MA 221 Homework Solutions
Due date: February 5, 2015

pg. 61 - 62 Sec. 2.4 #10, 11, 13, 15, 17, 19, 23, 24, 25, 274, 29
(Underlined Problems are to be turned in.)

In problems 9, 11, 13, 15, 17 and 19, determine whether the equation is exact. If it is, then
solve it.

10.) (2xy + 3)dx + (x> —1)dy = 0
Computing partial derivatives we obtain:
% = aiy(ny+3) = 2X

N _ 0 (y2_1) = oM _ N ion i
o= (X =1) =2 = o = the equation is exact.

Integration yields:
F(x,y) = [M(x,y)dx = [(2xy + 3)dx = x2y + 3x + f(y)

E=x?+f(y)=x?-1  =fy=-1 =1fy=[-ldy=-y+C  =general

solution is
F(x,y) = X2y +3x—y =C  orexplicitly, y= %
11.) (cosxcosy + 2x)dx — (sinxsiny + 2y)dy = 0
Computing partial derivatives we obtain:
% = aiy(cosxcosy+ 2X) = —Ccosxsiny,

oN 3 ; i i oM oN ion i
& = 2 (=(sinxsiny +2y)) = —cosxsiny = %—y = S the equation is exact.

Integration yields:

F(x,y) = [M(x,y)dx = [(cosxcosy + 2x)dx = sinxcosy + x? +f(y)
% = —sinxsiny + f'(y) = —sinxsiny — 2y = f'(y) = -2y

= f(y) = [-2ydy = —y?+ ¢ =general solution is

F(x,y) = sinxcosy + x> —y? = C

13) (3)dy + (1 +Iny)dt = 0
Computing partial derivatives we obtain:
oM _ Q(L) =1

ot o Ny y

N _ 0 4 M _ N ion i
o = 5 A+Iny) =5 =4 =9 the equation is exact.

Integration yields:
F(y,t) = [M(y,t) = [(3)dy = tiny +f(t) = tiny +f(t)
L =Iny+f(t) =1+Iny = f'(t) =1

= f(t) = [ldt=t+c

general solution is:

F(y,t) = tiny +t = C, or explicitly, t= =t

1+Iny



15.) cos@dr — (rsinf —e?)do = 0
Computing partial derivatives we obtain:
2 = £ (cos0) = —sind

oN _ 0 H 0 — Qi oM _ ON P i
G = 5 (=(rsinf—e”)) =sino = 5 =5 the equation is exact.

Integration yields:

F(,r) = [M(0,r) = [(cosO)dr = rcosé + f(0)

£ = —rsing+f'(0) = -rsing + e’ = '(9) = e’ = f(0) = [e’dd = e’ + C
general solution is:

F(0,r) = rcosd +e? = C, or explicitly, r = S;:; = (C—-e%)secH

17.) ()dx — (3y— —)dy 0

My = _y_z Ny = y% My # Ny  the equation is not exact.

19.) (2x+ - )dx+(1 e 2y)dy 0
Computing partlal derivatives we obtain:

M _ 0 (o Y ) _ Ledyaxy?

oy oy Lx?y? (1+x2y2)?

N _ o _x _ _ Lexyfoady? M _ N ion i

= = ( oy 2y) = Sy = 5 = the equation is exact.

Integration yields:
Fx,y) = jM(x y)dx = I(ZX + — )dx = X2+ arctanxy + f(y)

% = 1+(xy)2 f'(y) = ( Tty 2y> = f'(y) = = f(y) = I—Zydy — _y2 +C
solution is

F(X,y) = x? +arctanxy —y? = C

In problems 23, 24, and 25, solve the initial value problem.

23)) (e'y + tety)dt + (tet +2)dy = 0  y(0) = -

My =e'+tet N =tet+e! = My = N¢  the equation is exact.

F(y,t) = [Mydt = [Nedy = [(te! + 2)dy = tye' + 2y + f(t)

T = ye'+tye' + /() = e'y +tely =f{t)=0 = F(y,t) = tyel + 2y + ¢
= tye!+2y =C =y = Cl/(te' + 2)

Using the initial condition:

y(0) =C/(0+2) =-1 =C=-2 =y =-2/(tet +2)

24)
(ex+Ldt+(e'-1)dx=0 x(1)=1

My = et = N;
Therefore the equation is exact. Thus there exists f(t,x) such that
fi=e'x+1 andfy =e'-1
Integrating the second equation w.r.t. to x we have



f(t,x) = xet —x + g(t)
Differentiating this w.r.t. t yieldsf; = xe' + g'(t) = M = e'x + 1Thus g(t) = t + C and
f(t,x) = xet—x+t+C
so the solution is given by
xet—x+t=K
The initial condition implies
e-1+1=K

so the solution is given by
xel—x+t=e

25.) (y2sinx)dx + (+ — £)dy =0, y(z) =1
Notice this equation is not exact. It is separable.
[xsinxdx = jy;—zldy

—xcosX +sinx = Iny + 3+ + C

Substituting the initial condition
—mcosw+sing =In1+1 +C

C=rn-1

—xcosX +sinx = Iny+ 4+ + 7 -1

27.) Find the most general function M(x,y) so that the equation is exact.
(8) M(x,y)dx + (sec?y — 3-)dy = 0

We want to find M(x,y) so that for N(x,y) = (sec?y — 5-) we have
My(x,y) = Nx(x,y) = —

Therefore, we must integrate this last expression with respect to y:
M(x,y) = [(=5)dy = —Inly|+(x),

where f(x) is the constant of integration, a function of only of x.

29.) Consider the equation
(y? + 2xy)dx — x2dy = 0

(a) Show that the equation is not exact.

My = 2y + 2x,Nx = —2X =>not exact

(b) Show that multiplying both sides of the equation by y~2 yields a new equation that is
exact

y~2(y? + 2xy)dx — x2y~2dy = 0

(1+2)dx - ;—zdy =0

My = ‘y—ZZX,NX = ‘y—zzx => exact

(c) Use the solution of the resulting exact equation to solve the original equation.

F(x,y) = [(1+ 2 )dx



= X+ +g(y) 2
F/y = t0 (y) = vz
gy =0

g(y) =0

X+ =C

Y= %x

(d) Where any solutions lost in the process?

Yes, by dividing both sides by y? we lost the solutiony = 0.



