Ma 635. Real Analysis I. Hw4. Solutions.
HW 4 (due 09/28):

1. [1] p. 66 # 25
A function f: (M,d) — (N,p) is called Lipshitz if 3K, Vz,y € M, p(f(x), f(y)) < Kd(z,y).
Prove that Lipshitz mapping is continuous.
Solution. p(f(zn, f(z)) < Kd(zn,z) — 0 if £, — 2 as n — oo.

2. [1] p. 66 # 28

Let g:lo— R, g(z) = i “n. Is g continuous?
Solution. Yes. et
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as k — oo. The second inequality is just Schwartz inequality.

3. [1] p. 66 # 29
Fix y € I and define h: 1y — 11 by h(z) = (xpyn)o>;. Show that h is continuous.

Solution.

o0 o0 o0
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n=1

asx — zin ly.

4. 1] p. 71 # 43
Prove [t}]lat two metrics d and p on a set M are equivalent iff the identity map on M is a home-
omorphism from (M, d) to (M, p).
Solution. (=) By definition, if two metrics are equivalent then d(zpn,z) — 0 <= p(xn,z) — 0. We consider
the identity map [ : M +— M, I(x) = z. It is continuous, because p(I(zn), I(z)) = p(zn,x) — 0 if d(zn,x) — 0.

(«<=) If I is a homeomorphism then both I and I~! are continuous. Then p(I(zy),I(z)) = p(zn,x) — 0 if

d(xn,z) — 0. Similarly, we can show the inverse.

5. [1] p. 71 # 45
Prove that N with usual metric is homeomorphic to M = {11}°¢, with usual metric.
Solution. Consider f: N— M, f(n) = % Obviously, 3 f~! and both f and f~! are continuous. In fact, if a
sequence from N converges then it is stationary. Therefore its image is also convergent to the image of the limit,

and f is continuous.

6. [1] p. 71 # 49
Let V be a normed vector space. Given a fixed vector y € V, show that the map f(z) =z +y
(translation ny y) is an isometry on V. Given a nonzero scalar @ € R, show that the map
g(x) = ax (dilation by «) is a homeomorphism on V.
Solution. ||f(z) — f(z)|| = ||(z +vy) — (z+y)|| = ||z — z||. So, f is isometry.
lg(zn) —g(z)|| = ||oxn —az|| = |af:||xn —z||. Therefore, ||g(zn)—g(z)|| — 0if ||xn —z| — 0, and g is continuous.

The same way shows the continuity of g—!.

7. [1] prove theorem 5.10 (p. 75)

8. [1] p. 75 # 62



9. [1] p. 94 # 13
Show that R endowed with the metric p(z,y) = | arctan x —arctan y| is not complete. How about
m(z,y) = |2* — 3|7

10. [1] p. 94 # 14

If we define d(m, n) = ’% — %| for m,n € N, show that d is equivalent to the usual metric on N

but (N,d) is not complete.

11. [1] p. 94 # 19
Show that cg is closed in .
Solution. Let {z(™}%° | C ¢ is a converging (in loo) sequence to z: lim ||z{™ — 2|l = 0. By the definition
n—oo

of limit, this means that

Ve >03IN Vn>N: sup \x,g">—xk\<a. (1)
1<k<oo

From (1) we obtain the coordinate-wise convergence z(") — x, n — co. Since Vn, z(™ € ¢, then
Vn 3K = K(n) Vk > K, |z{™| <e. (2)

In view of (1), for an arbitrary € > 0 we pick up N such that for all n > N and all &, |$,(€") — x| < /2. After
that, we fix any no > N and find K (depending on ng and €) such that from (2) Vk > K, |ac,(€n0)| <e/2.
Finally, |z| < |$1(<n0) — x| + |x,§"°)| < £ + § = ¢ subject to k > K. This implies x;, — 0 as k — oo and,

hence, x € cg. Then ¢ is closed in lso.
12. [1] p. 94 # 20
13. [1] p. 94 # 21

14. [1] p. 102 # 42
Define T : C[0,1] — C[0,1] by Tf(x) = [ f(t)dt. Show that T? is a contraction. What is its
fixed point?

15. To solve equation f(z) = /\fOQ(x + ) f(y)dy, we consider f € C[0,2] and

F(f)(z) =1+ )xfOQ(m + y)f(y)dy. Find A at which F : C[0,2] — C]0,2] is contractive. For
initial value f(z) = 0 perform 3 iterations to approach the solution f(x).

(1) Please read the corresponding sections of the textbook.
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