Homework 5
Math 611 Probability

due Monday Nov. 24 2008 by 6:15pm

(1) The joint density of X and Y is given by:

e~ /Yo~y
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Show that E[X|Y =y] =y
(2) The joint density of X and Y is given by:

)
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Calculate E[X?|Y = y]
(3) Let X ~ U[0,1]. Find E[X|X < 1].
(4) Let X be exponential with mean 1/A, i.e.,

Fx(@) =A™ 1(p00)(@).
Find E[X|X > 1]

(5) A prisoner is trapped in a dungeon location that contains 3 doors. The
first door leads to a tunnel that takes him to safety after 2 hours of
travel. The second door leads to a tunnel that will return him to the
same dungeon location after three hours of travel. The third door leads
to a tunnel that is returning him to the same dungeon location after
five hours of travel. Every door choice is at random and after any choice
the doors are magically changed so that the next time it is put in front
of the choice the prisoner cannot find his previous choice. What is the

expected length of time to exit the dungeon?
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(6)

In the previous dungeon example let N denote the total number of
doors that the prisoner selects before making it to safety. Let T; denote
the travel time corresponding to the i-th choice, 1 <7 < N. Let X the
total time until reaching safety.

a) Give an identity that relates X to N and to T}’s.

b) Find E[N].

(a)
(b)
(¢) Find E[Ty]
(d)
)

d) Find B[N, T)|N = n].
(e) What is E[X]?

Also refer to the previous two problems. Assume now that the prob-
abilities of his choice are 0.5,0.3,0.2 respectively for doors 1, 2 and
3. Find the expected number and variance of days until he reaches
freedom.

In the same setting as the previous problems, assume that the prisoner
chooses at random between doors but there is no magic present and
he remembers the previous choice. So, for example if he chose door 2
which returns him to the dungeon he would be really stupid to make
the same choice again next time. In this version find the expectation
and variance of the number of days to reach safety.

Ann and Bob each attempt 100 basketball free throws. Ann has prob-
ability 0.60 of success on each attempt. Bob has probability 0.50 of
success on each attempt. The 200 attempts are independent.

What is the approximate numerical probability that Ann and Bob make
exactly the same number of free throws?

The random variable whose probability density function is given by:
e ifx <0
f (x) - % A —Az 3
3Ae , ifxz >0,

is said to have a Laplace, sometimes called a double exponential, distri-
bution.

(a) Verify that the density above defines a proper probability distri-
bution.



(b) Find the distribution function F(z) for a Laplace random variable.

Now, let X and Y be independent exponential random variables with
parameter A\. Let I be independent of X and Y and equally likely to
be 1 or —1.

(c¢) Show that X —Y is a Laplace random variable.
(d) Show that I.X is a Laplace random variable.

(e) Show that W is a Laplace random variable where:

o X iI=1
if [ =—1.

(11) Let X,Y, Z be three random variables with joint distribution
P(X=kY =m,Z=n)=p¢"*

for integers k,m,n satisfying 1 < k < m < n, where 0 < p < 1,
p+q=1. Find E{Z|X,Y}.

As always any exercises assigned in class count for bonus points.



