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expansion (13) is able to approximate the Chebyshev function very
well with only the first few terms.

V. CONCLUSION

This correspondence proposes an array pattern synthesis method to-
gether with the associated array structure for 3-D beamforming using
CRA. The proposed method decomposes the array weights into two
sets: weights for the elements within each ring and weights among dif-
ferent rings. The former are delay-and-sumweights, while the latter are
from Fourier–Bessel series expansion. The proposed method yields a
3-D array pattern that is almost invariant over a certain frequency range
and is therefore suitable for broadband beamforming. The frequency
range to maintain invariant pattern is determined by the structure of the
CRA. The proposed design is corroborated by simulations.
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A Cumulant Interference Subspace Cancellation
Method for Blind SISO Channel Estimation

Jun Fang, A. Rahim Leyman, Member, IEEE, Yong Huat Chew, and
Ying Chang Liang

Abstract—We present a new linear method for blind estimation of
single-input single-output (SISO) finite impulse response (FIR) channel.
The channel can be minimum-phase or nonminimum-phase channel. The
proposed method is based on a series of fourth order cumulant matrices,
where it is shown that by employing vectors chosen from the left null
space of a concatenated cumulant matrix, the interference subspace
of the channel convolution matrix can be cancelled and thus, channel
information can be extracted. The proposed method is robust to channel
order overestimation, and it has a similar computational complexity as
other existing methods. Simulation results are included to validate the
performance of the proposed algorithm.

Index Terms—Blind channel estimation, cumulant, higher-order statis-
tics, single-input single-output systems (SISO).

I. INTRODUCTION

Blind identification of time-invariant FIR systems arises in a wide
variety of communication and signal processing applications. Thus far,
there have been a lot of research works [1]–[4] on blind channel esti-
mation by using the second-order statistics (SOS). In this case, channel
diversity should be obtained by oversampling the output data or by re-
sorting to multiple sensors. Also, to identify this multichannel system,
most SOS methods are required to meet a fundamental blind identifia-
bility condition [2] that all subchannels do not share any common zeros,
which may not be satisfied in practice [5]. In contrast, higher-order sta-
tistics (HOS) methods could be applicable in such a scenario where
channel diversity is not available, i.e., channel is SISO, or blind iden-
tifiability condition for SOS methods is close to be violated.
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Numerous linear HOS methods [6]–[12] have been proposed over
the past decade. Among them, some [6]–[9] can be considered as sub-
space methods because by using a set of cumulants, they exploit the
special linear algebraic structure of the correspondingly constructed
channel matrix. Compared to other methods, these subspace methods
achieve better performance with lesser data samples. However, with the
exception of the Weighted Slices (WS) algorithm proposed in [6], they
usually require the precise knowledge of channel order and are sensitive
to channel order overestimation. It is noted that a systematic generaliza-
tion of [6] has been proposed in [13]. Compared to [6], [13] presents an
enhancedway in exploiting the special linear algebraic (Toeplitz) struc-
ture. Recently, a matrix pencil technique [14] was adopted to estimate
the channel by utilizing a series of fourth order cumulant matrices. As
compared to [6]–[9], the work [14] shows an improvement in that it ex-
ploits the inherent structure relationship between a pair of constructed
cumulant matrices rather than only the linear algebraic structure of the
channel matrix, thus demonstrating an enhanced performance and ro-
bustness to channel order overestimation.

In this correspondence, we propose a new linear method that extracts
the channel information by utilizing the derived so-called interference
subspace cancellation vectors. It is noted that an implicit connection
exists between our work and [14] because the nontrivial generalized
eigenvectors derived in [14] can also be deemed as the interference
subspace cancellation vectors. Compared to [14], we take a more di-
rect approach to compute these information-extraction vectors. Pre-
cisely, we devise our algorithm by exploiting the partial column space
overlapping relationship between a concatenated cumulant matrix and
a target cumulant matrix to obtain these information-extraction vectors.
This technique is essentially different from [14] that devises its algo-
rithm by investigating the inherent structure of the constructed matrix
pencil. As a consequence, our work induces the following advantages.
First, the algorithm in [14] requires a channel identifiability condition
to make sure that the constructed matrix pencil has at least one unique
nontrivial generalized eigenvalue. This identifiability condition is no
longer necessary for our proposed algorithm. Second, the selection of
interference subspace cancellation vectors can be excluded from our al-
gorithm without detrimental effects. However, this selection procedure
is necessary in [14] in order to distinguish the trivial from the nontrivial
vectors.

II. PRELIMINARIES

A. System Model

We consider a SISO linear time-invariant FIR system given as

xn hn � sn + wn

L

k=0

hksn�k + wn (1)

where L denotes the channel order. The above model can be easily
transformed as follows:

~x(n) = H~s(n) + ~w(n) (2)

if we define ~x(n) [xn xn�1 . . . xn�N ]T ;~s(n)
[sn sn�1 . . . sn�N�L]

T ; ~w(n) [wn wn�1 . . . wn�N ]
T , and

the channel convolution matrix H is an (N + 1) � (N + L + 1)
Toeplitz matrix written as

H

h0 � � � hL 0 . . . 0

0 h0 � � � hL
. . .

...
...

. . .
. . .

. . .
. . . 0

0 � � � 0 h0 . . . hL

: (3)

Throughout this correspondence, we define the following notations. If
A is anm�nmatrix, thenAT represents matrix transpose,AH�ma-
trix conjugate transpose,A��matrix conjugate,Ay-matrix pseudoin-
verse.R(A) is the range (column) space of matrixA. LetH[k :k ]

[Hk . . . Hk ] denotes the part of H from its k1th column to its
k2th column, in which Hi denotes the ith column of H. The system
model assumptions are: (A1) The input signal is independent and iden-
tically distributed non-Gaussian stationary process with zero mean and
nonzero kurtosis 
 (�4=�

2
2), where �i denotes the ith central mo-

ment. (A2) Additive noise is a zero-mean Gaussian process, and is sta-
tistically independent of the input signal. (A3) The channel order is L.
Without loss of generality, we assume h0 6= 0 and hL 6= 0. Our objec-
tive is to estimate the channel impulse response h(z) by utilizing the
fourth-order statistics of the observed data ~x(n).

B. Cumulant Matrices

We define a series of fourth order cumulant matrices [13]–[14] of the
channel output signals C[k] as

C[k] cum(~x(n); ~x(n)H ; xn�k; x
�
n�k) (4)

where C[k] is an (N + 1) � (N + 1) matrix with its ijth element
defined as Cij [k] cum(xn�i+1; x

�
n�j+1; xn�k; x

�
n�k). Invoking

the cumulant properties [15] and assumptions (A1)–(A2), we have

C[k] = 
H�[k]HH (5)

�[k] diag(0; . . . ; 0

k

; jh0j
2; . . . ; jhLj

2; 0; . . . ; 0

(N�k)

): (6)

Equation (5) can be further rewritten as

C[k] = 
H[k+1:k+L+1]
��HH

[k+1:k+L+1] (7)

where �� diag(jh0j
2; . . . ; jhLj

2). In the following section, we will
show that the channel information can be extracted based on a series of
cumulant matrices C[k].

III. CHANNEL IDENTIFICATION

A. Principle for Channel Identification

We consider a series of cumulant matrices C[k] with consecutive
delay lags k, where L � k � 2L and N � 2L. From (7), we have

C[L] = 
H[L+1:2L+1]
��HH

[L+1:2L+1]

= 
jh0j
2
H[L+1]H

H
[L+1]

+ 
H[L+2:2L+1]DH
H
[L+2:2L+1] (8)

where D diag(jh1j
2; . . . ; jhLj

2). Note that the column H[L+1]

is exactly an augmented channel vector with the desired channel
vector h [hL hL�1 . . . h0]

T padded with zero entries. Thus,
the column space of H[L+1:2L+1] is constructed by a rank-1 signal
subspace spanned by H[L+1] and a rank-L interference subspace
spanned by columns of H[L+2:2L+1]. Our objective here is to find an
interference subspace cancellation vector, vc, which is orthogonal to
the interference subspace R(H[L+2:2L+1]). Such a vector can extract
the signal subspace as follows:

v
H
c C[L] = 
vHc H[L+1:2L+1]

��HH
[L+1:2L+1]

= 
jh0j
2
v
H
c H[L+1]H

H
[L+1]

= �HH
[L+1] (9)

where � 
jh0j
2
v
H
c H[L+1] is a complex scalar. Thus, the channel

is identified up to an unknown complex scalar �. In order to find such
an interference subspace cancellation vector, the interference subspace
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R(H[L+2:2L+1]) should be determined. Since the channel impulse re-
sponse may contain zero coefficients, it is very hard for us to get an
exact R(H[L+2:2L+1]). However, a subspace which includes the in-
terference subspace can be obtained by the method described in the
following theorem.

Theorem 1: If we concatenate a series of cumulant matrices C[k]
with consecutive delay lags to construct a new concatenated cumulant
matrix

S [C[k1] C[k1 + 1] � � � C[k2]] (10)

where k1 = L + 1; k2 = 2L, then we have

R(H[L+2:3L+1]) � R(S) � R(H[L+2:2L+1]): (11)

Proof: Since S is a concatenation of a series of cumulant ma-
trices, it is clear that

R(S) = R(C[k1]) [R(C[k1 + 1]) [ � � � [ R(C[k2]) (12)

where the subspaceR(C[k]) is spanned by columns ofH whose cor-
responding diagonal elements in �[k] are nonzero. Since h0 6= 0, it is
obvious that

R(H[k+1:k+1+L]) � R(C[k]) � R(H[k+1]): (13)

We can easily get the results in (11) by combining (12) and (13), given
that k1 = L+ 1; k2 = 2L. The proof is completed here.

On one hand, Theorem 1 shows that the interference subspace is
included in R(S); on the other hand, it indicates that rank(S) � 2L,
which guarantees thatSmust have a nondegenerate left null space (i.e.,
dimension �1) when N � 2L. Here we useR(S?l ) to denote the left
null space of S. It is clear that any vector that belongs to R(S?l ) is
orthogonal to the interference subspace. However, to be an interference
subspace cancellation vector, not only the vector has to be orthogonal to
the interference subspace, a hidden condition is that the vector should
not be orthogonal to the signal subspace, otherwise � would be zero.
Hence we are faced with a question: whether or not there exists a vector
that belongs to R(S?l ) satisfying this hidden condition. This problem
is answered by the following theorem.

Theorem 2: Suppose V = [v1 v2 . . . vp] is a basis for R(S?l ),
where p is the dimension of R(S?l ), then we have VHH[L+1] 6= 0,
which means that there exists at least one column vector in V that
satisfies

v
H
i H[L+1] 6= 0 9 1 � i � p: (14)

Proof: Since V is a basis for the orthogonal complement of
R(S), it is obvious that, for any vector g;gHV = 0 if and only if
g belongs to the left null space of V, i.e., R(S). Therefore, to prove
VHH[L+1] 6= 0, we only need to prove that H[L+1] R(S). Note
that H[L+1:N+L+1] is a (N + 1) � (N + 1) lower triangular matrix
with its main diagonal entries equal to hL and ith sub-diagonal entries
below the main diagonal equal to hL�i. This structure guarantees that
all columns except all-zero columns of H[L+1:N+L+1] are linearly
independent, i.e., H[L+1:N+L+1] is full column rank after deleting
all-zero columns. Therefore, H[L+1:3L+1] is also full column rank
after deleting all-zero columns. Thus, we have

H[L+1] R(H[L+2:3L+1])) H[L+1] R(S)

) V
H
H[L+1] 6= 0: (15)

The proof is completed here.
Theorem 2 indicates that there exists at least one interference sub-

space cancellation vector from the basis for R(S?l ). Such an interfer-
ence subspace cancellation vector obtained from R(S?l ) can help to
extract the channel information through (9). In fact, it is noted that,
in practice, the computed basis forR(S?l ) can always render us more

than one interference subspace cancellation vector. Since the channel
is estimated for each interference subspace cancellation vector, these
multiple interference subspace cancellation vectors obtained from the
basis for R(S?l ) provide us with an estimation diversity that can be
utilized to enhance our final estimation accuracy. For simplicity, here
we assume that all these p column vectors vi (1 � i � p) can be
taken as the interference subspace cancellation vectors. This assump-
tion has been verified by our numerous simulations. Also, such an as-
sumption can be justified in the following sense, that is, even if there
exist some column vectors in V satisfying vHi H[L+1] = 0, our pro-
posed method can still work without any detrimental effects on the
channel estimation. The reason is explained as follows. Without loss of
generality, suppose that we have vHi H[L+1] 6= 0 for i 2 f1; . . . ;mg
and vHi H[L+1] = 0 for i 2 fm + 1; . . . ; pg. Thus the estimated
channel from the former vectors vi for i 2 f1; . . . ; mg is vHi C[L] =
�iH

H
[L+1] and the estimated channel from the latter vectors vi for

i 2 fm + 1; . . . ; pg is vHi C[L] = 0. Since our final channel esti-
mate is obtained by integrating the channel information estimated from
every vector vi for i 2 f1; . . . ; pg, theoretically, these all-zero vectors
estimated from vi for i 2 fm+ 1; . . . ; pg have no impact on the final
estimation result.

B. Practical Analysis of Channel Identification

We study our channel identification method under the following two
practical scenarios.

1) Channel With Small Head Taps: We study how and to what ex-
tent the proposed method is influenced when the multipath channel has
small head taps. For simplicity, we assume that the multipath channel
has only one small head tap, i.e., jh0j is small and jh0j � jh1j. Re-
calling (7), we have

C[k] = 
jh0j
2
H[k+1]H

H
[k+1]

+ 
H[k+2:k+L+1]DH
H
[k+2:k+L+1]: (16)

It is clear that a small jh0j leads to a much smaller

jh0j

2H[k+1]H
H
[k+1], thus H[k+1] has a negligible contribu-

tion in spanning the column space of C[k]. Therefore, (13) should
be modified as

R(H[k+2:k+1+L]) � R(C[k]) � R(H[k+2]) (17)

and, accordingly, (11) should be modified as

R(H[L+3:3L+1]) � R(S) � R(H[L+3:2L+2]): (18)

It can be seen that hereR(S) only includes partial subspace of the inter-
ference subspace. Hence the interference subspace cancellation vectors
obtained fromR(S?l ) are only orthogonal to partial subspace of the in-
terference subspaceR(H[L+2:2L+1]). Equation (9) should be rewritten
as follows:

v
H
c C[L] = 
v

H
c H[L+1:2L+1]

��HH
[L+1:2L+1]

= 
jh0j
2
v
H
c H[L+1]H

H
[L+1]

+ 
jh1j
2
v
H
c H[L+2]H

H
[L+2]

� �1H
H
[L+2] (19)

where �1 
jh1j
2vHc H[L+2], the term 
jh0j

2vHc H[L+1]H
H
[L+1] can

be omitted since jh0j2 is much smaller as compared to jh1j2. Thus the
column H[L+2] is extracted. It is noted that H[L+2] is still an aug-
mented channel vector surrounded by zero entries. As a generaliza-
tion, we can conclude that the columnH[L+k+1] could be extracted if
the channel has k small head taps, where k < L. Note that for every
k < L, we can guarantee that the columnH[L+k+1] is an augmented
channel vector which contains the complete channel information by
choosing N � 2L. Therefore, we can see that even if the multipath
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channel has small head taps, it will not have a detrimental effect to our
proposed method, and we can still estimate the channel vector up to a
delay ambiguity.1

2) Channel Order Overestimated: In practice, it is almost impos-
sible for us to obtain a precise channel order due to noise and estimation
errors. Therefore it is very meaningful to investigate the robustness of
our proposed algorithm to channel order overestimation.When channel
order is overestimated, (13) should be revised as (it should be noted that
here we do not consider small head taps)

R(H[k+1:k+1+L ]) � R(C[k]) � R(H[k+1]) (20)

whereLe is the overestimated channel order andLe > L. Accordingly,
(11) should be revised as

R(H[L +2:3L +1]) � R(S) � R(H[L +2:2L +1]): (21)

Since H[L +1:3L +1] is also full column rank after deleting all-zero
columns when channel order is overestimated, Theorem 2 remains true.
Therefore, (9) still holds and can be rewritten as

v
H
c C[Le] = 
v

H
c H[L +1:2L +1]

��[L ]H
H
[L +1:2L +1]

= 
jh0j
2
v
H
c H[L +1]H

H
[L +1]

= �2H
H
[L +1] (22)

where �2 
jh0j
2
v
H
c H[L +1] and ��[L ]

diag(jh0j
2; . . . ; jhL j2). Thus the column H[L +1] is

extracted and the estimated channel vector is obtained by taking the
first to (Le + 1)th entries out from H[L +1]. We can see that the
overestimated channel taps hl (Le � l > L) should be zero. It means
that, theoretically, channel order overestimation has no effect on our
proposed method.

IV. ALGORITHM DEVELOPMENT

Following the analysis, we now develop a practical algorithm for
channel identification. Theoretically, the interference subspace cancel-
lation vectors can be chosen to be the left singular vectors associated
with the p smallest singular value of S, where p = N + 1� rank(S).
Because of the finite sample size, the estimate Ŝ would not be rank
deficient in practice and in order to determine p, the rank of Ŝ need
to be estimated. Nevertheless, the determination of rank is always a
tricky problem, especially for estimated cumulant matrix. Therefore,
it is better for us to find a simple way to go around this problem. No-
tice that we have L � rank(S) � 2L from (11); this implies that the
number of interference subspace cancellation vectors is upper-bounded
and lower-bounded by pu = N +1�L and pl = N +1�2L respec-
tively. Since every interference subspace cancellation vector provides
us with an estimated channel, we can only choose pl interference sub-
space cancellation vectors from pu candidate vectors which are the left
singular vectors associated with the pu smallest singular values of Ŝ.
Of course, a simpler alternative is to choose the left singular vectors
associated with the pl smallest singular values of Ŝ as the pl interfer-
ence subspace cancellation vectors, at the expense of mild performance
degradation. For comparison purpose, the former which is more accu-
rate is used in our work. Here we assume that the channel order L is
known a priori. In practice, even if the channel order is overestimated,
we can still determine pu = N +1�Le and pl = N +1� 2Le since
under this case, we have Le � rank(S) < 2Le [see (21)].

Until now, we have successfully circumvented the rank determi-
nation problem by choosing pl qualified vectors from pu candidate

1Since, in practice, we do not know how many small head taps exist in the
multipath channel, thus we also do not know how many zero entries are padded
in the forepart of the estimated augmented channel vector. This can be consid-
ered as a delay ambiguity.

vectors. It is clear that these pu candidate vectors are not equivalent
as they achieve different interference subspace cancellation effects.
Hence, there are two problems faced by us. First, how to choose pl
qualified vectors from pu candidate vectors, i.e., interference subspace
cancellation vectors selection. Second, how to integrate the estimated
channel information obtained from these pl interference subspace
cancellation vectors. We now enumerate the steps for our channel
identification procedure.

1) Given the estimated channel order L, let N � 2L, compute a
series of estimated fourth order cumulant matrices Ĉ[k], where
L � k � 2L, from the channel output samples.

2) Concatenate a series of Ĉ[k] to construct a new cumulant matrix
Ŝ as given in (10).

3) Compute the SVD of Ŝ. Choose pu left singular vectors,
v̂1; v̂2; . . . ; v̂p , associated with the pu smallest singular
values of Ŝ.

4) Interference subspace cancellation vectors selection: For each
v̂i, the estimated augmented channel vector can be computed
as ĥi = Ĉ[L]H v̂i for each i 2 f1; . . . ; pug. And the ith es-
timated channel vector ĥi can be obtained by deleting the zero
entries in ĥi. However, because of the possible delay ambiguity
introduced by small head taps (see Section III-B), ĥi should be
chosen from fĥjig, where j 2 f1; . . . ; Lg and ĥji is obtained
by taking the jth to (j + L)th entries out of ĥi. For each ĥji ,
we compare the theoretical C[k] which is computed by using
the estimated channel to Ĉ[k], i.e., the estimated cumulant ma-
trix. The distance between the theoreticalC[k] and the estimated
Ĉ[k] is defined as

dis min
�
kĈ[k] � �C[k]k2F (23)

where k � kF stands for the Frobenius matrix norm, � is a scalar
chosen to minimize the matrix norm. Thus, we can obtain
the resulted distance, denoted by dis(i; j), for each estimated
channel vector ĥji . Finally, from the computed dis(i; j) for
i 2 f1; . . . ; pug; j 2 f1; . . . ; Lg, we select the best pl vectors
from v̂i; i 2 f1; . . . ; pug, as the interference subspace can-
cellation vectors. The criterion for choosing these pl vectors
is as follows. Let di minfdis(i; j)g for j 2 f1; . . . ; Lg.
Then we choose the vector v̂i as the interference subspace
cancellation vectors if di is among the first pl minimum values
of fd1; . . . ; dp g.

5) Channel information integration: Given the selected pl vectors
from above, we have pl corresponding estimated augmented
channel vectors fĥig. We next integrate the channel informa-
tion from these multiple estimated results. This step is similar to
that in [14] and thus we describe it briefly as follows. First, we
select a reference vector ĥi by the following criterion

ir = argmin
i;j

jdis(i; j)j: (24)

Given the pl estimated augmented channel vectors, estimate
delay difference f�ig relative to the selected reference vector
(the estimation of the relative delay difference can be found in

the counterpart of [14]), and obtain the aligned vectors fĥ
(� )

i g
with the same delay ambiguity. Concatenate all aligned vectors

fĥ
(� )

i g and compute the SVD of the concatenated matrix. The
ultimate estimation ĥ is obtained as the left singular vector
associated with the largest singular value of the concatenated
matrix.

Finally, we compare the computational complexity of our proposed
method to the other existing linear methods [14], [6]. We only consider
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the linear algebraic operations involved in the algorithm implementa-
tion. It can be seen from previous part that our proposed algorithm re-
quires to do SVD operation in step 3 and step 5, respectively. The di-
mension of the computed matrices are as follows

Step 3 (N + 1)� (N + 1)L

Step 5 (N + 1)� pl

where we adopt N = 2L + 1 in our simulations. Thus in step 3, we
have to compute the SVD of a (2L+2)�(2L+2)Lmatrix. However,
it is noted that we only need to compute the left singular vectors of the
matrix S. This is equivalent to computing the right singular vectors of
the tall matrix SH with dimension (2L+ 2)L� (2L+ 2). From [16]
[p. 254], we know that this computation requires 2mn2 + 11n3 flops,
wherem = (2L+2)L andn = (2L+2).Hence the total flops required
for our proposed algorithm are (2L+11)(2L+2)3 and of orderO(L4).
In the case where the channel order L is not very large and smaller
than order of tens, our proposed algorithm has a similar computational
complexity as the algorithm [14].2 Also, the computational complexity
of our algorithm is less than that of theWS algorithm [6] since the latter
involves computing the pseudoinverse of a (2L+1)�(3L+1)(L+1)
matrix and requires about O(L5) flops.

V. SIMULATION RESULTS

Here, we present simulation results to illustrate the performance of
our algorithm. We compare our method, namely Cumulant Interfer-
ence Subspace Cancellation (CISC) algorithm, to the other two linear
methods, Cumulant Weighted Overlapping Matrix Pencil algorithm
(WOMP-SVD) presented in [14] and WS algorithm proposed in [6].
For comparison purposes, we will only use the same set of fourth-order
cumulants as CISC and WOMP-SVD for WS. In the implementation
of CISC algorithm, we choose N = 2L + 1, also for simplicity, let
k = L in (23) when computing the interference subspace cancellation
vectors selection criterion. In our simulations, channel outputs are
added with complex white Gaussian noise with zero-mean. The per-
formance is measured by the normalized mean square error (NMSE)
of the channel estimate, which is obtained by finding the complex
scalar � that minimizes (kh� �ĥk2=khk2), and the symbol error rate
(SER) of the estimated data symbols.

A. Example A

To study the robustness of the proposed algorithm to various channel
conditions, we conduct simulation tests using randomly generated
wireless channels, in which fhkg is a complex, zero-mean Gaussian
process with the channel order L = 2. Source signals are i.i.d QPSK
signals. Results are averaged over 200 Monte Carlo runs and for each
Monte Carlo run, a different FIR SISO channel is randomly generated.

In Fig. 1, we show the NMSE of the channel estimate of these
three algorithms as a function of SNR, with the number of samples
used to estimate the signal statistics, Ts, varying from 400 to 1600. It
can be seen that, as expected, all algorithms improve consistently as
SNR or number of samples Ts increases. Also the proposed algorithm
CISC presents a slightly better performance than WOMP-SVD and a
significant performance advantage over WS. The channel estimation
NMSE of these three algorithms are compared to the Cramer-Rao
bound (CRB), which provides a theoretical lower bound for all
estimators. Once the channel is estimated, we can further detect
the information sequences by adopting the Viterbi algorithm-based
maximum likelihood detector. We present the SER performance of the
algorithms in Table I, in which the SER is a function of SNR and Ts.

2For the proposed algorithm in [16], we need to compute the generalized
eigenvalue decomposition of two (3L + 1) � (3L + 1) matrices, which re-
quires at least 30(3L+ 1) flops ([16, p. 385])

Fig. 1. The NMSE of the channel estimate versus SNR under different number
of samples used. (a) T = 1600. (b) T = 800. (c) T = 400.

It can be seen that the SER performance depends on the following two
parameters: SNR and NMSE of the channel estimate. On one hand,
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TABLE I
SER VERSUS SNR

Fig. 2. The NMSE of the channel estimate versus SNR with channel order
overestimated by 1 and 2, respectively.

the SER performance deteriorates as SNR decreases. On the other
hand, under a certain SNR, a more accurate channel estimate yields a
lower SER. Also we can see that, in general, CISC shows a lower SER
than WOMP-SVD since more accurate channel estimations are used
in the Viterbi detector. Also CISC and WOMP-SVD outperform WS
significantly in terms of SER.

In Fig. 2, we demonstrate the performance of CISC when channel
order is overestimated with Ts = 800. It can be observed that the per-
formance degrades more rapidly as SNR deteriorates. The reason, we
suspect, is that the interference subspace cancellation vector selection
incurs more errors when SNR becomes low and channel order becomes
large. While at a moderate SNR level when SNR � 8 dB, the perfor-
mance degradation is mild and acceptable, thus validating the theo-
retical analysis of the proposed method’s robustness to channel order
overestimation.

B. Example B

In this example, we consider the source that employs 16-ary
QAM digital format. The channel transfer function is given as
h(z) = �0:2039 + 0:4503z�1 + 0:7972z�2 � 0:3466z�3. In our
simulations, results are averaged over 100 Monte Carlo runs. Fig. 3
shows the performance of CISC and WOMP-SVD as 1600 and 800
data samples are used, respectively. We can see that CISC owns a
clear performance advantage over WOMP-SVD in both cases. It
seems that, in such a channel scenario, CISC is more favorable than
WOMP-SVD to obtain an accurate channel estimation. Besides, both

Fig. 3. NMSE of the channel estimate versus SNR. Solid lines are for T =

1600; dashed lines for T = 800.

algorithms suffer from a certain performance loss when 16-ary QAM
digital modulation scheme is used. This is because, as compared
to other simpler digital modulation schemes like QPSK, the source
signals that employs 16-ary QAM digital modulation scheme induce
a larger estimate variances between the estimated cumulants and the
theoretical cumulants.

VI. CONCLUSION

In this correspondence, we present a new linear HOS method for
blind SISO FIR channel estimation. The proposed method is robust to
channel order overestimation. And, with a similar computational com-
plexity, the new algorithm performs favorably with other existing linear
HOS methods WS [6] and WOMP [14].
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Roundoff Noise Analysis of Two Efficient
Digital Filter Structures

Zixue Zhao and Gang Li

Abstract—In this correspondence, two efficient structures are analyzed
for the implementation scheme of rounding before multiplication (RBM).
The first one is the direct-form II transposed structure in -operator
( DFIIt), recently proposed in [11]. The expression of roundoff noise
gain is derived, based on which a revised DFIIt structure, denoted as
RDFIIt, is obtained. It is shown that the RDFIIt structure, having the

same implementation complexity, yields a smaller roundoff noise gain than
the DFIIt. The roundoff noise gain for the RDFIIt structure with error
feedbacks is also derived. Each structure can be optimized with regard
to the free parameters it possesses with a genetic algorithm. Numerical
examples are presented, which show that the optimized structures are
very competitive because they can even outperform the traditional optimal
state–space realization in terms of the roundoff noise performance as well
as the implementation simplicity.

Index Terms—Direct-form II transposed (DFIIt) structure, error feed-
back, polynomial parametrization, roundoff noise, state–space realization.

I. INTRODUCTION

Roundoff noise has been considered as one of the most serious is-
sues in digital filter implementation for more than three decades. There
are two rounding schemes: rounding after multiplication (RAM) and
rounding before multiplication (RBM). It is well known that roundoff
noise gain can be reduced considerably by an appropriate selection of
filter structures. The basic idea behind this approach is that for a given
filter there exist a number of different structures. They are theoreti-
cally equivalent since they represent the same system transfer func-
tion. However, different structures have different numerical properties
and, for a given application (measure or criterion), one structure can
be better than another. Another important issue is the implementation
complexity. For practical considerations, it is desired that the actually
implemented filters have a nice performance as well as a simple struc-
ture that possessesmany trivial parameters,1 which can be implemented
exactly and produce no rounding errors.

The optimal state–space realization design [1]–[4] has been known
as one of the effective methods to reduce the roundoff noise. For a dig-
ital filter of order p, such an optimal realization has (p+1)2 nontrivial
parameters, which is obviously not efficient to implement. A lot of ef-
forts have been made to search for the realizations that not only yield
a nice performance against roundoff noise but also have a sparse struc-
ture [5]–[7].

It is well known that although having poor numerical properties, the
conventional-shift-operator-based direct forms such as direct-form II
(denoted as zDFII) and direct-form II transposed (zDFIIt) structures
are the simplest structures. Recently, the direct forms in delta operator
have been studied by researchers [8]–[10]. In [8], the �DFIIt structure
was investigated for an arbitrary order infinite-impulse-response (IIR)
filter, but it was found that it has a very good performance just for the
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