

l l
u

u
=

+ -
- +

·
( )( )

( )r

r

1

1 1
, 9rb

II
r

I t

t

l
l l

u
u

=
+ -
+ -·

· ( )( ) ( )r

r

1 1 1

1
. 10tb

II

r
I

c
I

t

t

Given the definition of lta
II from equation (8), the contracted

thickness in the active region after the application of the bias
voltage l=( )t ta

II
ta

II0 in state II can be expressed as

u
l l

=
+·
·

( )t t
1

. 11a
II t

r
I

c
I

0

For an incompressible material, the Cauchy stresses si are
defined as the force per unit area of the deformed config-
uration. They can be determined based on the derivative of
the strain energy potential with respect to the stretch ratios li

and the hydrostatic pressure p which enforces the incom-
pressibility constraint [22], where subscript i refers to the
different directions for simplification in the following
equations. Thus the Cauchy stress in the radial direction in
state I is l l= ¶ ¶ -s W pr

I
r

I
r

I and the out-of-plane Cau-
chy stress in the thickness direction in state I is zero due to the
assumption of plane stress for a thin mem-
brane l l= ¶ ¶ - =( )s W p 0 .z

I
z

I
z

I

The strain energy function W in the Yeoh form can be
written as = ¢ - + ¢ - + ¢ -( ) ( ) ( )W C I C I C I3 3 310 1 20 1

2
30 1

3

where I1 is the component of the Cauchy–Green deformation
tensor which is a function of stretch ratios as given in [21] and
the values of the stretched material parameters (C10′, C20′ and
C30′) are given in table 1. Therefore, the Cauchy stress in the
radial direction in state I for a circular EAP membrane-based
on the Yeoh model can be written as

l
l

l
l

l
l

= - ¢ + ¢

+ -

+ ¢ + -

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥

· · [ ·

·

· · ( )

s C C

C

2
1

2

2
1

3

3 2
1

3 . 12

r
I

p
p

p
p

p
p

2
4 10 20

2
4

30
2

4

2
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Different stretch ratios of l ,ra
II l ,ta

II l ,rb
II ltb

II are
determined as a function of nominal actuation strain ut using
equations (7)–(10), respectively. By assuming there is no
buckling or bending of the membrane, the membrane stresses
produced by the electrostatic forces are hydrostatic [38].
Therefore, the electrostatic pressure pel can be written in terms
of the applied voltage U and membrane contracted thickness
ta II [13], and the corresponding membrane radial stress for the
active region in state II due to the bias voltage can be
rewritten as

e e= - =
⎛
⎝⎜

⎞
⎠⎟· · ( )p s

U

t
, 13el ta

II
r

a
II0

2

l l= - -( ) ( ) ( )s G G p , 14ra
II

ra
II

ta
II

el

where er is the EAP dielectric constant, e0 is the free-space
permittivity (8.854× 10−12 As V−1 m−1), and l( )G i is
defined as

l l
l

=
¶
¶

( ) · ( )G
W

. 15i i
i

Given the boundary condition that the axial forces of the
active and passive region are equal for the activation model of
the EAP membrane [24], such as =s c t s c t ,ra

II II
a

II
rb

II II
b

II one
can show that

l l
u

l

l

- =
+ -
-

- -

( ) ( ) · [ ( )

( ) ] ( )

G G
r

r
G

G p

1

1
. 16

rb
II

tb
II t

ra
II

ta
II

el

By combining equations (13) and (16), one can derive the
final expression for the bias voltage activation model of the
pre-stretched EAP membrane in terms of the applied bias
voltage U and the pre-stretch level lp as

e e
u
l

l l

u
l l

=
+

-

-
-

+ -
-

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦⎥

·
· · [ ( ) ( )

· ( ( ) ( )) ( )

U
t

G G

r

r
G G

1

1

1
. 17

r

t

p
ra

II
ta

II

t
rb

II
tb

II

2 0
2

0
2

2

According to equation (17), the nominal actuation strain
ut can first be determined based on the applied bias voltage U,
the pre-stretch level l ,p and the derivatives of the strain
energy function with respect to different stretch ratios (based
on equation (15)). From there, the nominal actuation strain ut

can be further used to calculate the membrane contracted
thickness t ,a

II the out-of-plane stress s ,ta
II and the radial stress

sra
II of active region based on equations (11), (13) and (14),

respectively. It is clear from equation (17) that the activation
response of an EAP membrane is a function of the membrane
pre-stretch level lp and the applied bias voltage U.

2.3. Vibration of a central mass-loaded circular membrane

Now that the membrane activation to a bias voltage has been
determined, an analytical model is developed to describe the
vibration response of a circular EAP membrane with a cen-
trally-located added mass. By definition, membranes are
always stretched in tension. In addition, here only the first
fundamental mode, with maximum amplitude at the center, is

considered. For a perfectly clamped homogeneous circular
membrane with a centrally loaded mass, the first fundamental
frequency can be written as [39]

p
p

= ( )
· ( )f

T

m

1

2

2

ln
. 18

a

b

Here we assume that the added mass m is spread over a
contact circle of radius b at the center of the membrane with a
radius of a. We also assume that the membrane tension T is
much larger than the force applied to the membrane by the
added mass m, such that the effect of the added mass on the
tension of the membrane can be neglected. The mass of the
membrane M is assumed small compared to the added mass m
and hence neglected. Note that in the derivation of
equation (18), b must not be significantly smaller than a, as
this concentrated ‘point load’ would result in significant
deformation in the center of the membrane [39]. Comparing
equation (18) with (2), it is thus straightforward to write the
effective mass in equation (2) as = ( )m m a blneff and the
effective stiffness keff of the centrally loaded membrane (with
no bias voltage) as p= =k k T2 ,eff mech respectively.

When a bias voltage is applied to a pre-stretched mem-
brane, the membrane further expands in the radial direction
and contracts out-of-plane due to the induced electrostatic
forces. This is due to the fact that when the EAP membrane is
subjected to a bias voltage, a compressive stress is generated
and squeezes the membrane such that the activated region of
the membrane seeks to expand in-plane, but the edge of the
passive (non-activated, non-electroded) region is clamped,
which relaxes the effect of the pre-stress. As proposed in the
literature [40], the electrostatic force from an applied voltage
adds a compressive stress to the membrane, effectively soft-
ening the membrane and reducing its resonant frequency. To
simplify the analysis in this section the electrode area (active
region) here is assumed to cover the entire membrane. By
defining [ ]sI and [ ]sE as the membrane stress in state I (pre-
stretch) and the stress produced by the electrostatic force from
the applied bias voltage, respectively, the membrane stress in
state II (bias voltage) [ ]sII can be written as

= + =
+

+
+

⎡

⎣
⎢⎢⎢

⎤

⎦
⎥⎥⎥

[ ] [ ] [ ] ( )s s s
s s

s s

s s

. 19II I
E

r
I

E

c
I

E

t
I

E

As has been done previously in the literature, one can assume
that there is no buckling or bending of the membrane, thus the
electrostatic force must be hydrostatic with only non-zero
terms in the diagonal of the stress tensor [ ]sE [38]. Given the
electrostatic compressive stress from equation (13), the
effective film stress in the radial direction s _ ,eff r which is the
[1, 1] element of [ ]sII in equation (19), can be expressed as

e e= -
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Because the membrane tension Teff is the product of the
membrane stress s _eff r and the contracted thickness ta II such
that = ·T s t_ ,eff eff r a

II substitution of s _eff r from
equation (20) into (19) yields the frequency of a mass-loaded
EAP circular membrane as

p

p e e
=

-
⎡
⎣⎢

⎤
⎦⎥( )

( )
· · ·

( )f
s t

m

1

2

2

ln
, 21eff

r
I

r
U

t a
II

a

b

0

2

a
II

where the membrane radial stress sr
I resulting from the pre-

stretch is determined by the pre-stretch level lp while the
contracted thickness ta II can be calculated by the response of
bias voltage activation. Therefore, the resonant frequency feff

of a pre-stretched centrally loaded circular EAP membrane
after application of the bias voltage is a function of both pre-
stretch level of lp and applied bias voltage U and can be
determined by equation (21).

2.4. Impact of pre-stretch and bias voltage on effective stiffness

Using the resonant frequency tuning approach outlined above,
one can derive the mechanical and electrical stiffnesses terms
which contribute to the effective system stiffness. These
stiffness terms can be adjusted via control of the pre-stretch
and the application of a bias voltage, respectively, to imple-
ment the overall change in resonant frequency of the EAP
membrane. By comparing the vibration model from
equation (2) and the tuned frequency of the EAP membrane
subject to the applied bias voltage in equation (21), it is
straightforward to determine the effective stiffness keff as

p p e e= -· · · · · ( )k s t
U

t
2 2 , 22eff r

I
a

II
r

a
II0

2

where the two variable stiffness components representing the
mechanical and electrical stiffnesses can be written as

p= · · ( )k s t2 , 23mech r
I

a
II

p e e= - · · · ( )k
U

t
2 . 24elec r

a
II0

2

Here the mechanical stiffness refers to the contribution of
mechanical stretch, while the electrical stiffness is the result
of the applied bias voltage. However, as will be discussed
later the application of a bias voltage will also result in a

slight change in the mechanical stiffness. According to
equation (24), the change in the membrane mechanical stiff-
ness kmech is a function of membrane radial stress sr

I and
contracted thickness t .a

II

On the other hand, kmech
I is defined as the membrane

mechanical stiffness in state I without consideration of the
bias voltage effect, and thus is different from the overall
system mechanical stiffness kmech which includes both pre-
stretch and bias voltage effects. By substituting sr

I from
equation (12) and l=t tI

p
0 2 (the membrane contracted

thickness in state I due to the pre-stretch) into the expression
of p= · ·k s t2 ,mech

I
r

I I the membrane mechanical stiffness
kmech

I in state I can be written as

p
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When the membrane is subjected to a bias voltage after
pre-stretch, the overall system mechanical stiffness kmech can
be determined from equation (23) being sure to take into
account the further contracted thickness of the active region
ta II due to applied bias voltage.

An explanation of the mechanical stiffness component of
the resonant frequency tuning mechanism for the membrane
is shown schematically in figure 2(a). When the membrane is
pre-stretched from initial state 0 to the pre-stretched state I, a
variable spring representing the mechanical stiffness kmech

I

compresses with the pre-stretch level. Note that different
material parameters contribute to the mechanical stiffness of
state I ( )kmech

I as a function of stretch ratio lp based on
equation (25). Here a material model using different dielectric
constants and stretched Yeoh material constants that are a
function of the applied stretch are used in the analysis. After
applying a bias voltage the system moves from state I to state
II, and the overall mechanical stiffness kmech further com-
presses as shown in figure 2(a) due to the decrease in mem-
brane thickness upon the application of the bias voltage.

The electrical stiffness contribution kelec provided by the
applied bias voltage is given by equation (24). As shown in
figure 2(b), at zero bias voltage in state I =k 0.elec On the
other hand, in state II the electrostatic force from an applied

Figure 2. Schematic of the resonant frequency tuning mechanism based on the effective stiffness model: (a) mechanical stiffness component;
(b) electrical stiffness component; (c) effective system stiffness. The mechanical stiffness and electrical stiffness are represented as springs
with variable stiffness.
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voltage adds a compressive stress to the membrane, which
contributes a negative electrical stiffness to the system. When
both pre-stretch and bias voltage are applied to an EAP
membrane, the resonant frequencies are altered as the result of
both mechanical stiffness and electrical stiffness contributions
as shown in figure 2(c). Calculation and discussion of the
mechanical, electrical, and effective system stiffnesses based
on this model will be presented in section 5.

3. Finite element modeling approach

To verify the analytical results obtained using the expressions
above, two separate FEM simulations using ANSYS were
performed for the circular EAP membrane as described in this
section. In the first analysis using ANSYS (simulation 1), the
membrane tuning stresses were first determined as a function
of the applied bias voltage to apply the appropriate tension to
the membrane. This result then forms the basis for the second
FEM step (simulation 2), where a static analysis and a modal
analysis are used to determine the resonant frequencies of the
central mass-loaded membrane as shown in figure 3.

Schematic models of the ANSYS simulations are shown
in figure 4, where an opening angle of 30° and cyclic sym-
metry in cylinder coordinates are applied. The hyperelastic

membrane (VHB 4910) is modeled using the coupled-field
element SOLID 226 with KEYOPT (11) set to 1 to char-
acterize a fully incompressible elastomer. In ANSYS the
VHB 4910 material is modeled using a 3rd order reduced
polynomial form of the strain energy function in the Yeoh
form with values for ¢ ¢C C, ,10 20 and ¢C30 listed in table 1. As
shown in figure 4(a), in simulation 1 the pre-stretch in
ANSYS is first implemented by imposing the displacement of
the nodes at the model boundary from initial radius r0 to a
stretched radius r I (where l=r rI

p
0). The second step in

simulation 1 is to apply a bias voltage on the nodes of the top
layer of the membrane as shown in figure 4(b) (the nodes on
the bottom layer are set to zero voltage); here an active region
(with electrode area) of 80% area of the membrane is assumed
and is subjected to the bias voltage. This step of bias voltage
activation is solved by a coupled-field analysis with large-
deflection (NLGEOM) and stress-stiffening (PSTRES) effects
enabled, respectively.

Once the analysis for the membrane radial stress has been
completed, this result is then used to determine the resonant
frequency of the stretched membrane (with a central proof
mass added at this stage) for comparison with the theoretical
calculations of membrane tuned frequency. In simulation 2,
the membrane with central loaded mass is modeled asym-
metrically using ANSYS Shell 41 elements with an opening

Figure 3. Flow chart of finite element modeling using ANSYS for the circular EAP membrane.
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angle of 30° and symmetric boundary conditions as shown in
figure 4(c). A radius ratio between the membrane and the
central load of =/a b 9 was used for the FEM analysis to
enable comparison with the experimental study described in
the next section. In the analysis for the centrally loaded
membrane, a static analysis is first performed to apply the
desired tension calculated from the initial FEM analysis as a
function of the stretch ratio [41]. Specifically, this membrane
stress is induced by the method of uniform cooling, where the
temperature difference DTtemp is calculated from

aD = ( )T T E ttemp [42], where T is the tension of the mem-
brane and E and a are the Young’s modulus and thermal
expansion coefficient of the membrane, respectively. Details
of the parameters used in the ANSYS study are given in
table 1. The next step in simulation 2 is the modal analysis of
the clamped membrane with the added central mass. Here the
added mass attached to the central section of the membrane is
modeled as two sets of overlapping elements, where the first
set of elements representing the membrane (lower layer) has
its nodal plane located on the ‘top’ face, whereas the set of
elements corresponding to the added mass (top layer) has its
nodal plane located on the ‘bottom’ face. The tuned mem-
brane frequencies determined based on this FEM approach
will be compared with both analytical predictions and
experimental studies in section 5.

4. Experimental methods

In this section, two separate prototype devices denoted as
Devices 1 and 2, respectively, are tested to determine the
effective resonant frequencies of the membranes. An initial
experimental study (Device 1) measuring the resonant fre-
quency of a mass-loaded circular EAP membrane as a func-
tion of mechanical stretch and applied bias voltage was first
conducted to confirm the analytical and computational models
described above. The membrane material used here is 3M
VHB 4910 acrylic with material properties given in table 1. A
1000 μm thick (initial thickness) commercially available
membrane was pre-stretched to a membrane thickness of
60 μm in this initial experiment (Device 1). The tests to
determine the resonant frequencies of the membranes were
performed by mounting a prototype on a shaker (Vibration
Test Systems VG-100A-6) to evaluate the frequency of the
mechanism as shown in figure 5. The prototype consisted of a
membrane, a central magnet/mass, and a coil fixed to the
frame; this prototype is then mounted on the shaker to provide
a given vibration of known amplitude and frequency. A 7 g
ferrous mass was added at the center of the membrane. The
resonance for the mass-membrane system was evaluated by
measuring the frequency response function of the voltage
induced in the coil relative to the input force measured by a
dynamic load cell (PCB 208A02) mounted between the

Figure 4. ANSYS models of a circular EAP membrane in simulation 1 subjected to (a) pre-stretch and (b) bias voltage activation; (c) a
schematic vibration model of a circular membrane with a centrally loaded mass in ANSYS simulation 2.

Figure 5. (a) Schematic of the resonant frequency test for a circular EAP membrane with a centrally loaded (magnetic) mass. (b) Picture of
the prototype mounted to the shaker (Device 1).
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shaker and the prototype using a high impedance measure-
ment device (NI-9215). The peak of the frequency response
function is measured for a range of bias voltages spanning
0–4600 V to estimate the resonance frequency of the system.
The maximum applied voltage of 4600 V corresponds to an
electrical field of 76.7 V μm−1, which will not exceed the
EAP material electrical breakdown field of 100 V μm−1 [16].

Furthermore, additional experimental validation (referred
to as Device 2) was performed using the test setup shown in
figure 6. In this additional set of experiments, a 3M VHB
4910 EAP membrane with the initial thickness of 1000 μm
was radially pre-stretched to a thickness of 40 μm using a
turnable torus with a rigid core as shown in figures 6(a) and
(b). Silver leaf was applied to both sides of the membrane as
the electrode. As shown in figure 6(c), two ring acrylic disks
were used to clamp the stretched EAP membrane, and each
disk fixture was attached to a small piece of conductive
copper tape across the thickness of the inner diameter for wire
connections. The tests to determine the resonant frequencies
of the membranes were performed by mounting the prototype
on a shaker (Vibration Test Systems VG-100A-6). As shown
in figure 6(c), the fixture was made high enough to keep the
EAP membrane with central loaded mass outside of the
magnetic field of the shaker, while a counterweight on the
clamp was used to reduce the bending mode vibration caused
by the eccentric placement of the accelerometer (PCB
353B02) measuring the motion of the clamp. Tests were

conducted by adding multiples of 2.75 g magnetic masses
(Magcraft NSN0590) to the center of the EAP membrane
under a bias voltage sweep from 0 to 3000 V, corresponding
to a maximum of electrical field of 75 V μm−1. The output
deflection of the centrally loaded EAP membrane was mea-
sured at the center of the magnetic mass using a laser vib-
rometer (OFV-534/5000) as a function of a frequency sweep
from the shaker between 0 and 100 Hz. In this experiment, a
power amplifier (Trek 609E-6) supplied the bias voltage. The
equipment was controlled via LabVIEW with a data acqui-
sition system (National Instruments USB-6343). The test was
run three times with the average result reported.

5. Results and discussion

Based on the bias voltage frequency tuning mechanism
described above, an EAP membrane can be tuned by chan-
ging the system effective stiffness, which is comprised of both
mechanical and electrical stiffness components. The results
for the membrane stresses (both in-plane and out-of-plane) of
the electroded active region and the corresponding membrane
contracted thickness due to the bias voltage activation are
discussed in this section, after which the effective stiffness
and the corresponding tuning frequencies are presented.

Figure 6. (a) Unstretched circular EAP membrane; (b) stretched circular EAP membrane; (c) picture of the prototype mounted to the shaker
for additional experimental test (Device 2).
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5.1. Membrane tuning stresses and contracted thickness

The response of the EAP membrane to an applied bias voltage
at a pre-stretch of l = 4p is shown in figure 7, which includes
the theoretical and FEM results for the membrane radial
stress, thickness stress, and corresponding membrane con-
tracted thickness in the active region. The dimension as well
as material properties for the EAP membrane have been listed
in table 1. Given that the limit of the electrical field on the
material of VHB 4910 used in this work is 100 V μm−1 [15],
maximum applied voltages of 4600 V for Device 1 (stretched
film thickness of 60 μm) and 3000 V for Device 2 (stretched
film thickness of 40 μm) are used, respectively. From figure 7
it is clear that FEM results (symbols) agree well with the
theoretical calculations performed by MATLAB. Here the
results from the FEM analysis are the average values of the
membrane stresses (in both radial and thickness directions)
for nodes in the active region. The scatter of the stresses and
membrane thickness values from FEM were generally found
to be within 0.02% and 0.04%, respectively. Note that both
approaches use the stretched material model, with the mem-
brane material properties in the Yeoh form [ ¢ ¢C C,10 20 and

¢C30 ] with different dielectric constants listed in table 1. From
figure 7(a), the membrane radial stress in the active region
decreases with increasing applied voltage because when the
membrane is subjected to a pre-stretch, the activated region of
the membrane seeks to expand in-plane, but the edge of the
passive (non-activated, non-electroded) region is clamped,
which relaxes the effect of the pre-stress. However, note that
this in-plane expansion due to activation is small compared
with the pre-stretch elongation, and thus the changes in the
membrane radial stress with the applied bias voltage shown in
figure 7(a) are relatively small.

On the other hand, the applied bias voltage induces an
electrostatic pressure pel corresponding to a negative value for
the membrane out-of-plane stress sta

II in the active region
(see equation (13)), decreasing to - ´2.26 10 Pa5 with an
applied bias voltage of up to 5000 V as shown in figure 7(b).
Again the FEM results (symbols) agree well with the theor-
etical calculations (solid lines). In addition, the theoretical
result for the membrane contracted thickness ta II based on
equation (11) where the nominal actuation strain for a given
bias voltage is found via equation (17), is given in figure 7(c)

and shows that the membrane thickness decreases from
60 μm at zero voltage down to 55.9 μm with applied bias
voltage of 5000 V. Here the results from the FEM analysis are
the average values of displacement differences between the
membrane top and bottom layers for the activated nodes of
the membrane.

5.2. Effective system stiffness

When both pre-stretch and bias voltage are applied to a cir-
cular EAP membrane, the resonant frequencies are altered as
a function of both the mechanical stiffness kmech and electrical
stiffness kelec contributions to the overall effective stiffness
keff of the system (equation (1)). According to equation (25),
the pre-stretch level lp and material properties

¢ ¢ ¢[ ]C C C, ,10 20 30 affect the mechanical stiffness in state I
( )kmech

I when the bias voltage is equal to zero. Figure 8(a)
first presents the overall mechanical stiffness as a function of
bias voltage for different levels of pre-stretch lp using
equation (24). Here the mechanical stiffness of the membrane
decreases with an increase of the membrane stretch ratio. For
sake of comparison, the mechanical stiffness in state I ( )kmech

I

when a circular EAP membrane is only subjected to a stretch
(zero bias voltage) is represented by a dashed line in
figure 8(a). The results show that the mechanical stiffness in
state I ( )kmech

I decreases at a faster rate for stretch ratios
between 2.5 and 4 which is due to the changing material
properties of the stretched VHB material. The results shown
in figure 8(a) indicate that while the mechanical stretch
determines the membrane mechanical stiffness in state I
( )k ,mech

I the applied bias voltage contributes a softening effect
on the overall membrane mechanical stiffness ( )kmech

component.
To illustrate the impact of membrane pre-stretch on the

overall mechanical stiffness, a plot of normalized mechanical
stiffness as a function of bias voltage is shown in figure 8(b),
where the normalized term is defined as the ratio of the
overall membrane mechanical stiffness versus the mechanical
stiffness at zero voltage. As shown in figure 8(b), the nor-
malized membrane mechanical stiffness decreases faster at
larger stretch ratios. The decrease of the mechanical stiffness
with increasing stretch ratios for the EAP membrane is due to
the changing material properties of the stretched VHB

Figure 7. EAP membrane response to a bias voltage activation at a pre-stretch l = 4,p where the stretch ratio lp is defined as the ratio of a
stretched radius to initial radius l =( )r r :p

I 0 (a) membrane stresses in radial direction; (b) membrane stresses in thickness direction; and (c)
membrane contracted thickness.
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material. From figure 8(b), the normalized mechanical stiff-
ness at a lower pre-stretch level l =( )1.5p is in general
relatively small and thus will not drastically shift the reso-
nance of the membrane. However, at larger pre-stretch levels
(i.e. l = 5p ), figure 8(b) shows that a 17% change in nor-
malized membrane stiffness can be achieved with an applied
bias voltage of 5000 V. This implies that the bias voltage has
a more drastic softening effect on the membrane mechanical
stiffness at larger pre-stretch levels, suggesting that a large
stretch ratio may be desired in order to widen the frequency
tuning range available upon the application of the bias
voltage.

Theoretical calculations of the membrane electrical
stiffness as a function of bias voltage based on equation (24)
are shown in figure 8(c). Here one can see that the electrical
stiffness kelec is always negative such that <k 0,elec further
contributing to a decrease of the membrane effective stiffness
according to equation (1). Such a result is due to the fact that
the electrostatic force from an applied voltage adds a com-
pressive stress to the membrane, and thus softens the effective
system stiffness. In addition, figure 8(c) also illustrates that
larger pre-stretch levels significantly reduce the electrical
stiffness for a given bias voltage.

Furthermore, by combining the results of the membrane
mechanical and electrical stiffnesses from figures 8(a) and (c),
the effective system stiffness keff as a function of bias voltage
for different pre-stretch levels can be calculated as shown in
figure 8(d). Again, the effective stiffness of the membrane

decreases with an increase in stretch ratio, and further
decreases with increasing applied bias voltage for each pre-
stretch level. Figure 8(d) shows that an effective system
stiffness between -598 N m 1 (when l = =U4, 0p ) and

-266 N m 1 (when l = =U5, 4600p ) can be obtained. One
can also conclude from figure 8(d) that the effects of the pre-
stretch is in general significantly larger than the bias voltage
contribution to the system overall effective stiffness term,
suggesting that from a tuning perspective it may be possible
to use the mechanical and electrical stiffness contributions for
coarse and fine frequency tuning, respectively.

5.3. Tuned membrane frequency

Based on the applied bias voltage tuning mechanism for the
circular EAP membrane described in section 2, the tuned
resonant frequency can be determined by equation (2) given
the system effective stiffness keff (based on equation (22)) and
the effective mass meff (where = ( )m m a blneff ). When the
effective mass is a constant, the tuned resonant frequency of
the membrane is a function of both mechanical and electrical
stiffness components and follows a square root relationship
with respect to the effective stiffness (similar to the behavior
as the effective stiffness keff shown in figure 8(d)). A
corresponding resonant frequency tuning range for the cir-
cular central loaded EAP membrane from 21.8 to 31.4 Hz is
observed as shown in figure 9(a). In addition, the results in
figure 9(a) show that the resonant frequency of the system at a

Figure 8. Membrane stiffnesses for different pre-stretch levels, where the stretch ratio lp is defined as the ratio of a stretched radius to initial
radius l =( )r r :p

I 0 (a) mechanical stiffness with and without applied bias voltage; (b) normalized membrane mechanical stiffness as a
function bias voltage; (c) electrical stiffness component; (d) effective system stiffness.
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low pre-stretch level (l = 1.5p ) does not experience a sig-
nificant change in frequency with the applied bias voltage,
whereas much more significant frequency shifts are observed
at larger stretch ratios (for example, l l= =4 and 5p p ). This
again suggests that a large initial stretch ratio will lead to a
more significant tuning range with the application of the bias
voltage.

Furthermore, figure 9(b) compares the analytical predic-
tions for the effective resonant frequency of a mass-loaded
circular EAP membrane (3M VHB 4910) as a function of bias
voltage using equation (21) with two sets of experimental data
for Devices 1 and 2 as discussed in section 4. For Device 1,
an initial film m1000 m thick is stretched to a thickness of

m60 m in pre-stretch state I. A 7 g magnetic ring mass was
then placed at the center of the stretched EAP membrane. A
radius ratio of R/r=9 matching the experimental conditions
was used for the analytical predictions. On the other hand, for
Device 2, an initial film m1000 m thick EAP membrane is pre-
stretched to a thickness of m40 m, the radius ratio between
membrane and added mass is R/r=7.1, and a 2.75 g
magnetic mass (Magcraft NSN0590) is applied to the center
of the stretched EAP membrane. It is clear from figure 9(b)
that the theoretical tuning model agrees well with the exper-
imental data observed for each device.

In addition, for purpose of illustration, the transient
vibration response for the mass-loaded EAP membrane for
Device 2 is shown in figure 10 for different magnitudes of
applied bias voltage. It is clear from figure 10 that the
effective first mode natural frequency of the circular mass-
loaded EAP membrane shifts from 33.9 Hz at zero voltage to

=U29.8 Hz at 3000 V, consistent with the results shown in
figure 9(b).

Lastly, additional tests were performed with Device 2 by
adding multiples of 2.75 g magnetic masses to the center of
the EAP membrane. The experimental frequency results are
compared with analytical calculations as a function of the
magnitude of the added mass for two applied bias voltages of

=U 1000 V and =U 3000 V as shown in figure 11. Clearly,
a larger centrally loaded mass can significantly decrease the
first natural frequency of the loaded membrane. From

Figure 9. The effective first mode natural frequency of a circular mass-loaded EAP membrane as a function of applied bias voltage: (a)
comparison of theoretical and FEM simulation subject to different stretch ratios; (b) comparison of analytical prediction and experimental
data subject to two separate experiments (Devices 1 and 2).

Figure 10. Transient vibration response for the mass-loaded EAP
membrane from Device 2 for different levels of applied bias voltage.

Figure 11. Comparison of analytical predictions, experimental data
and FEM results for the effective first mode natural frequency of a
circular mass-loaded EAP membrane as a function of added mass for
two different bias voltages.
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figure 11, the experimentally obtained frequencies in most
cases closely match the analytical model, with the largest
differences found for the cases of more added mass. This error
is attributed to the fact that, for larger values of the added
mass, the force induced by the added mass may impact the
tension of the membrane [41].

As mentioned in section 4, the maximum applied voltage
of 4600 V corresponds to an electrical field of 76.7 V μm−1,
which is less than the electrical breakdown field of
100 V μm−1 for this EAP material [16]. From a practical
perspective, the implementation of a vibration energy har-
vesting device using a bias voltage tuning approach will need
to successfully overcome the challenges of the high voltages
needed for actuation. However, the tuning approach may be
adapted to additional applications outside of energy harvest-
ing where such voltages are not as challenging to implement.
In addition, when considering the long-term system perfor-
mance of an energy harvester, while the vibration source itself
may have an infinite lifetime, the lifetime of the energy har-
vester itself will be finite due to material failure, system
fatigue, and other considerations. For example, Plante pro-
posed and analyzed three failure criteria based on a DEA
actuation model that included material strength failure, di-
electric strength failure, and pull-in instability failure, where
failure maps were proposed to analyze and predict the failure
behavior of the actuator [25]. Characterization of the long-
term performance of such devices will be the subject of
future work.

6. Conclusions

In the current research, a resonant frequency tuning approach
for a circular EAP membrane is developed. A pre-stretched
EAP membrane subjected to a bias voltage results in changes
to both mechanical and electrical stiffness components of the
effective stiffness of the system. Specifically, a model which
accounts for the change in EAP properties as a function of
stretch with various dielectric constants is used due to effect
of pre-stretch on the material properties. The predictions for
effective resonant frequency of the EAP membrane-based on
the analytical model agree well with the two experimental
studies. These results suggest the possibility of using the
proposed bias voltage approach for EAP membrane-based
energy harvesting, and indicate that from a tuning perspec-
tive, it might be possible to use the mechanical and electrical
stiffness effects for coarse and fine frequency tuning,
respectively. We note that a limitation of the proposed bias
voltage tuning approach is the high voltages that may be
needed for tuning, which may significantly limit the types of
applications where such an approach may be practical.
However, future work towards a functional prototype using
this technology may explore and optimize both the EAP
material and electrode patterns to allow actuation and tuning
at lower bias voltages. In addition, this approach could also
find use in other applications where the tuning of the vibration
response of EAP membranes is desired.
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