Ma 221 - Course Overview

First Order Differential Equations
Separable Equations
L~ g00p(y)
h(y)dy = g(x)dx
[ hydy = [ goxdx

Linear Equations

dy _
5+ POOY = 40
Integrating Factor

IE — e‘[ p(x)dx

el " (1 pooy ) = el g0
%(ej pmdxv) = e g1
o P00y _ f(ef "““ﬁq(x)])dx
y = o | (ej p(X)dx[cﬂx)])dx

Exact Equations
M(x,y)dx + N(x,y)dy = 0

Test for exactness
oM _ N
oy OX

When test is passed, there is F(x,y) such that

_ OF _ OF
M_éx and N oy

Find F(x,y). Solution is
F(x,y) =c¢
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Bernoulli D.E.
dy _ n
g T POy =a()y

mﬂ 1-n _
Y +POOYE = 400
Substitution

7 = yl—n

dz _ gy Y
dx_(1 )y dx

yields a linear d.e. in z.

In all cases, the arbitrary constant resulting from integration is used to satisfy any
initial condition.

Second Order Differential Equations

Form of general solution
Yh = C1y1 + C2Y2
where y; and y, are linearly independent solutions of the homogeneous equation and
Y=Yn+tYp
where vy, is a {particular] solution fo the non-homogeneous equation.
Wronskian - provides a test for linear independence of solutions
Y1 Y2

W[yl’ y2] = / /
Y1 Y2

Homogeneous D.E.
Constant coefficients -
ay" +by' +cy=0
Solve auxiliary (characteristic) equation -
p(ry=ar?+br+c=0
2 real roots
r=ry,r
Yh = C1€"* + Coe"?¥
repeated real roots
r=rp
Yh = (C1 + Cx)e"X

2 complex roots
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Yh = (C1C0S BX + C2Sin Bx)e™*
Cauchy-Euler D.E. -
ax?y” +bxy’ +cy =0
Solve auxiliary (indicial) equation -
am?+(b-am+c=0
2 real roots
m = mg, m;
Yh = C1X™ + Cpx™M2
repeated real roots
m=m;
Yh = (C1 + C2Inx)x™
2 complex roots
m=azxif

Yh = [c1cos(BInx) + casin(BInx)]x*

Non-homogeneous D.E.

Undetermined coefficients
Constant coefficient d.e.

ay” + by +cy = f(x)
f(x) = ce
f(x) = (Acos fx + Bsin px)e*
f(x) = ap + arx + axx? +...+apx"

products of above
Some simple formulae for the case f(x) = ce®
Ce(XX

yp = p(a) p(a) * O
yp = DB P@) = 0andp/(@) # 0
Yo = ;X% p(a) = p'(a) = 0

Be careful if f(x) is a solution of the homogeneous equation.
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Cauchy-Euler D.E.
ax2y" + bxy’ +cy = f(x)
f(x) = kxP

Be very careful if f(x) is a solution of the homogeneous equation or use
variation of parameters.

Variation of parameters
a(x)y"” + by +c(x)y = f(x)
y = Viy1 +V2Yy2
y1vi +Yyavs =0

I,/ I, f(X)
YiVi tYoVo = m
f(x)
v a2
y1y2 = Y2yi
f(x)
, a0 V1
Vy = T T
Yi¥o —Ya2y1

Laplace Transforms

Definition
2 = | " est(t)dt
0
= F(s) = f(s)
Calculate Laplace Transform from definition
Properties

L' (1)} = sL{y} —y(0)
£{y" (1)} = s2L4y} —sy(0) —y'(0)

Inverse Laplace Transform
Partial Fractions
Use of Laplace transform for a solution of initial value problems

Power series solution of ordinary differential equations
Recurrence relation
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Boundary Value Problems

Eigenvalues and eigenfunctions
DE: Lly]+Ay=0
BC: aiy(@)+piy'(@@ =0
BC: ayy(b)+ By'(b) =0

Three cases to be examined (discriminant positive, zero or negative)

Fourier Series

Fourier Sine Series

f(x) bnsin<nT”>x

I: f(x)sin[ (%)x}dx

LM

n

bn

Il
[l N

Fourier Cosine Series

f(x) = % +gancos(nT”>x
an = %I:f(x)cos[ (%’)x}dx
Convergence

f(x) whenfis continuousatx and 0 < x <L

10— Average value at jumps

Extension (odd for sine series, even for cosine series) —L <x < L
Periodic extension with period 2L

Partial Differential Equations

Separation of Variables
Eigenvalue problem from boundary conditions
Fourier expansion using eigenfunctions
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