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Abstract— In this paper, we investigate the tail probabilities of a multi- manner, is the Fractonal Brownian Motion (FBM) model, ini-

plexer driven by a-Stable self-similar traffic. We consider a parsimonious  tjgy introduced by Norros[22], and lately proposed for model-
4-parameter traffic model, which best captures the long range dependence . ' -
and heavy-tails of aggregate packet traffic in broadband networks. Input Iing of aggregate paCket network traffic, eg. ATM, Frame-Rel &,

traffic with these characteristics, induces buffer dynamics which are quali- Ethernet [10]. The process is Gaussian, and basically isthe sin-
tatively different from those which arise in traditional traffic management.  gle Gaussian H-sssi process, for agiven H € (0, 1).

Using the effective bandwidths theory, we extend the recent results on- ; ; _ _
Stable self-similar-driven queues with infinite buffer to the finite buffer case Although Gaussm proc.%se.s can d|§play long-range depen
that model routers/switches more accurately. Queuing simulations with dence, their marginal distributions, being normal, concentrate
real broadband traffic emphasise the improvements in engineering consid- their mass around the mean. «-Stable distributions with 0 <
erations (e.g., connection admission control, buffer management, statistical ., < 2, on the other hand allow for much greater variability

multiplexing gains), with respect to the existing results so far. Our experi- . N
ments involve a large set of real broadband network traffic which consists (burSt' neSS) [25]- Mandelbrot refers to the var 'ab'l'ty of stable

of Ethernet LAN, Internet WAN and MPEG-1 compressed video traces.
Keywords— Broadband traffic modeling, self-similarity, heavy tails,
queuing analysis, multiplexing, effective bandwidths.

I. INTRODUCTION

HE term “self-similar” was first used by Mandelbrot [19]

during the 1960’ sto designate those processes that are scal -
able over time (or space) without losing their statistical proper-
ties. In other words, a continuous-timeprocess X = {X (¢),t >
0} is self-similar (H-ss), with self-similarity parameter H, if it
satisfies the condition:

X)L e HX(ct), VE>0,¥e>0,0< H <1, D

where the equality is in the sense of finite-dimensiona dis-
tributions. There are many different self-similar processes [25].
We typically consider those that have stationary increments, and
call them H-sssi processes. The Hurst parameter H isthe scal-
ing parameter of self-similarity. Self-similarity manifests itself
in a number of equivalent ways, the most relevant of which is
the display of long range dependence (LRD) or long memory
for H-sssi processes. Mandelbrot refers to this phenomenon as
the Joseph effect.

In the 1990’ s extensive measurabl e studies from awide range
of data networks and services/applications, have convincingly
demonstrated the self-similarity or fractal nature of data traffic
[5], [10], [17], [23], [24]. As a consequence, a large number
of traffic models have been proposed in order to successfully
characterize the rea statistical behaviour of the traffic met in
networkstoday. The reason for that isthat self-similarity has se-
riousimplicationsfor the analysis, design, and control of broad-
band networks, where traditional schemes, typically Markovian
in nature, are currently used.

One of the best known stochastic models that is able to ac-
count LRD if 1/2 < H < 1, in aflexible and parsimonious
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random variables as the Noah effect. By considering in this pa
per «-Stable self-similar processes with 0 < o < 2, we are, in
fact, dealing with traffic model s that can exhibit both the Joseph
and the Noah effects.

The model we consider in this paper, is based on the Linear
Fractional Stable Motion (LFSM) [25], an «-stable H-sssi pro-
cess with 0 < o < 2, capable of capturing both the LRD and
the heavy-tails effect. Actually, inmodeling, itistheincrements
of H-sssi processes that are of interest; so we use the stationary
seguence induced by the LFSM process, called the linear frac-
tional stable noise. The model, referred to as the Skewed Stable
and Salf-Smilar ($4) Modd, is introduced in [11] for heavy-
traffic modeling and it is validated against real Ethernet, VBR
video, and WWW traffic. The S4 Model is a generalization of
the FBM model, since it encompasses Gaussianity. In [9], the
authors highlight the higher accuracy of the S4 Model in cap-
turing the queuing performance of rea traffic compared to the
FBM model.

Whereas FBM isthe only H-sssi processwith 0 < H < 1,
there are many different H-sssi processes when 0 < o < 2.
Consequently, after [14], similar modelsbased on other a-stable
H-sssi processes, e.g., a-stable Levy motion, log-fractional sta-
ble motion, have tried to address the problem of self-similarity
and heavy-tails at the same time [2], [8], [16].

This established presence of self-similarity and heavy-tails
over a wide range of time scales in packet traffic processes is
expected to have an impact on queuing performance and buffer
engineering. In this paper, we seek to gain some insights into
these issues by investigating the effects of LRD and heavy-tails
on the behaviour of the buffer queue at a multiplexer. More
precisely, we consider a single server queue with infinite capac-
ity and constant rate C' bitg/slot, as a surrogate for a multiplexer,
and feed it with a«-stable self-similar input, generated by the S4
Model. It has been reportedin[12], [8] that LRD and heavy-tails
inthe input traffic will indeed induce buffer dynamicswhich are
qualitatively very different from those which arisein Markovian
modelsand inthe Gaussian case. If Q)(t) denotesthebuffer con-
tent (in number of bits) at the multiplexer, we are interested in
tail probabilities P[Q(t) > B] as a means for estimating the
buffer overflow probabilities (BOP) for the corresponding finite



buffer system of size B. Such asymptotics are often the first
guiding step to size up the buffer at the multiplexer in order to
guarantee quality of service (Qo0S) requirements.

In this paper we review the large buffer asymptotic obtained
for the continuous-time storage model driven by LFSM [13]. As
far as we know thisisthe only asymptotic result reported in the
literature. We use 4, (¢) to model a stochastic flow as a LFSM.
Suppose the aggregate A(¢) of NV independent copies A; feeds
the buffer; we show, using the many sources asymptotic [6], that
the tail probability for Q(t) for fixed ¢, obeys a better asymp-
totic than the large buffer one. Thisaims to develop connection
admission control (CAC) algorithms which can make better use
of systems resources, estimating for example the refined notion
of effective bandwidths[15].

The paper is organized as follows: In Sec. 2 we review ba
sic properties of the «-Stable distributions, the LFSM process,
and we describe the S4 Model. In Sec. 3 we describe the buffer
overflow asymptotics obtained in amultiplexer driven by LFSM
traffic. Then, we apply the many sources asymptotic, estimating
the effective bandwidth of the source directly from the traffic
trace. In Sec. 4 we present simulation experiments and numer-
ical results, and provide comparisons to the queuing behaviour
of real broadband traffic. In the Conclusionswe summarize the
main observations and refer to future work.

Il. THE MODEL AND PRELIMINARIES
A. o-SableDistributions

The most convenient way to describe a stable distributionis
by its characteristic function, because few stable density func-
tions are known in closed form. This lack of closed formulas
has been a major drawback to the use of stable distributions by
practitioners.

«-Stable distributions have been proposed as a model for
many types of physical and economic systems [1]. There are
three main reasons for using a stable distribution to describe a
system. Firstly, there are solid theoretical reasons for expecting
anon-Gaussian stable model. Secondly, the Generalized Central
Limit Theorem, which states that the only possible non-trivial
limit of normalized sums of independent identically distributed
termsis stable. Finally, empirical observations show that many
large data sets exhibit heavy tails and skewness. Such data sets
are poorly described by a Gaussian model, but can be well de-
scribed by a stable distribution.

A stable distributionis characterized by four parameters. The
characteristic exponent, or index of stability, & € (0, 2]; the
scale, or spread parameter, o > 0; the skewness, or symmetry
parameter, 5 € [—1,1]; and the shift, or location parameter,
1 € . A random variable X issaid to have a stable distribution
if and only if its characteristic function has the form:

E(el‘piXt) —
exp{—o”|t|*(1 —ipsign(t) tan 75*) +ipt}t ; a#1
exp{—olt|(1 + ZLsign(t)inlt]) +iut} ; a=1
We shall call such a distribution «-Stable and denote it by

writing X ~ S, (o, 3, 1t). The characteristic exponent « deter-
mines the rate of decay, i.e., the heaviness of the tails of the dis-

tribution, while the parameter 3 isan indication of the skewness
of the distribution, with 3 = 0 corresponding to the symmet-
ric case; « and 3 together determine the shape of the distribu-
tion. The parameter x shifts the distributionto the left or right,
whereas the parameter o merely expands or contractsit around
1t; they both have no effect on its shape. We may therefore rep-
resent the standard stable distributionwithe = 1 and ¢ = 0, by
X ~ 5,(1,3,0). Wedsowrite X ~ SaS when X issymmet-
ric a-stable, i.e, when 5 = 0. Findly, X ~ S,(c, 1, 1) when
X isatotally (positively) skewed «-Stable.

The tail probabilitiesin the non-Gaussian cases (o < 2) are
known asymptotically. The following property states for the tail
approximation of an «-stable distribution:

Tail Approximation[25]. Let X ~ S, (o, 8, 1) with0 < o <
2. Then, asx — oo

1+ 73
2

PX>uz)~0" Cox™“,

@)
where C,, = m if  # 1. Thus, stable laws
have heavy tails; in contrast, normal distributions have expo-
nential tails. Thisimpliesthat the tails of stable laws are signif-
icantly thicker than those of the normal distribution; in fact the
smaller the value of «, the thicker thetails.

Sability [25]: Let X; and X be independent random vari-
ables, with X; ~ Sa(di,ﬁi,ﬂi), 1= 1,2. Then X1 + X, ~
Su (o, B, 1), with

prof + paod

o= (of + o) B = T

s p=p1tp2e ()

B. The LFSM Process

There are different extensions of FBM to the «-stable case;
the one which is most commonly used is the Linear Frac-
tional Sable Motion (LFSM). The well-balanced LFSM is a
continuous-time stochastic process { L. x,t > 0} defined as
follows[25]

oQ

Lop(t) = / (It — 2 F=Y% — | 1=V Mg (d)

— 00

(4)

where) < o < 2,0 < H < 1, H # 1/a,and Mg isan
«-stable random measure on R with Lebesque control measure.
The LFSM isa H-sssi process, and if one sets o« = 2, LFSM
reduces to FBM.

Consider the increments {Ng g(k) = Lsu(k + 1) —
Lsu(k), k =...,—1,0,1,...} of the H-sss LFSM process
introduced by (4). The stationary sequence (defined in discrete
time now) {Ng g (k), k& > 0} isthe Linear Fractional Stable
Noise (LFSN)

Ns m(k) =

/<|k+1—x|H—”“—|k—x|H—”“>Ms<dx> )

— 00



We say that the increments of LFSM have long-range de-
pendence when H > 1/a and short-range dependence when
H < 1/a [25]. Thereisno LRD when 0 < « < 1 be
cause H isconstrainedto lieintheinterval (0, 1). The sequence
{Ns m(k),k > 0} isof aparticular interest because it displays
both the “ Joseph” and the “Noah” effects.

C. The $4 Model

[11] proposesa parsimoniousmodel, called the Skewed Sable
and Salf-Smilar ($4) Moddl, for network heavy-traffic approx-
imation, based on the LFSN. We intend to adopt it for the pur-
poses of our research, and investigate its queuing performance,
extending the work reported in [13].

The $4 Model is used to model a heavy-traffic packet-count
process, itislinear and is defined by

M) =c¢1-Nsu(i)+m, i=0,1,..., (6)

where M (7) denotes the volume of traffic carried by the net-
work element in the time unit ¢, ¢; and m are positivereal con-
stants and V., i is the well-balanced LFSN defined in (5) with
B=1,0=1,u=0,and H > 1/« toensure LRD, i.e,
Nog ~ S4(1,1,0) is atotally skewed standard «-Stable dis-
tribution.

The model process (6) is a totally skewed «-Stable process
with the same parameter « as that of the LFSN used to construct
it (see property 1.2.3 p.11in [25]).

The four parameters «, H,c¢; and m have direct physical
meaning:

o a € (1,2]istheindex of stability
o H €(0,1)isthe Hurst parameter (index of self-similarity)
e ¢1 > 0 isthedispersion around the mean of thetraffic
o m > 0 isthe mean of thetraffic
Details for the parameter estimation can be found in [12].

[11. ASYMPTOTICS OF THE BOP FOR AGGREGATE
HOMOGENEOUS TRAFFIC

Suppose that the arrival process A(¢), i.e., the amount of total
load in thetimeinterval [0,1),t € (—o0, o0), @ amultiplexer is
the superposition of N independent traffic flows with the same
set of parameters «, H, ¢; and m (homogeneoustraffic sources).
Their distributionsare according to

Ai(ty=m-t4er- L (i), t €R

i.e, A(t) = Y2IL, A;(t). Thelink has a shared buffer of size
B, capacity C and utilizationp = Nm/C.
A. The Large Buffer Asymptotic

We are interested in the residua of the queuing distribution
at the multiplexer, whereas the arrival process is a superposed
«-Stable self-similar one. Following [13]

PQ1)>B) = P(ili%)(A(t) —Ct) > B)
= sup P(Lau() > 2= TR = N,

using (1), i.e., thefact that L., (t) iSan H-sssi process. The
optimum point in the above inequality is obtained at

HB
"= aCme—Nm 0

(please note that (7) is independent of «, e.g., it is the same
for an FBM-driven queue).

But, if {X(¢),t € R} iSLFSM, then for each fixed ¢t € R,
X (t) has an a-Stable distribution [25]. In our case, L;(t) are
independent well-balanced LFSM; for ¢ = 1, they are indepen-
dent o-Stable variables, Li, (1) ~ S.(o1,51,0), where the
parameters oy and /3; are given by the following expressions
[25]:

oo 1
2/ (1—2)? O‘dx+/|1—a: O *da
0 0
and
1
s= (=) - et
0
whered = H — 1/a and 2<%> = sign(z)|z|* isthe signed
power.

Now, Lom(1) = /L, Li 4(1), and using the stability
property (3), Lo,z (1) ~ So(NY %y, 51, 0).

Finally, using (2) to approximate the tails of the «-Stable dis-
tributionfor 1 < « < 2, we obtain the following asymptotic

P(Q(t)>B)=N-Ky-B™*0"1 4sB o, (8)
where Ky = C, 2 (044 (1 — H)Q(W—M?;IM)—QH_

While the BOP for SRD traffic presents an exponential decay
relative to the buffer size, such probability has a Weibullian tail
for FBM [22]; here, the decay is at most algebraic, as shown
in (8), which makes the discrepancy between that result and the
previous ones even more severe (in [12] the reader can find the
proof as well as the relative effect of the four parameters to the
asymptotic).

The above approximation is believed to be as modestly accu-
rate as someone would expect to find with most large deviation
calculations.

B. The Many Sources Asymptotic
Kelly [15] defines the effective bandwidth as

a(s,t) =

where A4(;)(s) = logElexp(sA(t))] is the logarithmic mo-
ment generating function of the process A(t). The traditional
large deviationsformulais[7]

1
QAA(t)(s) 0<s,t<oo 9



P(Q(t) > B) = cap(— inf A}, (Ct + B)) (10)

where A%, ) (a) = supyep[fa—A 4 (0)] the Legendre trans-
formation of the function A 4(;)(s). Since the moment generat-
ing function of the stable process A(t), existsonly for the Gaus-
sian case («=2) and diverges or does not exist for al other cases
[25], (10) degenerates into the not very helpful P(Q(t) > B) =
1 aswas verified from our numerical calculations.

The first attempt to apply the effective bandwidth theory for
«-Stable traffic is reported in [3]. The authors propose to trun-
cate the infinite integral that defines the moment generating
function of the traffic process in order to obtain a finite value.
However, this approach is neither mathematically rigorous nor
practically useful, according to its own authors.

Since there is no closed form formula for estimating effec-
tive bandwidths of «-Stable processes indirectly, we can only
estimate «(s, t) empiricaly, e.g., directly from the trace of the
aggregate traffic.

Let 7" be thetotal duration of thetrace. The expectationin the
statistical descriptor (9) can be approximated by the empirical
average, hence the effective bandwidth can be estimated directly

by

1 . .
6[(8, t) = Elog[_ Z eSA[(Z—l)t,zt]]

(for simplicity we assume that 7" is integer multiples of £).
A[(i — 1)t,4t] is the amount of work produced in the interval
[(i—1)t, it). (Themeasuring techniques get significant attention
lately in the teletraffic community. The reader should refer to
[27] for a study on measuring effective bandwidths).

Having estimated the effective bandwidth of the aggregated
traffic stream, we can numerically compute! the many sources
asymptotic [6] and apply (10) as follows

P(Q(t) > B) = exp(sup inf [sta(s,1) — 5(Ct + B)])

The many sources asymptotic can be improved using the
Bahadur-Rao theorem [18]; the results presented in this paper
are based on the improved version of the asymptotic.

IV. NUMERICAL EXAMPLES AND SIMULATION
EXPERIMENTS

Data on broadband traffic is now much more easily measured
and readily available. Here we consider three traces which have
received considerable attentionin the literature. The traces used
in the experiments are: the Bellcore Ethernet LAN trace BC-
pAug89 [17], the Lawrence Berkeley Laboratory (LBL) TCP
WAN trace LBL-TCP-3 [23] and the race MPEG-1 video se-
guence [24].

The BC-pAug89 trace contains the first million packet ar-
rivals seen on an Ethernet at Bellcore, while the LBL-TCP-3

1 Use of the msa tool at http://www.ics.forth.gr/netgroup/msa

TABLE |
S4 Model Parameters for real traffic

| Trace || a | cl | H | m |
BC-pAug89 || 1.89 | 45725 | .87 | 1.1
LBL-TCP-3 || 1.62 | 1071.6 | .98 | 0.27
race 149 | 9789.3 | .99 | 0.76

trace contains two hours' worth of all wide-area TCP traffic be-
tween LBL and the rest of the world (they are both available
from the Internet Traffic Archive?). The original traces were
modified by breaking them into 50 ms blocks (study of fine
timescales). The MPEG-1 encoded race video sequences con-
sist of 40.000 frames which is equivalent to approximately half
an hour3. In the video trace each epoch has duration 40 ms.

There are many techniques available in the literature for the
parameter estimation of «-Stable distributions. The authors of
[4] and [21] present some of them. In this paper we used the
well-known technique by McCulloch [20] which provides esti-
mation using predefined tables and sample quantiles. For the
estimation of the fractality parameter H we applied the R/S
statistic, properly modified for non-Gaussian processes, as pre-
sented in [26]. The S4 Modd fitted parameters for out datasets
aregivenin Tablel.

Throughout the experiments we focus only on the tail of the
queue length distribution P[Q(¢) > B], but other performance
metrics can easily be calculated, e.g., average utilization, num-
ber of admitted source, etc. In our investigations, we consider a
buffer up to 250 ms for Ethernet LAN traffic, 120 ms for Inter-
net WAN traffic and a buffer size up to 6 ms for delay sensitive
MPEG-1 video traffic. We also consider link capacities 34Mbps
for the three types of traffic.

The curve labelled “ Simulation” in the figures 1, 2 and 3, re-
portsthe actua fraction of time the buffer exceeds the threshold
B or the equivalent delay bound. To obtain the upper curve, la
belled “Large Buffer”, we implemented the asymptotic of Eq.

2http://ita.eelbl.gov/
3The sequenceis available at http://nero.informatik.uni-wuerzburg.de/MPEG/
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Fig. 1. Overflow probability at alink multiplexing Ethernet traffic: BC-pAug89
trace. [N=22, p = 72%)].
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Fig. 2. Overflow probability at a link multiplexing TCP traffic: LBL-TCP-3
trace. [N=92, p = 73%)].

8. In the video traffic case, the large buffer asymptotic did not
give reasonable results, e.g., P[Q(t) > B] > 1, for that range
of buffer sizes. The reason is that the value of « is quite small,
i.e. considerable mass of probability in the tails, so the fac-
tor N - K in (8) failed to compensate for the high values of
B~«(1-H)  The “Many Sources’ approach refines the multi-
plexing result, since it is based on the definition (9) of the ef-
fective bandwidths, taking into account not only the statistical
characteristics of the traffic stream, but also the link’s operating
point. As shown in the figures, that curve follows the measured
tail probability more accurately.

V. CONCLUSIONS

The large buffer asymptotic approach, whenever applicable,
issignificantly more conservative compared to the many sources
asymptotic result, in the case of multiplexed «-Stable self-
similar traffic. The later exploits the economies of scale in the
number of flows, while the former determines a flow’s resource
demands using only the stochastic properties of the source it-
self. In the future we will extend our investigations in the case
of heterogeneous traffic sources.

- Many Sources
—S— Simulation

-0.5- b

log10(Tail Probability)

I I
[¢] 1 2

3 a
Queue Length (msec)

Fig. 3. Overflow probability at alink multiplexing MPEG-1 Video traffic: race
sequence. [N=32, p = 72%].
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