Estimation of the long memory parameter in
stochastic volatility models by quadratic variations

Tonut Florescu ! Ciprian A. Tudor % *

IStevens Institute of Technology,
Department of Mathematical Sciences,

Castle Point on the Hudson, Hoboken, NJ 07030, U.S.A
ifloresc@stevens.edu

2 Laboratoire Paul Painlevé, Université de Lille 1
F-59655 Villeneuve d’Ascq, France.
tudor@math.univ-lille1.fr

preprint, September 25, 2010

Abstract

We consider a stochastic volatility model where the volatility process is a frac-
tional Brownian motion. We estimate the memory parameter of the volatility
from discrete observations of the price process. We use criteria based on Malliavin
calculus in order to characterize the asymptotic normality of the estimators.
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1 Introduction

We consider a stochastic volatility model where the volatility is driven by a fractional
Brownian motion (fBM). Such a model is motivated by recent work that shows the long
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range dependence of the volatility process (Cont, 2005; Casas and Gao, 2008; Mariani
et al., 2009; Chronopoulou and Viens, 2010).

We assume as given a complete probability space (2, F,P), endowed with a
complete filtration .# = { %, }1>0 (see Protter, 2005, page 3). On this space we observe
the process:

t
Xt:/ BHaw,, (1)
0

where the processes {W;}ic(0,00) @ standard Brownian motion and {BH Hee(0,00) @ frac-
tional Brownian motion are independent and are both adapted with respect to the
filtration .%. Recall that the fractional Brownian motion is a centered Gaussian process
with covariance, for every s,t > 0,

1
Ry(t,s) = §(t2H + 820 — |t — 5P,

It may also be characterized as the only Gaussian self-similar process with stationary
increments. We will denote by 7}V and by F7 " the o-algebras generated by W and BY
respectively.

We consider the problem of estimating the Hurst parameter H given discrete
observations of the process X: (Xo, Xt,, X4,, ..., Xt,) for a discrete partition 7 = (g =
0 <ty <---<ty=1). The end point is taken to be ¢t = 1 for convenience.

This model is a particular case of a stochastic volatility model. We chose to work
with the fractional Brownian motion due to its well documented long memory behavior.
We mention related work Gloter and Hoffmann (2004) where a more general problem is
presented: given discrete time observations of the process X; = fo #(0, BE)dW, estimate
the parameter #. In the cited work both the functional form of ¢(-, ) and the Hurst
parameter H are assumed to be known. Under these assumptions the estimator 6,
(Gloter and Hoffmann, 2004, formulas (13)-(15)) is proven consistent and asymptotically
normal (6 in fact depends explicitly on H). In more recent work (Chronopoulou and
Viens, 2010) the authors show that knowing H is crucial for determining the optimal
value of the parameter #. This motivated us to consider a simple model first where the
properties of the estimator may be be properly analyzed.

Our estimator for the Hurst parameter will be constructed using the quadratic
variations of the process X. The use of the quadratic variations for estimating the self-
similarity index of a self-similar process is standard and it has been widely used in the
literature. We refer, among others, to Bardet and Tudor (2010), Coeurjolly (2001), Istas
and Lang (1997) or Tudor and Viens (2009). Indeed, it is well-known that, if we observe
a self-similar process (for example the fractional Brownian motion) at discrete times

L ~, with 2 = 1,2, ..., N then Hy = ;Olis% is a consistent and asymptotically normal
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estimator for H. In the formula above Sy = & SV * (Bi — Bi) , and note that
N N

the process needs to be observed directly in order to construct the estimator.

Our context is different. First, the process appears in the volatility part and the
volatility in general is not directly observable. Second, although the volatility process BY
is self-similar, the observed process X is not self-similar anymore. However, the quadratic
variation process of X will play an important role in our estimation. Specifically, if we

denote by
N

V() = (X~ X )’ (2)
i=1
the quadratic variation, with
to=0<t; < ... ty=1t (3)

a partition of the interval [0, ¢] then, by a classical result in martingale theory,

N 1
VN(l) = Z (th - Xti71)2 N1)>O /(; (Bf)sta

i=1
when ||7]| = max;eq12,. N (i — tio1) — 0 and the convergence holds (at least) in proba-
bility.

We consider,

1 1
1
0 E{/O(S)ds] /Os ds S+ 1

The natural estimator for 6 clearly is Viy(1). The idea of the present work is to analyze
the properties of this estimator and then to obtain an estimator for H.

The article is structure in the following way. Section 2 presents the tools we use
in our technical analysis. Section 3 analyzes the properties of the straight quadratic
variation process. We demonstrate that this estimator, although unbiased, it is not
L? consistent and in fact we find the limiting value for its variance. Therefore, an
estimator based on the straight quadratic variance will not get better as the number of
observations increase. In section 3.2 we present another estimator (conditional Quadratic
Variance). We show that this estimator is strong consistent. Finally, section 4 presents
the asymptotic normality properties of this estimator.



2 Preliminaries on Malliavin calculus and multiple
stochastic integrals

Let (W})tcpo,1) be a classical Wiener process on a standard probability space (€2, F,P).
If f e L*([0,1]") with n > 1 integer, we introduce the multiple Wiener-It6 integral of f
with respect to W. We mention the basic reference Nualart (2006) for background on
the notions we use. Let S,, be the space of elementary functions with n variables:

Sn = {f S L2<[0, 1]”) : f = Z Ciq,..., inlAilx---XAin’ Az - B([O, 1])}

T1yeenyln

where the coefficients satisfy ¢;, ;.. = 0 if any two indices #; and 7; are equal or any of
the sets are empty. For such a step function f € S,, we define

L) = D2 W (An). - W(A;)

where we use the notation W (A) = fol 14(s)dW,. If we denote f the symmetrization of
I

1
f(xla s ,.ZCJ;) = ﬁ Z f(xa(l); s axa(n))a

" oESn

we also have that I,,(f) = I, ( f ) Furthermore, the functional /,, constructed above from
S, to L*(Q) is an isometry on S, , i.e.
n{(f, ) e 1), ifm=n
B P)l(g) = 1 e (@)
0, if m+#n
The set S, is dense in L*([0, 1]") for every n > 1 and thus the mapping I,, may
be extended to an isometry from L?([0, 1]") to L?*(€2) and the above properties hold true
for this extension as well.
We will need the general formula for calculating products of Wiener chaos in-

tegrals of any orders m, n for any symmetric integrands f € L*([0,1]®™) and g €
L3([0,1]®™); this formula is

In(f)I(g) = mZ' (m) (") Iin-2r(f @1 9) (5)

—~ r)\r
where the contraction f ®, ¢ is defined by
(f ®g g)(Sl, ey Sm_g,tl, Ce ,tn_g)
= / F(s1ye ey Smepytiny oy up) gty ooty Ury ooy ug)dug ... dug. (6)
[0, mtn—2¢
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Note that the contraction (f®,g) is an element of L?([0, 1]™"~2) but it is not necessary
symmetric. We will denote by (f®;g) its symmetrization.

We recall that any square integrable random variable measurable with respect
to the o-algebra generated by W may be expanded into an orthogonal sum of multiple
stochastic integrals

F=Y L(f) (7)

n>0
where f, € L*([0,1]") are (uniquely determined) symmetric functions and Iy(fy) =

We denote by D the Malliavin derivative operator that acts on smooth functionals
of the form F = g(W(¢1),...,W(en))

DF = Z o, (B<901)7 s 7B(§0n)>(10i7
=1

here g is a smooth function with compact support and ; € L*([0,1]) for i = 1,..,n.
The operator D can be extended to the closure D?? of smooth functionals with
respect to the norm

p
I1Fle = EF? + ) E|D'F| 72
i=1
where the i-th Malliavin derivative D is defined iteratively.

If f e L*([0,1]") we will use the following rule to differentiate multiple integrals
in the Malliavin sense

Diln(f) = nlna(f(- 1), t€[0,1],

and the rule may be extended easily to any square integrable random variable F' using
the representation (7).

The adjoint of D is denoted by § and is called the divergence operator (Skorohod
integral in the white noise case). Its domain (Dom(d) ) coincides with the class of
stochastic processes u € L*(Q x [0,1]) such that

| IE(DF,u) 20| < ¢l Fll
for all F' € D2 and §(u) is the element of L?(Q) characterized by the duality relationship
./E(F(S(u)) = E(DF, u>L2([071]). (8)

For adapted integrands, the divergence integral coincides to the classical [t0 integral.
Also we will need in the paper the integration by parts formula

Fé(u) = 0(Fu) + (DF,u) 9)
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1
whenever F' € D2, u € Dom(0) and EF? [ u2ds < oc.
0

3 On the consistency of the quadratic variation

Let us consider the process X given by (1) with Bfindependent of W. The quadratic
variation of X is defined by the formula (2). As we mentioned in the introduction,
E[VN(1)] =6 =55 +1, for all N.

N . N t
E[Z Xi — X, ] ZJE[/ BHdW] :Z/ E [B"]? ds
i=1 i=1 Yti-1
N 2H+1 2H+1
. 2H t tifl _ 1
Z/ ds = 2H+1 C2H+1 2H+1

Therefore, the estimator Viy(1) is unbiased for the parameter 6 = 5~ —- In the
next section we discuss the consistency of this estimator. We look at the convergence of
Vy(1) to the parameter 6 in L*(Q2) and almost surely. The almost sure convergence is
very useful in order to estimate the Hurst parameter H itself.

3.1 Consistency

There are several notions of consistency that we may consider.

Definition 1 Suppose have an estimator Ty estimating a certain parameter 6. The
estimator is called weakly consistent if Ty — 0 in probability. The estimator is called
strongly consistent if T — 0 almost surely. The estimator is called L* consistent
if IE(Ty — 0)? converges to zero. All the limits are with respect to N — oo.

We will first discuss the L%(2) consistency of the estimator Vy(1) given by (2).
Please note that due to the unbiasedness of the estimator for a fixed N the expression
IE(Ty — 0)? is also the variance of the estimator.

E[(Vy(1) = 0)*] = E[VN(1)’] — ¢



and,

EVy(1)? = E [Z (Xi, — X)) (X5, —thlfl

i.j=1

_ i::E [(Xti . Xti_1)4]

+2 i B[ (X, - X.)" (%, - X)) (10)

i<j
To proceed with the calculation we need several results.

Lemma 1 Leta <b and s <t. Then

t b 2
E (X, — X)) (X, — X,)* = ZE/ (Bf)zdu/ (BHY2du + 2IE (/ (Bf)Qdu>
s a [s,t]N[a,b]
(11)

Proof: Suppose first that [a,b] = [s,t]. Since the conditional law of X; — X given

FBY ig
t 3
(/ (B§)2ds) Z

with Z a standard normal random variable independent by B we get

BX,-X,)" = E [JE(Xt ~ X, fBH} - SE/t(Bf)Qdu.

In the general case, we use the techniques of the Malliavin calculus. The Malliavin
derivatives, throughout the paper, are defined with respect to W. From the independence
of B and W, it follows that Df(BF) = 0 for every ¢ and every function f. We can
write, using (8)



E (X, — X)) (X, — X,)?

t t b 2
= JE/ dewu/ BHaw, </ dewx)

t t b 2
= E/ duBY D, /dewu (/ dewz)

t b 2 t b
= E / duB}' | 154 (u)BY! ( / dem) +2 / BHaw, / BH AW, 1 (u)BY

s

2 t b
= ]E/ du(B (/ BHdW> +2/ du(B{j)2/ dewv/ BHaw,
[s,t]N[a,b] s a
b
= JE/ du/ dzBY D, {(35)2/ dewx]

t
Yo du / dvB (BH)? 11, () B

[s,¢]N[a,b] s

t b 2
= ]E/ (Bf)2du/ (BEY2du + 2IE (/ (Bf)2du) .
s a [s,t]N[a,b]

Lemma 2 Let u,v > 0. Then

E (B! (B!?] = 2Ru(u,v) + w*"0*". (12)

Proof: We use Gaussian regression. We recall that, if (G, G3) is a Gaussian vector
then

Cov(Gy,Gy) Cov(Gy, Go)?
“Var () Gl*\/vc””(%)_ VarGy) )

where Z is a standard normal random variable independent by ;. In our case applying
(13) to the Gaussian couple (B, BH) we get

i~ Fu(wv) gy ¢H _ Ru(uwv?

u Vv2H v2H

Gy =

with Z a standard normal random variable independent by B. Then

pipn — Fu(wo) gy \/UQH _ Bulwv? ) g

v2H v2H
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and

H pH\2 Ry (u,v)? H\4 2H
FE (BIB)" = TE(BU)+ wt = —
SRH(U>U)2 4 (U2H . RH(U>U)2> 21

v2H v2H

RH(ua 'U)Q

2H

) B2l

= 2Ry (u,v)? + u*Hv*,

We are now able to compute EVy(1)?. Using formula (11),
N-1

BVN1? = Y E(Xy,, - X)) +2) B (X, — X)) (Xe,, — X))

i=0 i>j

Lit1 ljt1
+2) E / (BI2du, / (BI2du, (14)
t; t
Next, we need the following lemma which shows that the diagonal term above

converges to zero.

Lemma 3 Define

Then Ay — 0 as N — oo.

Proof: Using Lemma 2 we can write

tit1 tit1
Ay = EZ / / (BI)2(BH)2dvdu
i+1 41
— Z/ / (2R#(u,v)* + w*™0*M) dvdu
i=0 Yt ti

Consider t; = % for i =0, .., N. Note first that
N-1 etiq ptina 1 1 N-1
2H, 2H _ ; 2H+1 _ 2H+1\2
Z/t /t u o dvdu = (2H+1)2N4H+2Z((Z+1) —
=0 V" t =0

N-1

1 1 AH+2
- (2H+1)2N4H+2ZZ I )
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with f(z) = (1+x)?#*1 — 1. The function f behaves as (2H + 1)z when z goes to zero.

Therefore
1 ;| N

1
AH+2 (2
(2H+1)2N4H+2;Z f(z)

behaves, as N — oo as
N-1

1 u 11
N4H+2;Z “UH+IN

and this goes to zero as N — o0o. Now, let us estimate the quantity

N-1 tit1 tit1

Z / / Ry (u,v)?.

i=0 Yt ti

We can write
N-1 ti+1 ti+1 1 i+1 ti+l 9
Z/ / Ry (u,v)*dvdu = =~ / / (W +0* — |u —v|*")” dudv
i=0 Yti 123 44 i 123
tit1 tit1
< 2/ / (u*™ + 0" 4 Ju — 0| ") dvdu.
ti t;

The three above summands converge to zero s N — 0o. Indeed

N-1

o o ! AH+1 _ j4HA+1
dvd - tivr — ) (T, —t:
/ti /m oo 4H+1;(+1 )(H—l i )
1 1 N-1
S S (F et
=0

and this behaves as % — 0 as N — oo. It remains to check that

N-1 ot tiv1
E / / lu — v|** dvdu
i=0 Yt ti

10



converges to zero as N — co. This is obvious since

N-1 ety ptin " i+l 4H
E / / lu — v dvdu = / / dvdu
i=0 Vi ti

1 Ny

tig1
(u . ti)4HHdu

N-1
1 — ti) 4H+2
(4H + 1) 4H+2 ZO a
1

1
= —N—soo 0.
(4H + 1)(4H + 2) N4H+1 N2

|
We restate the last result obtained.
Proposition 1 As N — oo,
1,1 1l
EVy(1)? — / / IE(BI* (B dvdu = / / (2R (u,v)* + w*v*) dudv.
0o Jo 0o Jo
Proof: This is a consequence of relation (14), Lemma 2 and Lemma 3. |

We will prove now that the estimator V(1) has non-trivial quadratic error, i.e.
it is not L? consistent.

Theorem 1 The estimator V(1) has non-trivial limiting quadratic error given by

1 2 1 1
1 2 —_— = 2
lim 5 (VN(l) 5 +1> 2/0 /O Ry (u,v)?dudv.

Proof: The result follows from relation (10) and Proposition 1. ]

Remark 1 The fact that the estimator Vi (1) does not convergence in L*(Q2) to 6§ =

2H+1
1s not really surprising. In fact, we may write
1 ! ! 1
V(1) — =Vn(1)— [ (BI)d BI)?ds — 15
V) = g = W) = [ B (15)
The first part V(1 fo (BH)2ds converges to zero as N — oo (at least in probability)

while the second part does not depends on N and does not vanish. Moreover the difference

11



fol(Bf)st — s can be written as, by Ito’s formula for the fBm (see Nualart (2006),
Chapter 5)

1 1 1 s 1 1 s
Bf)2qs — :/d /BHdBH ) :/d/BHdBH.
[ witas = s = [as ([ ptatt e o) - e = [Cas [ plan:

Here dBf denotes the divergence integral with respect to BH (see Nualart (2006) for
details). Therefore, the limiting variation of V(1) is in fact the second moment of the

random variable fol ds [ BEdBL . It may also be noticed that the almost sure conver-
gence of V(1) to 6 cannot hold.

3.2 Conditional consistency

Let us go back to Remark 1, more precisely to relation (15). Consider F}" be the
filtration generated by the Wiener process W and let us replace the estimator with the
conditional expectation given F}¥ in (15). From the independence of W and B¥ the
quantity fol(Bf )?ds — 57— vanishes conditional on F}" or with respect to any other o
algebra depending only on W.

In fact it is possible to explicitly compute the conditional expectation IF [VN(l) | FIV } .

Proposition 2 We have, for every N > 1 and for any partition Ay of the interval
[0, 1] of the form

1 N-1 it tit1
E[VyQ) | 7] = 1t Z/ / Ry (u, v)dW,dW,,. (16)
i=0 “ti ti

2H

Proof: Note that IE [Viy(1) | F}V] = VYR [(Xti+1 - Xti)2 | ]-"IW] Thus we only

need to compute the quantity
E[(X, ~ X.)* | 7"

for any s,t > 0, s < t. Note that we may write X; — X, as an L*(Q2)-limit of the process
Ss+(M), where

M—1
H
Ss(M) = BsJ- (WSjJrl - WSj) ‘
=0
and s = sp < s; < ... < sy = t denotes a partition of the interval [s,t]. We first

12



calculate

M—-1
B[S0 [ 7] = | BB (W, ~ W) (W — W) aW]
i,j=0
M-—1
= RH(SHSJ> (W8i+1 Wsz) (Wst WSj)
,7=0
M-—1

M-1
Z RH(Siv Sj) <W5i+1 - Wsz) (W5j+1 - Wsj) :

1,j=0si7]

+

The first summand above equals

M—-1 )
S?H (WS¢+1 o Wsz)

1=0

and by classical techniques of the martingales theory, it converges in L'() to

t
1
2H 2H+1 2H+1
ds = ——— (2H+1 _ .
/su s= s 2

The non-diagonal term converges in L*(f2) to

t ot
//RH(u,v)qude

by the construction of the multiple integral with respect to the Wiener process W as
introduced in Section 2 (double integral in this case). |

We next investigate the convergence in L? of the random variable IE (Viy(1)/F}").
Since we shall use the result afterwards we would like to calculate not only the limit but
also the order of convergence.

Let us denote the L? norm

2 ._
ay =

G E——

13



Using the previous result (Proposition 2) and the isometry formula for multiple stochastic
integrals, it holds that,

N-1
ay = ‘ RH (u, v)*dudv
=0 Z
1 N—1 ix1 i-&]\-{l
= 3 _ / (u2H+v2H—|u—v|2H)2dudv
i=0 YN ~
R S o
= 3 / / (2u + 20”0 — 4w — o + |Ju — oY) dudv.(18)
=0 % %

where we used the symmetry of the integrals in u and v.

It is an easy exercise to estimate the behavior as N — oo of the four resulting
sums (we also recall the similar calculations in Lemma 3). The first one may be handled
as follows.

+1 it1 N-1

N JAH o 1 1 , AH+1  AH+1
Z/ / dudv = gy e 2 (D) =
=0
1 1
— — —O(N !
4H+1N O( )

Concerning the second summand in (3)

| 1 | Nl
Z / / 2HU2HdUdU — (2H " 1)2 N4H+2 Z((Z + 1)2H+1 o Z2H+1)2 — O(N_l)

i=0
and for the third summand in (3) we can write
R
Z/ / w?u — v dudv
S A ¢
N—1 iﬁl ” N—1 % ’HI\}I
= / / u* (u —v)* dvdu + Z / / w? (v —u)*" dvdu
i=0 YN N i=0 YN v
N-1 ot ;O\ 2+ il o (141 2H+1

Changing to the variables z = N (u — %) in the first integral and z = N (% — u) in

the second integral we get that the above sum is equal to

N-1

1 1 /1 2H+1 \2H /1 2H+1/, 2H
AU+ 0)Mde+ | 2T+ 1 - 2)Mdz
2H+1N4H+2;{0 0

14



and this is of order of O(N—2H-1),
A similar calculation shows,

+1 z+1
Z/ / —v|*dudv = / / ) dudv = O(N~*1),

Note that regardless of H, a? — 0 at the order O(N~'). We restate the result as a
proposition to be used later.

Proposition 3 Let ay be given by

2 (E V(1) | FIY] —ﬁy

Then, as N — oo,

1
anN = Oo(—).
(\/ N )
We obtain the L? consistency and the strong consistency as immediate conse-

quences.

Corollary 1 Let FV be the sigma-algebra generated by (Wi)eeo,)- Then
1
2H +1

in L*(Q). If Vi is constructed via a refining partition (that if, Ay C Ay if N > M)
then the above convergence holds almost surely.

E[Vy(1) | FV] 250 =

Proof: We have already shown the L? convergence above.

Concerning the almost sure convergence, we may proceed as in (Protter, 2005, Theorem
28, Chapter I), and show that Vi (1) converges almost surely to fol(Bf )2ds if we work
with refining partitions. This may be proved using the dominated convergence theorem
for conditional expectations, that IE [Viy(1) | FV] converges as N — oo almost surely,

to I (fol(B§)2d3 | fW) - 2H1+1' u

From the above result we immediately obtain

Proposition 4 Define for every N > 1,
N 1 1
Hy = ——.
YU REWO)[FT] 2

Assume that Viy is constructed via a refining partition. Then Hy converge almost surely
to H as N — oo.
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Remark 2 The estimator IE [Viy(1) | FV] has good properties. Its inconvenient is that
in principle it cannot be directly from the observations of the process X. Nevertheless,
Proposition (16) shows that it has a rather simple form which could allows its numerical
simulation at least in particular cases. This will be the object of a further study.

4 Conditional central limit theorem

Let us discuss the asymptotic behavior of the quadratic variation V(1) and of its con-
ditional expectation given the o-algebra generated by W. It is well-known that (see e.g.

Protter (2005)) 1
\/N(VN(U—/O (Bf)st)

converges in distribution to v/2 fol(B MY2qW! where W' is a Wiener process independent
by B (and W). By the same argument used in Remark 1, it is clear that such a result
cannot be obtained if we replace fol(Bf )2ds by its expectation which is ﬁ We will
analyze the asymptotic normality of the conditional expectation of V(1) given FV. By
Proposition 2, it follows that for every N the random variable IF [V1 | FV ] is a multiple
integral in the second Wiener chaos. It is possible to characterize the convergence in
distribution of a sequence of multiple integrals to the standard normal law. We will
use the following result (see Theorem 4 in Nualart and Ortiz-Latorre (2008), see also

Nualart and Peccati (2005)).

Theorem 2 Fizn > 2 and let (Fy, k > 1), Fy, = L,(f) (with f, € L*([0,1]") for every
k > 1) be a sequence of square integrable random variables in the n-th Wiener chaos
such that IE[F?] — 1 as k — oo. Then the following are equivalent:

i) The sequence (F},)i>0 converges in distribution to the normal law N(0,1).
ii) One has IE[F}] — 3 as k — oo.
ii1) For all 1 <1 <n—1 it holds that limg_, || fx @ kaLQ([O’l])@)Q(n—l) = 0.

i) HDFRH%Q([OJ]"
respect to B.

— n in L*(Q) as k — oo, where D is the Malliavin derivative with

Criterion (iv) is due to Nualart and Ortiz-Latorre (2008); we will refer to it as
the Nualart-Ortiz-Latorre criterion (which in fact is a refinement of the main result in
Nualart and Peccati (2005).
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We introduce the sequence of random variables given by, for every N > 1,

Fy = E [VN<1) | FF/} —0 (19>

an

1

T The main result of this

where ay, the L? norm was introduced in (17) and 6 =
section is the following.

Theorem 3 The random variable Fy defined in equation (19) converges in distribution,
as N — oo, to a standard normal random variable.

Proof: We apply the general Theorem 2. To this end we need to compute the Malliavin
derivative of Fiy and its norm. Using the multiple integral form (expression (16)), we

can write
N-1 =

2
Do Fn = — Z 1[i’7LJr]\’1](a>/; Ry (u, a)dW,
=0 ~

1 /N-1 ! 2
/ ( 1 ¢+1](a)/ RH(u,oz)qu> do
0 : NN p

N—1 i+l it
N N
/_ do (/ Ry (u, a)qu>
i=0 7% ~

4 ~ ~ v
= — / da/ / Ry (u,a) Ry (v, a)dW,dW,
ay = Ji i Ji

and thus,

||DFN||%2([0,1]) =

[un

1
o
z|~
2|~

where for the last equality we used the product formula for multiple stochastic integrals.
Consequently,

o ~or
HDFNH%Q([O’H) = — Z / da/i /1 Ry (u,a) Ry (v, )dW,dW, + 2.  (20)
¥ U

4
2
a
N =0 YW

Let us compute the L?(€2) norm of the random variable

“DFNH%Q([O,I]) —2.
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From (20) and the isometry property of multiple stochastic integrals (4),

N-1
2 32
E (HDFNH%Q([O,ID - 2> = 1 Z /1 14 RH(ua a)RH<U7 OZ)RH(U, 6)RH(U7 B)du{jvdadﬁ

a
N =0

The above sum can be decomposed into 81 terms. It is not difficult to estimate each of
this term, using calculations similar with the computation of ay in Proposition 3. For
example, the first summand is

E / u?Ho?H o1 521 dudvdad
i z+1
=0

N-1

— N4(2H+1 Z i+ 1 2H+1 22H+1) — O(N_4)
=0

2
In this way, all the summands appearing in the decomposition of IF <HDF N H2L2([0 0~ 2>

converge to zero as N — oo and the conclusion follows from Theorem 2 point ). M.

We cite the Delta theorem (DasGupta, 2008):
Theorem 4 (Delta theorem) Let T, be a sequence of statistics such that:
VT, — 0) =5 N(0,6%(0)), o(6) > 0.
Let g : R — R be a function differentiable at 0 with ¢'(0) # 0. Then,
Vil(g(T,) = 9(6)) == N(0, [¢'(0)*0*(6))

Thus, applying the Delta theorem we obtain a consistent estimator for H and its
rate of convergence.

Theorem 5 As N — oo, we have the convergence in distribution

VN <2JE RT3 H) o (0’ @> |

Proof: This follows from Proposition 3, Theorem 3 and the above Delta Theorem. M
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