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M otivation

® Spectral representation of Deviation Measures

® SSD-consistency of Deviation Measures

® Rao-Blackwell Theorem for General Deviation Measures

® Chebyshev’s Theorem with General Deviation Measures
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General Deviation M easures

(Rocakfellar et.al., 2002)

® (D1) — insensitivity to constant shift
D(X + C') = D(X) for all X and constants C'

® (D2) — positive homogeneity
D(AX) = AD(X) forall X andall A > 0

® (D3) — subadditivity
DIX+Y)<DX)+D(Y)foral X and Y

® (D4) — nonnegativity

D(X) > 0 (equality for constant X)

D(X) is law-invariantif X ~Y = D(X) = D(Y)
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Examples of Deviation M easures

$® Standard Deviation
1
o(X)=(E[X — EX]?)?
®» Standard Semideviations
0. (X) = (Emax{X — EX,0}*])"?
o_(X) = (Emax{EX — X,0}?)"?

®» Mean Absolute Deviation

MAD(X) = E|X — EX|

® Deviation measure from range

EX —inf X
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Connection with Coherent Risk M easures

R(X)=DX)—-FEX, DX)=R(X —-FEX)
= D is lower range dominated deviation measure:

D(X) < EX —inf X

Quantile
¢ (a) = inf{z|Plx < z] > a}
Conditional Value-at-Risk (CVaR)

(87

1
foraw € [0,1] CVaRqo(X) = —a/qx (p)dp

0
CVaR deviation

1 «
fora € [0,1] CVaR5(X)=EX — = /qX (p)dp
Q
0



Kusuoka representation of Risk Measures

Coherent risk measure on atomless {2 (Kusuoka, 2001)

1
/ CVaRq(X) p(da),
0

where M collection of measures p s.t. u > 0, f() p(da) = 1.

—> lower range dominated deviation measure

1

D(X) = sup /CVaRﬁ(X),u(doz),
ueM ’

(Worst-Case Mixed Deviation CVaR, see Rockafellar et.al., 2002)

Note: o (X') — not lower range dominated.
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Quantile-based Deviation M easures

1
D(X) = sup /O o(0) 45 (@) dar

where A — collection of functions ¢(a) € £2([0,1]) such that

® all o(«) € A are non-decreasing

..fo a)da =0 Vo(a) € A
® Aisnon-empty and A # {0}.

Theorem
1

D(X) = sup /CV&RQ(X) pu(da), plda) = ad(p(a)) >0

cA
v 0

and D(X) is a lower-semicontinuous deviation measure
(but not necessarily lower range dominated)
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Example

® Standard deviation

1
o(X) = sup /O o(c) 4 (@) dar

¢(a) is non-decreasing and

1 1
Ag—{¢e£2<[o,1]>|/ pdo =0, /ﬁdwgl}
0 0

Optimal ¢ is attained at
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Characterization

Theorem
(1 - atomless = every law-invariant lower-semicontinuous
deviation measure is quantile-based

Example Lower Semideviation

o_(X) = (Emax{EX — X,0}?])"/?

() - atomless = For every X € £%(Q)

(2 - arbitrary: Use the same A.

—p.9/21



Example: Not Quantile-Based D(X)

D(X) - law-Iinvariant and continuous.

Proposition
D(X) Is not quantile-based.



Second-Order Stochastic Dominance (SSD)

t t
X z55p Y = Vit / Fx(x)dx < /FY(y)dy

— OO — 00

Risk-averse investor always preferres X to Y.

Coherent risk measures:
X =55pY = R(X) <R(YY)

(if R — lower semicontinuous, law-invariant, {) — atomless)

Deviation measures:

EX =FY, X =g5p Y = D(X) < D(Y)
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SSD and Quantile-Based Deviation M easures

Theorem
Let D(X) - lower semicontinuous deviation measure.
Then D(X) is quantile-based if and only if

EX =EY, X =55p Y = D(X) < D(Y)

Outcome
A

(177

EX=EY

\4



Rao-Blackweéll Theorem

Classical Theorem:
Given X, Y, define Z = E| X|Y].
Then EZ = EX and o(Z) < o(X).

Z=EXY]Zz X

Generalized Theorem:
D — quantile-based =
VX,Y : EZ = EX,D(Z) < D(X).
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Risk Envelope

For lower semicontinuous D (X )

D(X) = sup E[(1 - Q)X]
Qe

where O is
(Q1) O C £2(Q) — closed, convex, 1 € O

(Q2) EQ =1VQ € 9
(Q3) VX #C 3Q € Osit. F|QX]| < EX.

0={QecL?|FE(1-Q)X]<DX)foral X, EQ=1)}

D is lower range dominated <— () >0 V(@ € Q



L ink to Quantile-Based Deviation M ezs

SUTres

VD : IKXﬁzzgggfﬁU;—QDXj

Proposition
D(X) — quantile-based if and only if
1

D(X) = sup / 4o (@), (0)da

QEQO
Namely,
1
D(X) = sup / o(0)qx (2)do
_ ISH
with 0

A={plp(a) =q_4(a), Qe Q}



Chebyshev Theorem for Deviation Measure

Classical Theorem:
o(X)?

P{|IX —EX|>a} < -

Problem: For every D(X) find fp(D(X),a) such that
P{|X — EX|>a} < fp(D(X),a)

Requirements:
# form of fp(.) should not depend on X and ¢
# fp(.) should be smallest possible bound.



Chebyshev Theorem: Problem Restatement

Deviation measures axioms:
® DX+C)=DX)
® D(AX) =AD(X)

P{IX| > 1} < fp(D(X)) VX € LX(Q),EX =

fp(d) =max P{|X]| = 1}

s.t. D(X)<d $P{X21}

_
up(B) =min D(X) /

st P{X|>1} >3

D(Y)
fp(d) = sup{B|up(B) < d}



Chebyshev Theorem: Solution

up(f) = m)}n D(X)

st. EX =0, P{|X|>1}>1

up (6> — minD(Ya,b,c)

a,b,c



Examples of Chebyshev I nequalities

Standard deviation

$» Symmetric

o(X)?
P33l X —EX| > <
{ | >a} < 02
9 Left tall
o(X)?
PiX —FEFX < — <
{ > a} = a2 1 o(X)?

L ower semi-deviation
® Left tall

o_(X)?
P{X - EX < —a} < =



Examples of Chebyshev I nequalities

Mean-absolute deviation

$» Symmetric

MAD
P{|X — EX|>a} < )
a
9 |eft tail
P{X - EX < —a} < MADX)
2a
CVaR
9 |eft tall
aCVaR5 (X)

P{X - EX < —a} <

a + a(CVaRS(X) — a)



Concluding Remarks

Quantile-based deviation measures:

® |Include all well-known deviation measures
® Several equivalent representations

® SSD-consistent

® Rao-Blackwell theorem

® Chebyshev inequalities
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