Ma 221 Homework Solutions Due Date: Feb. 3, 2015
2.3p.51-53#2,4,6,8,9, 11, 19, 30; 82.6 p.74 #21, 23, 28
(Underlined problems are handed in)

2.3 p.51 top.53 #2,4,6,8,9, 10,11, 13, 15, 17,18, 19, 21, 22, 30
(Underlined Problems are handed in)

For problems 1, 3, and 5 determine whether the given equation is separable, linear,
neither, or both.

2.) xz% +sinx =y
. d .
Isolating - we get:
Since the right hand side cannot be represented as a product g(x)p(y),

dy _ y-sinx
dax T x2 -

the equation is not separable.

d

4) (t2+1)g =yt—y

This is a linear equation with independent variable t and dependent variable y. This
is a separable equation as shown:

Isolating % we get:

dy _ y@t1) dy (1) dy @
W ey Y @24 dt = dt (tz+1)y—g(t)p(Y)

6.) X% +t2x = sint
In this equation, the independent variable is t and the dependent variable is x.
Dividing by x we obtain

dx _ sint _ t2
ot X te.

Therefore, it is neither linear, because of the <t term, nor separable, because the
right-hand side is not a product of functions of single variables x and t.

For problems 8, 9, 11, 13 and 15, obtain the general solution to the equation

8) L -y-e¥*=0

In this equation, P(x) = -1 and Q(x) = e*

The integrating factor is thus: u(x) = exp(jP(x)dx) = exp(j(—l)dx) =eX
Multiplying both sides of the equation by u(x) and integrating yields:



X
e—X% _ e—Xy — e—XeSX — er = d(edxy) — e2)(

Xy — [@a2 _ 1ga2 _(la2 _ e
= ey = [edx = LeX +C =|y = (Le> + C)e* = £ + Ce*

9. x% +2y =x73
Putting the equation in standard form:

dy 2y _ y4
&+7y—x

2
Find u(x) = eIde = ej(x)dx = e@KkD — (|x])? = x2
Multiply through by u(x) to get
xz% +2Xy = X% = Lyx2 = x2
Integrate to get
[Lyx? = [x2
yx2 = —x1+C
Solve explicitly fory

=y = —Xx2+Cx?2

11) (t+y+1dt—dy =0
Choosing t as the independent variable and y as the dependent variable, the equation
can be put into standard form:
t+y+1—% =0= %— =t+1
Thus:P(t) = -1 and u(t) = exp[ [(-1)dt | = e
Multiplying both sides by u(t) and integrating yields:
et —ely=(t+1e! = —d(‘;y) = (t+1)e
= ey = [(t+ e tdt = —(t+ e+ [etdt = —(t+1et—et+C=—(t+2e'+C

=y =e!(—(t+2)et+C) = -t—2+Ce!

13.) yﬂ—; +2x = 5y8

In this problem, the independent variable is y and the dependent variable is x. So, we
divide the equation by y to rewrite it in standard form.
yar +2x =5y = £+ Ix =5y’

Therefore, P(y) = % and the integrating factor, u(y), is

uty) = el 7 e = e —

Multiplying the equation (in standard form) by y? and integrating yield



(g-; +2x = 5y2>y2 = yzg—§ +2yx = 5y* = diy(yzx) = 5y4
=  yx=[5y*dy =y*+C

=X =y?(°+C) =y*+Cy?

15.) (x2+1)% +xy—-x=0
Divide by (x? + 1)

dy X _ X
o T Y T e
— X
SO P(X) = =3
. P(X)d
Find u(x) = eI oo

‘LL(X) = e.[ﬁ = e%ln(xz+1) — (X2 + 1)(1/2)

Multiply through by u(x) to get

(@ +1)7y + —*ry = —X_or
x2+1)2 x2+1)2

(@ +1)zy) = —

(x2+1)

1
2

Integrating gives

y(x? + 1) = (x2 + 1) 4 C
Solve explicitly for y
y=1+C(x2+1)"12

For problems 17, 18 and 19, 21, 22 solve the initial value problems.

17.)

d
d—i—%zxex y(l) =e-1

This is a linear equation with P(x) = —1/x and Q(X) = xe*. The integrating factor is given
by:

_1
y(x)zejpdxzeI *dx:e—'”xz%; Forx >0

Multiply through by u(x) to get
Ly ¥y _ eX

X y XZ

or

d
1Y Y ax

X “dx X2

Integrate to get

L =eX+C

Solve explicitly for y
y = xe* + Cx



Plug in initial condition y(1) = e — 1 and solve for C
e-1=e+C= C=-1
Plug in the value for C
y = xe* —
Using SNB to check our answer we have
Y _ Y = xeX

y(l) =e-1

, Exact solution is: xe* — x

18.) L +4y-e*=0;y(0) =4
dX+4y—eX

Find u(x) = eIpdx = ejAdX = ¥
Multiply through by u(x) to get
e4xy/ + 4e4xy — e3x

or

%(64)()/) = a3

Integrate to get

ye¥ = Te¥ +c

Solve explicitly for y
y=ge*+-5
Plug in initial condition y(0) = + and solve for C
% =3 670 + 4<0>
3=3+C
SoC=1

Plug in the value for C

y=geX+e™

Using SNB to check our answer we have

dy _aX _
o Ty —er =

, Exact solution is: y(x) = +e* + e
y(0) = 5

19.)

2 ‘é’; 43t = t4Int+1, x(1) =0
In this problem, t is the dependent variable and x is the dependent variable. Dividing
by t> we have

ﬂ Sy = 2Int+ tl

dt t*



3
The integrating factor is eItdt t3. Thus
3.dx 2y _ 15
t gt +3t°x = t°Int+t
or
A 434y — 5
dt(t X) =t Int+t

Integrating we have since [t Intdt = 1t%Int— Lt + ¢

3 6 6, t2
tX—6tInt 36'[+2+c
The IC implies
__1 .1
0= 36+2+C
so ¢ = —=F and
3y _ 146 146, 12 _ 17
°x = 6tlnt 36t > 36
or
_ 143 13,1 17
X = 6t Int— 36t S 3600

21.) cosxL 4 ysinx = 2xcos?x,  y(&) = —2Zr
Putting the equation in standard form:
% + SNXy — 2xCcosX = % + (tanx)y = 2xCcosx

J. tanxdx
e

. Pd
Find u(x) = eI - = g(Inlcosx) = |cos x|

At the initial point,x = Z-,cos Z- > 0 therefore we can take u(x) =

Multiply through by u(x) to get

d .
colsx d_i + cs(;zzxx y = 2X = %( coysx ) = 2X
Integrate to get

[ 4 (wex) = [2x
= =X2+C

Solve explicitly for y
y = x?cosx + Ccosx

Plug in initial condition y(£) = =22 and solve for C
152 n2 o 2

> — = 4 cosi +Ccos
So C = —r?

Plug in the value for C
y = X?C0SX — r2COSX = COSX(X? — 7r?)

22.) sinx% +YCOSX = XSinX, y(5)=2

(cosx) ™



Putting the equation in standard form:

dy _ dy _

o T oy =Xx= <5 T (Cotx)y = x

Find u(x) = ejpOIX Ks':; = e(InGinx)) — gjnx
Multiply through by u(x) to get

. dy . . d . N .
SINX—- +YCosX = Xsinx = 4 (YsInx) = xsinx

Integrate to get

J%(ysinx) = jxsinx (Using integration by parts)
ysinx = sinx —xcosx + C

Solve explicitly for y

y= 1-x Z?r?;( smx = 1-xcotx+ smx
Plug in initial condition y(Z-) = 2 and solve for C
2_1_z%5 . _c_
2 sin % sin %
SoC=1

Plug in the value for C
y =1-Xxcotx + = 1 —xcotx + cscx

Sln

30) Show that the substitution v = y® reduces equation d— + 2y = xy~? to the equation
£ +6v = 3x. Then solve the equatlon for v, and make the substitution v = y? to obtain

the solution the equatlon +2y = Xy~

—X +2y = xy~?

Divide by y~?

y2 ji +2y3 =x

v=y?

Differentiate v with respect to x
— 3y2 dy

D|V|de by 3

1 dv 2dy
3 dx y dx

Notice that 1 d" is equal to the first term on the left hand side of the equation. Make
that substltutlon.

1 dv
3CIX+2v—x

Now multiply by 3 to get a first order linear differential equation.
L 46V = 3x

........ (First order linear differential equation)

Find u(x)

() = ej'edx _ ox
Multiply through by u(x) to get



e®v' + 6e®v = I (e%v) = 3xe®*Now integrate

ve® = [e®(3x)dx = 1xe® - Le®+C

Where SNB was used to evaluate the integral.

Solve explicitly for v yields

V=2X- 4 +Ce™

Plug y back into the equation from the substitution v = y2 and solve for y.
y3 = 2x— 45 +Ce ™

or

y=(5X— 5+ Ce )3

2.6 p.74 # 21, 23, 28

For 21, 23 and 28 use the method discussed under "Bernoulli Equations" to solve the
problems.

21))
d

- + % = X2y?

This is a Bernoulli Equation with n = 2
Let

then y=u? =y =-ui

and the last equation becomes

= X du 1= _y2
T x T T2 = x XU =X

This is a linear equation with P(x) = —+

Find u(x) = el P _ oJeho _ sy _
Multiply through by u(x) to get

1 du 1 _ d 1 _
ya—x—zu =X = W(Tu) = —X

Integrate to get
[L(tu) = [-xdx
tu==++C1=> u=-3x}+Cuwx

Solve explicitly for y

1 2
y = =
§+C1x CX*XS

y =0 is also a solution to the original equation. It was lost in the first step when we
multiplied by u? (also same as dividing by y?).

23.)
% _ % — x2y?2
or after dividing by y? and moving the first term on the right to the left we have

ody oyt o
Y % T =X




Let

v=y?!

V, _ _yfzy/

and the last equation becomes

vV +2% =x?

This is a first order linear equation in v.

The integrating faction for this equation is
J.%dx

e = X?

Multiplying the DE by this gives

2 _ d 2 —

X2V +2xv = - (x?v) = x*

Thus

X2V = X% +¢1

and

1

1 _y_xX_ &
y =V="%5+3

Therefore
_( x5+5c; \ 1
y=(52")
Letting C = 5c¢; we have finally

_ 5x2
y x3+C

y=0 is also a solution to the original equation. It was lost in the first step when we
divided by y?.

28.)

% +y3X+y=0

Rewrite the equation as

Yy +y =Xy

Multiply both sides by y=3 to get
yy' +y? = —x

Let

vV=y7?

v = =2y3y

The DE then can be written as
~L 4V =X

or

v/ —2v = 2x

This is a first order linear equation in v. The integrating factor is

eJ.—de _ 872)(

Multiplying the last equation by this leads to
e 2y — 272y = L (e72y) = 2xe



Integrating gives

2%y -2 1.2 2
e v = [(2xe)dx = —Le > —xe > +c
Thus

D 2x

=g x+ce

Using SNB to check, we have

y' +y = —xy3, Exact solution is: 1

[ 2o_y_ 1
Cre“*—x >



