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First Order Dominance

Notation: Fi(X,n) = P{X <n}

Xr-ryY < F1(X,n) < F1(Y,n) forallneR
.
F1(X,n)
F1(Y,n)
0 | | .
Hy Mz n

Relation to utility functions:

X>=.,Y & Eu(X)>Euw(Y) V nondecreasing u(-)

(1)

Quirk and Saposnik (1962)



Second Order Dominance

Notation: Fo(X,n) = [ F1(X,8)dé =E(n—X)y forneR

X = .\Y = F>(X,n) < F>(Y,n) forallneR

(2)

Fo(Y,n) (X, n)

Relation to utility functions:

X >nY & Eu(X)>Eu(Y) V nondecreasing concave u(-)

(2)
Hadar and Russell (1969)



Dominance Constrained Optimization Problems

max E[H(z)}
subject to G(z) = (2) Y
z € 4o

Zgy - convex closed subset of a Banach space &
G and H - continuous concave operators from 2 to £ (82, %, P)
Y - benchmark outcome in % (2, %, P)

Convenient re-formulation of the dominance constraint:

F>(G(z);m) < F(Y;n) forall n € la,b]

How to formulate the order >
are multivariate?

2) if the outcome and the benchmark

G(z) = (G1(2),G2(2),. .., Gry1(2))
Y = (Y]_, YQ, “ . 7YT—|—1)

Important case: dynamic with discrete time



Multivariate Stochastic Orders
Consider X = (X1,...,Xp4q) and Y = (Y1,...,Yp4q) in £/ T2, 2, P).

Increasing Convex Order
X i Y © Eu(X)>Eu(Y) VYue¥

Generator Z - all concave nondecreasing functions w : RT+1 - R
Hard to treat analytically, the generator is too rich

Coordinate Order

Xzfze)py & Xitr=y Y, t=1,...,T+1

Generator % - all functions u(X) = Zf:""ll ut(X3) with concave
nondecreasing u; : R — R. Our earlier analysis covers this case.
Ignores temporal structure and dependency

Our idea is to define the mutlivariate order via a family of univariate orders



Dynamic Stochastic Dominance
Consider X = (X1,...,Xp4q) and Y = (Y1,...,Yp4q) in £/ T2, #,P).

New idea: Consider linear scalarization by comparing

T+1 T+1
<Q7X> — Z QtXt and <Q7 Y> — Z Qt%

for all

0€7C{oeR™ 1> 01>0> > 0rq1 > 0f

Discounted Order: X z?‘zs) Y if (0, X) = () (0,Y) forall g€ 7

The order t‘(inS) neither implies nor is implied by the coordinate order



Special case:

Finite set 2 consisting of T+ 1 elements o*, k=1,...,T+ 1, with

L 1 i t<k,
= o if t> k.

Then X 5%”25) Y is equivalent to the dominance of partial sums
k

k
thz(z) Y, k=1,...,T+1.

By specifying the set ¥ we can obtain other interesting cases.

Similar ideas can be employed in the multivariate case, without the dynamic
structure



The Generator of ><(j'25)

Notation: .Z4 (S) - the space of nonnegative regular measures on S C R™

For every A ¢ #4(R x ) we define a concave nondecreasing function
) - RT_I_l — R:

(@) = = [ max(0,n = {o,x)) A(d(n, 0)).

Rx9

T heorem The class of functions

d={py: A AL(Rx D)}

is a generator of the order >‘(j£5)

X »?'25) & E[p(X)] > E[p(Y)] forall ped

Obtained by integrating w.r.t. marginal and conditional measures of A\



Dynamic Optimization Problem

T
max Y EGi(st,v) +EGry1(sp41)
t=1
S.t. st41 = Aysy +Byvp +¢¢, t=1,...,T,

(G1(s1,01), -+, G1(sp,v7), Grga(srg1)) =05 (Y1, Y, Yrg1)
vweVyas, t=1,...,T.

Decision vector z: controls vq,...,vp, and trajectories sp,...,s741
F: - o-algebra generated by {eq1,...,e;_1}
Space of controls: ¥ = £ (2, #1,P) x --- x L{"(2, Fr, P).

Space of state trajectories: . = Z"5(£2, %2, P) x --- x £1°(2, Fr41, P).

For technical reasons we restrict the range of n € R to an interval [a, b]:

Fo({o,G(s,v));m) < F>({(0,Y);n) forall oe 2 and all n € [a, b]



The Partial Lagrangian

Define the class of functions

P(la, 0], 7) = {pr: A€ A (la,b] X D)},

ea(@) = — [ max(0,n - (0,2)) A(d(n, 0))
[a,b] x 2
The set &([a,b],Z) is a generator of the interval dominance order

We introduce the partial “Lagrangian” L :.¥ x ¥ x &([a,b],Z) — R:

T
L(s,v,p) =E [ > Gi(st,ve) + Gry1(sr41)
t=1

+ (£(G1(s1,00), -, Grlsr,vr) Grpa (s741)) = Ve, Y Yig) )|

Non-decomposable w.r.t. t=1,...,T 4+ 1



Auxiliary Control Problem

T
max E [ > Gi(st,vr) + Gra1(sry1)
=1

+ (90(G1(31,v1), oo, Gr(syvr), Grg1(s741)) — (Y1, .. "YT’YT‘H))]

S.T. 8t—|—1:At8t+Btvt+€t7 t=1,...,T
vwelVy as., t=1,...,T

Uniform Dominance Condition: 3 a feasible pair (5,7) such that

(n,g)ei?cib]x@{Fz(@’ Y)in) — F2((e, G(5,9)); n)} > 0.

Theorem
Assume the uniform dominance condition. If (5,) is an optimal solution of

the original problem then there exist ¢ € @&([a,b], Z) such that (5,v) is an
optimal solution of the auxiliary problem with ¢ = ¢, and

Ele(G(5,0))] = E[¢(Y)].

Conversely, if for some ¢ € &([a,b],Z) an optimal solution (5,v) of the
auxiliary problem satisfies the dominance constraint, then it is optimal.



Ideas of the Derivation

1. Write the dominance constraint as an operator constraint in € ([a,b], Z):

E(n—(0,G(s,v)))+ <E(n—(o,Y))y forall o€ 2 and all n € [a,b]

2. Associate with it a Lagrange multiplier
- nonnegative measure A € .Z, ([a,b] x Z)

3. Change the order of integration in the Lagrangian term

[ EG = (o. X)) Adm,0) = [ [ (= (0, X(@)))4 A(d(n, 0)) P(dw)
[a,b] xZ 2 [a,b]xD
= —Ep(X)
with

o(@) =~ [ (n— (e,2))4 A(d(n, 0))

[a,b] x D



Implied Random Discount

T
max Y EGi(st,v) +EGpry1(sp41)
t=1
S.t. st41 = Aysy +Byvp +¢¢, t=1,...,T,
(Gl(Sl, Ul)a IR G1(8T7 UT)? GT+1(ST—|—1)) t((:“QS) (Yla ) YT? YT—I—].)
vweVyas, t=1,...,T.

Theorem Assume the uniform dominance condition. If (5,v) is an optimal
solution of the original control problem then there exist & € %o (82, %4, P),
t=1,...., T+ 1, with

1282 2&r2>2&r41 20 as.

such that (5,v) is an optimal solution of the control problem

T
max Y Bl 4+ &)Gi(st,vr) + E(1 4+ &r41)Grt1(sp41)
t=1
S.t. si41 = Aist + Biog e, t=1,...,T,

vwelVy as., t=1,...,T.



Maximum Principle

Theorem Assume the uniform dominance condition. If (5,v) is an optimal
solution of the original control problem, then there exist:
discount factors & € Lo(2, %, P), t =1,...,T 4+ 1,

1262 28r2>2&r41 20 a.s.
subgradients (o},0f) € Z75(82, Fi, P) x £ (82, #, P) satisfying

(07 (w), 0 (w)) € 9g¢(5t(w), Dt (w))
ory1(w) € Og9r41(8r41(w))
and dual variables g, € Z£**(§2, #,41,P), t =1,...,T, satisfying
the adjoint equations

yr = (L +&ry1)oraq
yi-1 = ABly Al + (L 4+ &)of, t=T,...,2
such that for almost all w € 2 the control v4(w) is a solution of

max ((1 4 &(w))of (w) + Bi(w)Elyi] Zi] (w), ¢)

ceVy



