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Abstract—We consider the problem of distributed estimation inherent in WSNSs, the noisy observation at each sensor has
of a vector parameter in the presence of zero-mean additive to be quantized into one or a few bits of information. In this
multivariate Gaussian noise in wireless sensor networks (WSNSs). setup, quantization becomes an integral part of the estimat
Due to stringent power and bandwidth constraints, vector quan- ’ di itical to th timati f Th
tization is performed at each sensor to convert its local noisy proce;s fin IS ,C“ |(?a 0 ine e_s |rna lon per- orrnance. €
vector observation into one bit of information. The one bit guantization design in such a distributed estimation odnte
quantized data is then sent to the fusion center (FC), where has been extensively studied in many works, e.g. [3]-[12].
a nal estimate of the vector parameter is formed. The vector Speci cally, by modeling the unknown parameter as a random
quantization problem is studied in such a distributed estimation parameter, Bayesian techniques were proposed in, e.g[5]3]
context. Speci cally, our study focuses on a class of hyperplane- Th ih d ire k led f the ioint di ’t '.b .t'b
based vector quantizers which linearly convert the observation eseé methods require knowledge of the J(,)m ISrbution _O
vector into a scalar by using a compression vector and then the unknown parameter and the observed signals for quantize
carry out a scalar quantization. In this case, the key of the design. Another category of methods [6], [7], [11] treatkd t
vector quantization design is to nd a compression vector for each unknown parameter as a deterministic unknown parameter and
sensor. Under the framework of the Craner-Rao bound (CRB) ¢4pried out a Cragr-Rao bound (CRB) analysis in examining
analysis, the compression vector design problem is formulated asth . t of th hoi f th tizati threshold
an optimization problem that minimizes the trace of the CRB € 'mF_’aC _O € choice o € quantizalion tnhreshoid on
matrix. Such an optimization problem is extensively studied in the estimation performance. It was found [6], [7] that when
this paper. We develop an efcient iterative algorithm for a a common quantization threshold is applied at all sensors,
general case and propose optimal/near-optimal solutions for some the estimation performance degrades exponentially as the
speci ¢ but important noise scenarios. Performance analysis and 4 antization threshold deviates from the unknown paramete
simulation results are carried out to illustrate the effectiveness T this dif cul lti-thresholdi
of our proposed scheme. 0 overcome this dif cu ty, a multi-thresholding approaﬁ_ﬁj,

[7] employing a set of non-identical thresholds and an adapt
guantization approach [11] adaptively adjusting the thoéds
from sensor to sensor were proposed.

So far most of previous studies focused on the scalar
. INTRODUCTION parameter case. For the general vector parameter scenario,

Wireless sensor networks (WSNs) have been of signi caHi® Problem becomes much more complicated because, unlike
interest over the past few years due to their potential aj¢ Scalar case which is concerned about only the choice

plications in environment monitoring, battle eld surdaitce, ©f the quantization threshold, vector quantization ineslv
target localization and tracking [1], [2]. Power ef cienéy a partitioning of a high dlmensmn.al space. Although mpntia .
primary issue in sensor networks as the sensors consguctich @ problem has not received adequate attention as its

the network are powered by small batteries that are oft§R&lar counterpart. In [12], the vector quantization peabl
ireplaceable. Also, in a sensor network, communicatiof@S Priey discussed. The authors proposed a hyperplane-

relative to sensing and computation, consumes a signi caSed approach, where each sensor empofysdenotes the
portion of the total energy. It is therefore important toelep  dimension of the vector observation) hyperplanes perjendi

bandwidth- and energy-ef cient strategies for varioussgen Ular to the eigenvectors of the noise covariance matrix to
network processing tasks. quantlze Fhe vector observa_tlon |np) bits of mformatl(_)n, _

Distributed parameter estimation is a fundamental probldrfi- ON€ bit per sensor per dimension. Although effectite, |
arising from sensor network applications. One of the moSfoice of the hyperplanes is heuristic and the purpose is to
commonly used network settings for distributed estimatid#fneratep independent binary data for each sensor, in which
involves a set of spatially distributed sensors linked wath C@S€ the vector quantization problem can be treatgusaslar
fusion center (FC). Each sensor makes a noisy observatf@ffntization problems. Another work [13] studied the vecto
of the phenomenon of interest and transmits its process¥¢fintization design in the context of best linear unbiased
information to the FC, where a nal estimate is formedestimation fusion, where the unknown parameter is treated
To address the stringent power and bandwidth constraif@®dom and the joint distribution of the parameter and the

observed signals is required for partition design.
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the vector quantizer for each sensor, aimed at achievitige noise is assumed independent (but not necessarilyi-ident
the best estimation performance at the FC. Speci cally, aslly distributed) across sensors. The observation métrix

in [12], we consider hyperplane-based vector quantizatiaie ning the input/output relatiorx, = H,, + wj is assumed
which utilizes a compression vector to convert the higlequal tol in the above model because the multiplicative effect
dimensional observation vector into a one-dimensiondbsca of the observation matrix can be removed by carrying out a
and then compares the resultant scalar with a quantizatimatrix inverse as long akl, is full column rank, which is
threshold to generate one bit quantized data. Our CRB dralyssually met in practice. To meet stringent bandwidth/power
shows that the estimation performance is dependent on thelgets in WSNs, we consider the case where each sensor
guantization thresholds as well as the compression vectaggantizes its vector observation into one bit binary data

The optimal choice of the quantization thresholds, as imhich is sent to the FC to form an estimate ofThe problem

the scalar case, is dependent on the unknown parameterofininterest is to determine the vector quantizers for each
contrast, the design of the compression vectors is indepgndsensor, and to develop a maximum likelihood (ML) estimator
of the unknown parameter and hence is the focus of this estimate givenfh,g\-, for the FC.

paper. We develop an efcient iterative algorithm for the Basically, vector quantization can be viewed as a space
compression vector design for a general case and propgsegtitioning problem. For each sensor, the binary datas
optimal/near-optimal solutions for some speci ¢ but imjamt given by
noise scenarios. Speci cally, for a homogeneous envirartme

where all sensors have identical noise covariance matux, o bh = 1fXn 2 Bng @
results reveal that the compression vectors should be DhOﬁmereb,l takes the value 1 wheRrg, be|ongs to the region
from the eigenvectors of the noise covariance matrix, aed tg RP, and O otherwise. In this paper, to simplify the
number of sensors selecting the same eigenvector as thgiiblem, the regiom, is con ned to be a half-space whose
compression vectors should be matched to their correspgndporder is a hyperplane de ned by a compression vectpr

eigenvalue. Our performance analysis shows that our peapogind a quantization threshold, i.e. (see Fig. 4)
one bit quantization scheme generally outperforms [12] in a

. . A . — i AT
rate distortion sense. In particular, when the eigenvahfes Bn = fX2RPj cyx > g 3)

the noise covariance matrix are sharply diverse, it is eVefhe vector quantization problem therefore reduces to gdin

possible to achleve' almost the. same estlmatlon performange ¢ compression vectofs, g and threshold§ ,g. Another

as that of [12], while transmitting onlit=p times the total jnhortant reason for us to consider half-space regions,es w

number bits required by [12]. Simulation results are présen iy giscuss later, is that the likelihood function of given

to corroborate our theoretical results and to illustrate tqmgN , is concave when a hyperplane-based quantizer (3)

n=

performance of our proposed scheme. _ is adopted. Thus the ML estimation of is a well-behaved
The foTIIowmg notations are adopted throughout this papg{ymerical problem: any gradient-based search starting fo

where[]" stands for transpose(#) denotes the trace &, anqom initial estimate is guaranteed to converge to theaglo

andA 0 means that the matrix is positive semide nite. Wenaximum, and many ef cient routines exist for this type of
let[A]; denote thei;j )th entry ofA, R" ™ andR" denote (e.g., [14]).

the setofn  m matrices and the set ofdimensional column | the following, we will rstly develop the ML estimator

vectors with real entries, respectively. and carry out a corresponding CRB analysis. The vector

The rest of the paper is organized as follows. In SectiQfyantization design is then studied based on the CRB matrix
I, we introduce the data model, basic assumptions, and §€ihe unknown vector parameter

distributed estimation problem. The ML estimator is depeld

and the corresponding CRB is analyzed in Section Ill. Based

on the CRB analysis, we investigate the vector quantization
problem for distributed estimation. Section IV studies th®- MLE
optimum choice of the quantization threshold, and the desig By combining (2) and (3), we have
of the compression vectors is examined in Section V. Some

IIl. MLE AND CRB ANALYSIS

— T . — D
discussions are provided in VI. Performance analysis and by = sgr(c, Xn n); n=1;200N )
simulation results are provided in Section VI, followed byyhere
concluding remarks in Section VIII. sgrfxg=1; if x>0

sgrfxg=0; otherwise

Il. PROBLEM FORMULATION ) . .
It can be readily shown that the probability mass function

Consider a WSN consisting & spatially distributed sen- (pmF) of b, is given by
sors. Each sensor makes a noisy observation of the unknown T b T o1 b
vector parameter 2 RP: P(n; )=[Fv,(n ¢y ML F,(n ¢y )l "( )
5

whereF,, (x) denotes the complementary cumulative density
wherew, 2 RP denotes the additive multivariate Gaussiafunction (CCDF) ofv, , c]w,, andv, is a Gaussian random
noise with zero mean and auto-covariance maRixn , and variable with zero mean and variancén , €} Rwn Cn. Since

Xn =  + Wp; n=1;:::;N 0}



and
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= Cn
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= CnC, (10)
n=1 @2
where% has been derived in many studies on distributed

guantization of a scalar parameter, e.g. [11], and is giwen b

@I(zn) = b, p\?n( n  Zn) p\Z/n( n Zn)
@z Fooln z0) FZ(n )
0 2
+(1 ) Py, (n Zn) Pi, (n  Zn) ]

1 Fy,(n zn) 1 F,(n zn)

(11)

‘ _ in which p,, (x) denotes the probability density function
Fig. 1. Two parallel hyperplanes generated by the same cosipregector

0 @p, (X) i i ;
but different thresholds, from which we can see that the cesgion vector (PDF) of vy, and Py, (X) Y @x The Fisher mf(_)rm_at'on
determines the orientation of a hyperplane, and the thrdsbontrols its matrix (FIM) of the estimation problem, therefore, is givas
altitude. [15]

_ @L()
f b, g are independent, the log-PMF or log-likelihood function I = @@

s _ X @@

= E CnC
L( ), logP(by;:::iby; ) L e "
XV 2 ( ot )
= blog[Fy,(n cf )] @ Paln  Cn ccl (12
- ” Fuln G Fu(a g 82
+(1 by)log[ll Fy, (n ¢ )] (6) whereEy, denotes the expectation with respect to the distri-
bution of b,, (a) follows from the fact thath, is a binary
The ML estimate of , therefore, is given as random variable wittP (b, =1j n;z,) = Fy, (n  zy) and
P(bh =0j n;za)=1 Fy,(n zZn).
“=argmaxL( ) () By de ning Y
Although the ML estimation often suffers from drawbacks _ pZ (n Cn ) 13
of high computational complexity and local maxima, this is n( niCn). Fi,(n T )1 Fy,(n cf)l (13)
not true for our case. In fact, it can be proved that tht FIM (12 b q
log-likelihood functionL( ) is a concave function. Hence € (12) can be re-expressed as
computationally ef cient search algorithms can be usednd .
the global maximum. The proof of the concavity is given in J()= O ( n;Cn)CnCp (14)
Appendix A. One can also refer to [12] for the concavity proof n=1
in a more general context. and consequently the CRB matrix is
N 1

B. CRB CRB( )=1J ()= On( n:Cn)CnCy (15)

We carry out a CRB analysis of our proposed scheme. n=1

Through the CRB analysis, we can gain insight into the vectdhe CRB places a lower bound on the estimation error of
quantizer design and examine the impact of the choidegff any unbiased estimator and is asymptotically attained By th

andf ,g on the estimation performance. ML estimator [15]. Speci cally, the covariance matrix of
Let us de ne a new variablg, , ¢! and de ne any unbiased estimaté satises: co(”) CRB( ) 0.
Also, the variance of each component is bounded by the
I(zn) » balog[Fy, (0 zn)] corresponding diagonal element of CRB, i.e. va(”})
+(1 by)log[l Fy,(n zn)l (8) [CRB( )] . It is observed from (15) that the CRB matrix of

depends on the compression vectiorsg and the quantization
thresholdsf ,g. Naturally, we may wish to optimizéc,g
X 7 X 7 andf ,g by minimizing the trace of the CRB matrix, i.e. the
% = @é ) % = @Cfg) ”)cn (9) overall estimation error asymptotically achieved by the ML
# R estimator. The optimization therefore is formulated atofos

The rst and second-order derivative of( ) are given by

n=1 n=1



(note that minimizing the overall estimation error is a matu subsections. We also derive the corresponding optimizatio
objective which has been widely adopted in distributed mectformulation of the compression vector design under these tw
parameter estimation, e.g. [13], [16]-[19]. A generalmaif strategies.
this optimization by placing different weights on paramete
components will be discussed in Section VI-B) ) )
A. FC Feedback-Based Iterative Algorithm
min trf CRB( )g=tr X On( n;Cn)CnCh One strategy is to use a FC feedback-based iterative al-

fengif ng =1 gorithm [7], [11], [21] in which the thresholds are iteragly

(16) re ned by the FC based on the previous estimate. Speci cally

Such an optimization is examined in the following sectiorﬁt(i'}e[‘at'on I, the FC assigns the quantization thresholds
to the sensors. With this assigned quantization

where it is shown that the optimization of the compressionn 9n=1 : : i
vectorsf ¢, g can be decoupled from the choice of the thresfitreshold, each sensor generates its quantized hidtand
oldsf g and is the key to the vector quantization design. feports back to the FC. Upon receiving the quantized data
fbﬁ')gﬁzl , the FC can compute an estimd€ from the ML
IV. VECTORQUANTIZATION DESIGN: THRESHOLD estimator (7). This ML estimate is then plugged in (17) to
DETERMINATION obtain updated quantization thresholds, i.,@fl) =c! ’\('),

Note that for the Gaussian random variable g,( »;c,) Which are assigned to the sensors for subsequent iteration.
de ned in (13) is a unimodal, positive and symmetric funatio Note that when computing an ML estimal '), not only the
attaining its maximum when, = ¢! . Hence, given a xed quantized data from the current but also from all previous
set of compression vectorsc, g, the optimal quantization iterations can be used (the ML estimator (7) can be easily
thresholds conditional orc,g can be readily solved from adapted to accommodate these quantized data since the data
(16) and are given by are independent across different iterations). Due to timsise
tency of the ML estimator for large data records, this iteeat

— AT & QA 9 f -
n=Cns 8n2f1:iNg 17 process will asymptotically lead to conditional optimabnti-
The result (17) comes directly by noting that zation thresholds, i.e.{" I* ¢! . Arigorous proof of this
Q asymptotic optimality was provided in [11], where a similar

(18) feedback-based iterative algorithm was proposed to adjust
the quantization thresholds. Given this asymptotic opitypa
the problem of interest, therefore, is to determine the $et o
compression vectors by assuming the quantization thréshol
attaining their conditional optimal valuds! g. Hence we

X
Gh( niCn)CnCp On( niCa)CnC, O

n=1 n=1
and resorting to the convexity of(& ) over the set of
positive de nite matrix, i.e. for anyA 0, B 0, and

i i i 1 1
A B 0, the following inequality €A *) (B ) are faced with the optimization (21).
holds (see [20]).

W that in th lar parameter th i Note that the proposed feedback-based iterative algorithm
/e see hal, as In e scalar parameter case, he op Wg%ased on the assumption that the parameter to be estimated
choice of the quantization thresholg is dependent on the

: . . _is constant over time. In practice, the observed paramfeter,
parameter . If is perfectly known, then the optimization b P

16) simpl d o ndi t of ) : example, the intensity of a physical phenomenon like tem-
; ) S'”.‘t‘;y re_ uc;es to nding a set of compression vec or|{§erature or humidity, can be time-varying. For time-vagyin
CnQ, WIN n = Cp 1€ environments, the algorithm still works if the parameter un

X 1 dergoes a negligible variation throughout the iterativecpss.
fl”fgif; tr On( n;Cn)CnCh This is the case when the variation of the environments i8 slo
" n=1 relative to the iterative process. In view of this, we can use
st. n=c¢; ; 8n (19) some means such as the multiple access technique to ateelera

the iterative process. Another solution to cope with thiues

By noting that ) . .
y g is to collect and store a set of independent observation lesmp

(.ich)= P\%n (0) _ 2 over a short duration (the parameter is considered stasc ov
Gl nsCn Fv, O[1 Fy, (0)] 2 this period) at each sensor. The iterative algorithm carkwor
2 1 (20) of ine by using these stored data without collecting thereat
" Ry, Ch observation samples.
(16) (or (19)) becomes an optimization independent of
W ol 1 B. Heuristic Approach for Threshold Determination
fmin tr 7TF: : (21)  Another strategy, without resorting to the iterative algo-
Cng n=1 Ch Rw, Cn

rithm, determines the thresholds based on some prior knowl-
The problem lies in that the vector parameterto be edge of , e.g. [6], [7]. Suppose that the unknown vector

estimated, is unknown and unusable in practice. Hence th@rameter is bounded betweeny, > > up (note that

choice of the thresholds , g is tricky. There are two strategieswe do not assume the prior distribution ofsince we treat

to address this dif culty, which are described in the foliogy as a deterministic vector parameter). It can be readilyeabri



that V. VECTORQUANTIZATION DESIGN. COMPRESSION
VECTORDESIGN

. . T . .
kenkimax(j wj) > ¢f > k chkimax(j wj)  (22) In this section, we rst develop an efcient iterative al-

gorithm for compression vector design under a general case

where the observation noise is independent but not nedgssar

: L jdentically distributed across sensors. We then examingeso

:2 [g]é the thrrtzsi:olf[j n can r?ei:k;]oserin ;wtrrurr thg r?n?(ergelgedspeci ¢ but important homogeneous and inhomogeneous sce-
(22) according to a certain heuristic rule. For exampje, narios where sensors have identical noise covarianceaastri

can be a value selected uniformly at random from the range, . . - .
Y ' the noise covariance matrices have the same correlation

in the hope that some thresholds are close to its optlmaévalsghucture with different scaling factors. For these scesar

T i i
Cn - Obviously the thresholds determmed based on the bouglqalytical optimal/near-optimal solutions can be foundl an
of are not optimal, and the functiog,( n;cn) does not

. . X these solutions provide an insight into the compressiomovec
lead to a simple analytical form since generally6 c| . In

this case, optimizing the compression vectioegg is a tricky design problem.

problem due to the irreducible form of the functign( ,;cn). ) ]

Nevertheless, we can simplify the problem by considerirfy An Iterative Algorithm

minimizing an upper bound of the objective function of (16). The optimization (21) involves determinirlgy compression

It can be shown that the functiam ( n;cn) is lower bounded vectors. Clearly, joint searching over thé compression

by (see Appendix B for a detailed derivation) vectors is practically infeasible since it has a complexity
that grows exponential witiN. To simplify the problem,

where k k; is the vector-1 normmax(j .j) denotes the
maximum element of the absolute value of the vectgy As

On( niCn) > Ttin (23) we employ a Gauss-Seidel iterative technique [22] to reduce
Cp Rw, Cn the number of optimization variables. Speci cally, we stud
Where how to determine thé&th compression vectocy when the
remaining(N 1) compression vectors are xed, through
¢ 2 2 o4 which we can develop an ef cient iterative algorithm to sdar
n. —EXp 2 min(Rw,) (24) for an effective, albeit suboptimal, solution. Let
X T
is a coef cient independent of the vector parametesind the Q« , ch‘i (28)
optimization variables, and n, in which miréRWn) denotes nek Cn Rwa Cn
the smallest eigenvalue d®,,, and , 2" pmax(j ub). Lo . .
Since tA 1) is convex over the set of positive de nite matrix | '€ Optimization ofc, given xed fcngns  is formulated as
and _ CkCy
min  tr Qg+ ——nk (29)
T
X X T Ck Ck R wy Ck
. T thCnCp . — o .
On( n;Cn)CnCp TR c. 0 (25)  Recalling the Woodbury identity, the objective function(29)
n=1 n=1 NN can be rewritten as
the objective function of (16) is upper bounded by r Qe+ CkCp 1
kt 55— —
C, Rw, Ck
X ) _ >(\Itncncg ! " 1kT TA 1 1 1A 1
tr On( n;Cn)CncCy, <tr cTRw. Cn =tr Qy Qr "tk ¢k Rw,.Ck + CQ, "Ck Ck Qi
n=1 n=1 n

1 1
Qi “ckCf Q,
1

C-lk-(RWk + Qk )Ck

(26)

=tr Q% tr

Finding the compression vectofs, g by minimizing the up- 70, 10,
per bound (26), therefore, leads to the following optinicmat ~ 2'tr Q. Kk <k X (30)
Cy (RWk + Qk )Ck
min tr X thcnCh ! @7) where (a) comes from the trace identity(&%B ) = tr(BA ).
fcng . ¢TI Ry, Cn SinceQy is xed, (29) becomes

. . CI Qk 1Qk le

Clearly (27) has a same formulation as (21) as the coef cient T 1
t, can be absorbed into the covariance maRiy, . e G (Rw + Qy7)ck

Through the above analysis, we see that for both strateglé¥ above optimization is a generalized Rayleigh quotient
where the thresholds are chosen by using an iterative #igori problem and has a closed form solution which can be obtained
or by a heuristic approach based on a prior knowledge of the the eigenvector of associated with the largest eigenvalue,
unknown vector parameter, (16) is reduced to a same opuhere
mization problem (21), where the design of the compression Iy A 14 1 1, 1L
vectors is independent of the unknown vector parameter. We ' (Rue + Qi) 2QTQRuw + Q) = (32)
will study the compression vector optimization problem)(21 By using the above results, we can establish an iterative al-
in the following section. gorithm to solve (21) by successively optimizing and rejigc

(1)



each compression vectog. The algorithm is summarized asforwards a global information matri§ , P E:l % to
follows its next sensor, say sengot 1. Based on this received global
1) Randomly generate a set of compression Vecﬁ;oﬁ%g information matrix and its local information, the sensof 1
as an initialization. computes a new compression vector by solving (31), updates
2) At jteration i + 1 (i = 0;1;:::): determine the global information matrix with this new compression
C(1|+1) given: fc(z');;;;;c(h;)g; determineck'+l) given: Vector, and forwards this updated global information nxatri
fc(l|+1) ;:::;C(kw? iC(le e ;cf\])g fork=2:::1:N. to its next sensor, and so on and so forth.
3) Go to Step 2 ifif (fc\™ g) f(fcl’g)j > , where
f () denotes the objective function de ned in (21)js B. Optimal/Near-Optimal SolutiorR,, = 3!
a prescribed tolerance value; otherwise stop. We rstly consider the identical noise covariance matrix
Clearly, in this algorithm, every iteration results in a noncase withR,,, = 21. In this case, it can be readily shown
increasing objective function value. In this manner, tlegait that (21) is equivalent to
tive algorithm converges to a stationary point and nds an ef W 1
fective set of compression vectors. Nevertheless, thisrighgn min  tr CnCl
is not guaranteed to converge to the global minimum, and it fcng n=1
is unclear how close the achieved stationary point is to the St CI ch=1: 8n (36)

global minimum. In the following subsections, we will show
that near-optimal or even optimal solutions can be obtain#here all compression vectors are con ned to unit norm vec-
for some speci ¢ but important noise models that charazgeritors. Although the optimization (36) is generally nonconve
most practical scenarios. These optimal/near-optimaitiesis a near-optimal solution or even an optimal solution can stil
render an insight into the compression vector design and @ found. The results are summarized as follows.
theoretical analysis provides a fundamental understgndfn ~ Theorem 1:SupposeN p. Let f1(fcng) denote the
the performance of our proposed one-bit quantization seherabjective function (36). Then for any feasible solution 86),
Below are some other comments on the proposed iteratwe have
algorithm. p?
Remarks:Due to the nonlinearity of the objective function, fi(feng) N (37)
a theoretical analysis of the convergence rate of the pezbo

. . . o Which places a lower bound on the minimum achievable value
iterative algorithm is dif cult. Nevertheless, our numeal

of (36). This lower bound can be approached or even reached

results retp;]orted are vsr.)t/ ent<; ouralglngt:heven with hlljlndréﬂ‘.sb?/ the compression vector design strategy proposed below,
SENsors, the proposed Terative aigorithm can USUallyestent ;- 5itaing an objective function value that is within etéa
an acceptable performance within only a few iterations. A

o . f the | b 2=N, wh
lower bound on the minimum achievable value of (21) for' of the lower boundp where

the general case can be derived as follows L= N=p (38)
X el 1@ N 1 cper ! oor (N=p)
tr e tr — = in which oor(x nds for th r rator roundi
TR, Cn m(Rw) T ey ch oor(x) stands for the oor operator rounding to

n=1 n=1 the nearest integer toward the negative in nity.
(0 p? (33) Proof: See Appendix C. [ ]
Proposed strategyWe rstly randomly chooseM sensors
from theseN sensors, wher& = oor (N=p)p is a multiple
of p. The selectedV sensors are then equally divided ingo
groups, with the sensors in th#h group using théth column
of an orthonormal matridJ 2 RP P, i.e. U[;;i], as their
compression vectors, whekk can be any orthonormal matrix.
(b) follows from Theorem 2 presented in Section V-C, ihe compression vectors of the remainlig M sensors can
which be chosento be aly M columns of the orthonormal matrix
X 1 U (note thatN M <p).
, (R (35) Remarks When the number of sensors is a multiple of the
n=p MM Wn vector parameter dimension, i=p is an integer, then; =
Although generally non-achievable, this lower bound méy stl1. Clearly, in this case, the proposed strategy is an optimal
serve as a benchmark to evaluate the performance of #mution to (36) since it achieves the lower boundNlIfis not
proposed iterative algorithm. a multiple ofp, 1 approaches to one &  p. In this case,
Since the proposed iterative algorithm successively opthe proposed strategy provides near-optimal performasa
mizes the compression vector associated with each semhsothat the conditiorN p is mild and can usually be met in
is well suited for implementation in a distributed sequanti practical applications.
process, in which sensors sequentially update their casnpre To gain an insight into the proposed strategy, we choose
sion vectors and forward information to their next sensorthe orthonormal matrixU to be an identity matrixl. In
Speci cally, during this process, each sensor, say sensor this case, the proposed strategy becomes an intuitiveiolut

where(a) comes by noting that

X 1 cnc! X, c!

— 0 34
min(Rw, ) CE Ch CI Rw, Cn (34)

n=1 n=1



where the vector parameter estimation is decoupled ntothesep groups are approximately equal, i.K.; K

scalar estimation tasks, with each task accomplished by eac: K,). There, of course, may be cases where an equally

group of sensors independently. Our theorem shows that sachquasi-equally weighted partition is not possible. Insthi

an intuitive solution achieves near-optimal or even optimaase, Theorem 2 suggests to nd a partition to maximize the

performance. minimum K; over the sefK;g in order to minimize ».
Similarly as in last subsection, whdth = |, sensors are

divided into p groups and each group undertakes the task of

C. Optimal/Near-Optimal SolutiorR,, = Hed
When the noise covariance matrices are nonidentical w. stimating a scalar parameter. Nevertheless, sensorsoare n
IS varl ices ' ical W ger equally partitioned, instead, each sensor is wetjht

2
wr.I

Ru, = 4,1, (21) becomes with a factor1= 2 and the partition of the sensors should
. X ; 1 ensure that all groups have an identical or roughly idehtica
frrcug tr ——CnCp weighted summation. If we consider the factbr 2 as a
n n=1 Wn guantity to measure the sensor observation quality (thgetar
st. ¢lcy=1; 8n (39) the value, the better the observation quality), this eguall

Lo . .. weighted summation partition is to sepkgroups with iden-
The optimization (39) can be analyzed by following a S'm"?}rical observation qualities.

procedure as that of (36). We have the following results
regarding (39).
Theorem 2:Suppose thaN  p. Let f,(fc,g) denote the D. Optimal/Near-Optimal SolutionR,, = Ry

objective function (39). Then for any feasible solution 89),  \ye now consider the scenario where sensors have identical

we have but arbitrary noise covariance matrices. This scenarioerep
p? sents a general homogeneous environment allowing camelat
fa(fcng) (40) : o L
K among the noise multivariate components. The optimization
where (21) can be rewritten as
X 1 X T 1
. CnC
K, — (41) min  tr =
n=1 Wn feng n=1 Ch Rwcn
(40) provides a lower bound on the minimum achievable value st. cicn=1; 8n (44)

of (39). This lower bound can be approached or even reached . : :
by the compression vector design strategy described bel jparty, (44) is more complicated than (36) and (39) sinee th

, X L T )
which attains an objective function value within a factor enommato_r of the fraction in (44), 1-€n RwCn, is no longer
of the lower boundy?=K , where a constant independent of the choiceoaf. Nevertheless, a

near-optimal or even an optimal solution can still be oleein

, = _ K (42) In the following, to facilitate our presentation, we will st
pmin(fKig) introduce our proposed compression vector design strategy
wheremin(f K ;g) denotes the minimum value of the §&t;g, ~_Proposed strategyLet Ry, = U,DyUy, denote the
andK; is de ned in (43). eigenvalue decomposition (EVD) &, whereU,, 2 RP P,
Proof: See Appendix D. m Dw 2 RP P andd,; denotes thdéth diagonal element of
Proposed strategyVe divide the sensors infpgroups (not Dw. Let
necessarily equally divided), with N P do-
Wil .
. - P—pT; 8i2f1;:::;pg (45)
1 . = w;n
—— =Ki; 8i2f1:::;pg (43) » i , _
n=i, W We divide the sensors intp groups, with each group con-
o ) oo ) sisting of N; sensors and each sensor in grdupsing the
wherefiy;iz;:::;in, g are the indices of the sensors in 9roup, column of Uy, i.e. Uy[:i], as its compression vector,

i, N; denotes the number of sensors of groufhe sensors
in groupi choose thath column of an orthonormal matrix
U 2 RP P to be their compression vectors, whédecan be
any orthonormal matrix.

Remarks Theorem 2 implies that a near-optimal solutio%
can be obtained by properly partitioning the sensors suc

whereN; is obtained by rounding; to its nearest integers
(towards the positive or negatiy,e in nity) while presergithe
summation of the sett ; g,ie. ", Nj=N.

Clearly, the objective function value (44) achieved by the
Rove proposed strategy is

that min(fK;g) is close to the valueK=p. In particular, XN, . . ! X Gy

o tr —Uy[iUy 5T = YL (46)
when K; = Ky = ::: = Ky, the proposed solution is B e T N;
optimum because, = 1 in this case. Whem\ p and =1 1=t

= 2 <K=p,8n2f1;:::;Ng, nding an equally or quasi- Some important results regarding the near-optimality @ th

equally weighted partition is not dif cult (here the termiigsi- proposed strategy are provided in the following theorem.
equally weighted partition” means that the sensors areléiyi Theorem 3:SupposeN p. Let f3(fch,g) denote the
into p groups such that the weight« g, associated with objective function of (44). Then for any feasible solutioh o



(44), we have which is a generalized problem of (44). By utilizing the
3P 9 results of Theorem 3, we can reach a similar strategy for the
f3(fcnQ) 1 P Awi (47) compression vector design.
N i=1 Proposed strategyWe divide sensors intp groups and let

which places a lower bound on the minimum achievabter;itzfgsors of groupselectUw[:;i] to be their compression

function value of (44). This lower bound can be achieved by

the above proposed strategy whidn =, i.e. whenf ;g
de ned in (45) are exactly integers. ff ; g are not integers, Wi 1
then the strategy attains an objective function value withi Ki, ——: 8i2f1:::;pg (50)
factor 3 of the lower bound, where n=i, Wn
3= ; (48) Wwherefiy;iz;iiijin, g are the indices of the sensors of group
min(f ; g) i, andN; denotes the number of sensors in gréuft can be
in which min(f | g) denotes the minimum value among th&asily veried that the objective function value achieveg b
setf | g. our proposed strategy is
Proof: See Appendix E. [ ] * K. 1 X g
Remarks We can see that wheh ; g de ned in (45) are tr —LUw[iUw[:i" = Wil (51)
exactly integers, thefh; = ; 8i, and the proposed strategy i=1 A i=1 Ki

is optimum. Iff ; g are not integers, the proposed strategy

attains an objective function value within the factay of the which is a fgnction ofKig. As we will show in t.he follqwing
lower bound, where the factors approaches to one Whentheorem, this proposed strategy is able to achieve neanalpt

the number of sensor$\, is suf ciently large. In this case, €Ven optimal performance by properly partitioning the sesis
near-optimal performance can be achieved. Theorem 4:SupposeN  p. Let fu4(fcng) denote the

Unlike the previously proposed strategies that allow tHPiective function (49). For any feasible solution of (4@
compression vectors to be chosen from any arbitrary orthon§ave

mal matrix, the proposed strategy to (44) selects commessi 1 ®p__ 2
vectors from the eigenvectors of the noise covariance Riatri f4(fcnQ) K Ow:i (52)
R, i.e. the hyperplanes are perpendicular to the eigenv&ector i=1

of the noise covariance matrix. Note that although the same. . - .
principle was adopted in [12] in choosing the hyperplaries trWﬁmh provides a lower bound on the minimum achievable

rationales are different: our theoretical analysis reslethht, function value of (49). This lower bound can be attained by
selecting such perpendicular hyperplanes leads to optixrnalthe above proposed strategy when the following equalitd$ol

near-optimal performance for our one-bit quantizatiorescé,; K P Owi _
whereas the proposed approach [12] employs perpendicular Ki= Pp—E’T 8i2f1:::;pg (53)
hyperplanes in order to obtain independent binary datargene n=1 W

ated by each sensor and its optimality for the approach [Ighere
may not hold. Also, for our strategy, the number of sensors

selecting a certain eigenvector Bf,, is proportional to the K X _ x K. 54
square root of the corresponding eigenvalue. Considering a T T oo (54)
diagonalR,, where the eigenvalues are equivalent to the noise  pygof: See Apperqailx = = -

variances, our strategy suggests that more sensors sheuld byomarks We see that if sensors can be partitioned such

useq _to estimate the scalar parameters with bad observafiofy o5ch group satis es the equality (53), then the progose
qualities. strategy is an optimum solution of (49). Of course, nding a

partition to exactly satisfy (53) may not be possible in picac

E. Optimal/Near-Optimal SolutiorR,,, = 2 Ry Nevertheless, nding a sét ;g roughly equal to their optimal

The scenario considered herein represents an inhomov%Iues IS not dif cult wherN p. in which case the proposed

i ) . : fategy achieves near-optimal performance.
neous environment where the noise covariance matricesscro As in our previous case. the proposed strateav selects the
the sensors have the same correlation structure but with dcif)m ressionpvector from ihe eip er?vectors of t%)é noise co
ferent scaling factors. This modeling is a generalizatibthe P 9

. ; variance matrix. Selection from any other orthonormal matr
previous case and can be used to characterize a broader ra & . y ot
s not lead to optimal or near-optimal performance. The

f tical lications. Th timization (21) is formigdd . )
of practical applications. The optimization (21) is for difference between the current strategy and the previoes on

as follows . . L
is that the current strategy requires a careful sensortiparti
. X cnCl ! (into p groups) to ensure that the valle associated with

frrcur;J tr - ?Vﬂ 7(33 Ry Cn each group is equal to or close to its optimal value de ned in

e (53), whereas the previous strategy can easily determiae th
St chca=1; 8n (49)  sensor partition based on (45).



VI. DISCUSSIONS
A. Insight into Hyperplane Design

We have examined the near-optimum design of the compri
sion vectord ¢, g under different noise cases. In fact, it can b
easily seen that the three scenarios discussed in Subwect
V-B — V-D are special cases of the scenario in Subsection
E. Our theoretical results suggest that for those scendties
sensors should be properly partitioned iptgroups, with the
sensors in each group sharing a common compression ve:
which is selected from the eigenvectors of the noise conaea
matrix. Note that for the cas®,, = 2I, U, obtained
from the EVD ofRy,, can be any orthonormal matrix. Hence
their compression vectors can be chosen from any orthororr
matrix.

We now consider the correspondingly constructed hype
planes. Recalling that the optimum choice of the threshoia
is given by (17), the hyperplane associated with each grogig. 2. An example of optimal/near-optimal design of the hyjzes for

therefore is our proposed one-bit quantization scheme. Each sensorrdimgocertain
strategy, selects one of these hyperplanes to quantizedsd Vector data.
X 2 RijW[:; i]TX = Uyl i]T . 8i2f1;:::;pg (55) The hyperplanes are mutually perpendicular and these hignesp intersect

at exactly the poink =

To gain better insight into (55), let us consider a three-
dimensional case wherld,, = | and =1[1 1 1]". Fig. 2
depicts the three hyperplanes corresponding to threereliffe By following the same derivation, it can be easily veried
groups of sensors. We see that the hyperplanes are mutugt the optimal quantization thresholds conditionalfeng
perpendicular and these hyperplanes intersect at exawly &re still given by (17). Substituting (17) into (57), the des
point x = . It can be readily veried that for any other Of the compression vectors therefore reduces to the fatigwi
Uw (U, has to be an orthonormal matrix), the perpendicul@pPtimization
property and the intersection point remain unaltered. Ror o

1 1
one-bit quantization scheme, the above de ned hyperplanes min  tr X ichCy 2 ! (58)
(55) for vector quantization achieves near-optimal or even fcng el ¢t Rw, Cn
optimal estimation performance, given that the sensors are
properly partitioned and associated with the correspandipet e, | %Cn- We can reformulate (58) as
hyperplanes as described in our proposed strategies. Jhis i
an important result of this paper. As we mentioned earlier, i X enel !
although [12] adopts the same principle in choosing the in tr o IR, Jeo (59)
n=1 ~n Wp n

hyperplanes, its purpose is to obtain independent binaty da
for each sensor and the near-optimality or optimality of thghich has a same formulation as (21) and hence can be solved

hyperplane selection rule was not provided and may not hai¢ our proposed iterative algorithm and optimal/near+opti
for the p-bit quantization scheme [12]. strategies.

B. Generalization of The Optimization Criterion (16) VIl. PERFORMANCEANALYSIS AND SIMULATION

Note that in certain practical applications, we may wish to RESULTS
place more emphasis on some components.diVith this in ]
mind, we can generalize the optimization criterion (16)he t A- Performance Analysis

following In this section, we evaluate the performance of our proposed
N 1 hyperplane-based vector quantization scheme. We compare o
min trfCRB( ) g=tr on( n;Cn)Cnch scheme with the ML estimator using unquantized vector ebser
fengif ng n=1 vationsf x,, g (also referred to as the clairvoyant estimator) and

(56) the approach [12] where each sensor employs/perplanes

to quantize the vector observatiofy, into p bits (instead

of one bit in our scheme) of information, i.ene bit per

sensor per dimensiorin [12], the p hyperplanes are chosen

to be perpendicular to the eigenvectors of the noise cavegia
X 1 matrix in order to ensure that the resultgnbinary data are

f m_ifn tr on( n;Cn) (57) independent. It is shown that such a choice of the hyperplane

gl ng n=1 is effective and given that the knowledge ofis available

where , diag 1; 2;:::; p) is a diagonal matrix and;
is a positive weighting factor of user choice. The optimimat
(56) can be rewritten as

NS
(@]
>
(@]
>S4
N
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in selecting the thresholisthe approach [12] suffers from eigenvalues oR,, are identical, i.edy;1 = ::: = dy;p. If
a mild performance loss relative to the clairvoyant estanatthe eigenvalue$d,; g have diverse values, then the ratip
using unquantized data, with the CRB increasing by onlytands towards its lower bound one.
factor of 5, i.e. We see that as compared with [12], our proposed scheme
results in an overall estimation error increase by a factor
CRBop( ) = ECRBCE( ) (60) of ,, wherel < p. Nevertheless, we note that
hhe approach [12] requires each sensor to trangntiits of

where we use the subscripts Q-p and CE to stand for t . . ;

) . . Information to the FC, whereas only one bit per sensor is sent
approach [12] and the clairvoyant estimator, respectivdlo,
. . . . to the FC for our scheme. Therefore, to meet a same overall
it can be readily veried that the CRB of the clairvoyant

estimator using unauantized vector observati i given estimation distortion target, the total number of bits iesp
gunq Y 1S 9 by our scheme is ;=p times the total number of bits needed

by by the approach [12]. Hence our scheme is generally more
1 ef cient than [12] in a rate distortion sense, especiallyenh
CRBcg( ) = Ry, (61) the eigenvalues of the noise covariance matrix vary in apshar
n=1 manner. For example, if there is a single dominant eigereyalu

Suppose that the noise covariance matrices across semsorsgren ; approaches to one.

identical, i.e.Ry, = Ry 8n. Then the overall estimation We now compare our scheme with the clairvoyant estimator.

errors asymptotically achieved by the clairvoyant estanatThe ratio of the overall estimation error of our scheme tad tha

and the approach [12] are given as follows respectively  of the clairvoyant estimator using raw data is given by

X 1 X 1 trf CRBg.1( )9 _ 1

trf CRBce( )g =tr R,! = tr D,* ®" UwfCRBee()g 2 (69)
1 Xpn ' " Note that the clairvoyant estimator requires sendiNg p)
=— dw:i (62) real-valued messages while our scheme needs to transmit onl
N i=1 N total bits of information. Suppose each real-valued messag
can be represented bgbit binary data. To meet a same
x distortion target, the total number of bits sent by our sohem
trf CRBop( )9 = 5N O 63) s 1=2pqg times that needed by the clairvoyant estimator.
i=1 In particular, when 1 is close to one, our analysis shows that

We now consider the estimation performance of our prg@ending one bit per sensor results in an overall estimatiam e
posed scheme. When the thresholds are optimum, we hawerease by only a factor of about 2.

the following by combining (16) and (20) In our above analysis, we considered the case of identical
W T 1 noise covariance matrices. It can be easily veried that for
trf CRBoa( )g = =tr Cn Cn the inhomogeneous environments whg, = 2 R, we
2 n=1 C;I']— RwCn have
(a) Xp___ 72 X 1 1 1 X
TN Chw;i (64)  trfCRBcg( )g=tr — R} = = dwi
2N 2 w K ;
i=1 n=1  Wn i=1
where for clarity, we use the subscript Q-1 to represent our (67)

proposed scheme, an@) comes by noting that the trace
term on the right hand side of (64) is lower bounded by (47)

(see Theorem 3). Also, this lower bound can be attained or trf CRBop( )9 = 2K Chi (68)
approached with a negligible gap by the proposed compmessio p =1
vector design strategy, as we analyzed in Section V-D aQgth K , E=1 -1 and
will show later in our simulation results. Therefore theioat "
of the overall estimation error of our scheme to that of [12] X1 ¢, cl 1
approaches to trfCRBoa( )g=5tr B
P p___ n=1 Wn “ntWen
trfCRBoa( )g, ( |:i’>)=1 dw;i )? X p 2

trf CRBop( )g S P dw (65) ia)i O (69)

i=1

1,

By using the Cauchy-Schwarz inequality, it can be easily _ )
veri ed that for any setfdy; g with dy; > O 8i, we have where (&) comes from the result (52) derived in Theorem
1< ; p, where ; reaches its upper bound when all thé» and recognizing that this lower bound can be attained or
approached with a negligible gap by the proposed compmessio
INote that both [12] and our scheme involve determining thestiolls vector design strategy. Based on (67)—(69), we see that our
whose optimal values are dependent on the unknown parametdoclis ragylts (65)—(66) remain the same. For a more general case

our study on the evaluation of the compression vector desigrassume the .
knowledge of the parameter is available in choosing the optimasholds Where Rw, cannot be expressed ag,, Rw, a theoretical

for both schemes. analysis is dif cult to carry out because we do not have
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an analytical near-optimal solution. Nevertheless, nigaér the eigenvalues becomes diverse, the ratiep is strictly less
experiments can be conducted to compare the rate-distortthan one and our scheme presents a performance advantage
performance of our proposed iterative algorithm and therthover [12]. To meet the same distortion target, say, 0.01, the
two schemes. rate required by our scheme is abd#2 of that required
by [12]. It can also be observed that our scheme presents a
superior performance advantage over the clairvoyant ashim
our scheme needs transmitting much fewer bits of informatio
We now carry out experiments to corroborate our previotisan the clairvoyant estimator to attain a same distortnget.
analysis and to illustrate the performance of our one-bétngu Hence considerable power/bandwidth savings can be achieve
tization scheme. We compare our scheme with the approdiiie above rate-distortion results have twofold physicegrin
[12] and the clairvoyant estimator using unquantized data. pretations. On one hand, it tells us how many bits are needed
We rstly examine the rate-distortion performance of théy each scheme in order to achieve an estimation distortion
three schemes in a homogeneous environment, i.e. identigafjet. On the other hand, another interesting perspective
noise covariance matrices across sensors. To investipate tb look at these rate-distortion results is that given altota
rate-distortion performance of the clairvoyant estimatee number of bits we can collect, say bits, how should we
assume that each real-valued message can be representedigbybute them among sensors? The three schemes provide
g = 10 bits binary data. Hence the clairvoyant estimator neetlwee different strategies: our proposed scheme colleats d
to send a total number dfONp bits of information to the from N sensors with one bit per sensor, the approach [12]
FC. To focus our study on the evaluation of the compressianllects data fromN=p sensors withp bits per sensor, and
vector design, we assume the thresholds for our scheme &mel clairvoyant estimator requires the collection frdm(pq)
the approach [12] are optimally selected. For our schensensors withpq bits per sensor, assuming each raw message
the compression vectors can be determined by the iteratiserepresented by bits. Our theoretical and numerical results
algorithm proposed in Section V-A or by the optimal/neampoint out the rst allocation strategy can provide the best
optimal strategy proposed in Section V-D. We include thestimation performance.
performance of both compression vector design strategies i To further corroborate our analysis, we conduct experisient
our results. The theoretical lower bound for our schemeckvhito examine the rate-distortion performance in inhomogaseo
is given in (64), is also included for comparison. In ouenvironments withRy, = 2 Ry. We assume that the
simulations, two different cases are considered: the foome sensors are equally divided into three clusters, with gsrigo
corresponds to a case of equivalent eigenvaltgg € 0:11) each cluster having the same observation quality, \,\e.
and the latter one corresponds to a case of diverse eigels'»valuczm ,8n 2 C,,, whereC,, denotes clustem. The factor §m
with the eigenvalues randomly generated accordindtp = for the three clusters is set to B@ 0:5, and 1, respectively.

B. Simulation Results

Carlo runs), where we sgt =5, =0:1and ; X 2 schemes for a case of equwalent eigenvallRg = 0:11)

is a central chi-square distributed random variable Witle oand a case of diverse eigenvalu&s,(is generated in a same
degree-of-freedom. Note that the chi-square distributias way as described in the previous example). From Fig. 4, we
been used to model the sensor noise variance, e.g. [23} Siaee that, similar to the homogeneous environments, ounseche
the noise variances are closely related to the eigenvafubg 0 has a same rate-distortion performance as that of [12] wien t
noise covariance matrix (in particular, the noise varianae eigenvalues are identical and strictly outperforms [12]tfe
exactly the eigenvalues when the noise covariance matrixciase of diverse eigenvalues, which corroborates our ttieakre
diagonal), we adopt the same statistical model to chaiaeteranalysis (67)—(69) in Section VII-A.

the distribution of the eigenvalues. Fig. 3 shows the rate-We now consider the scenario of generally nonidentical
distortion performance of the three schemes, where the neise covariance matrices. As we mentioned earlier, we tlo no
coordinate represents the total number of bits used by edwve an analytical optimal/near-optimal solution in thise,
scheme, y-coordinate represents the asymptotically asthie instead, the iterative algorithm proposed in Section V-A ba
overall estimation error, i.e. the trace of the CRB matrark employed to nd a sub-optimal set of compression vectors. In
Fig. 3, we see that our proposed optimal/near-optimalesisat our simulations, the noise covariance mafiy, 2 RP P for

as analyzed, approaches the theoretical lower bound witteach sensor is diagonal with its diagonal eleméRtg, 1i =
negligible gap, which corroborates our near-optimalitytho# i,where =1 and ; X 2, andpis setto 5. The results
proposed strategy. Also, it is interesting to observe that tare averaged over 500 Monte Carlo runs. Fig. 5 shows the
proposed iterative algorithm achieves almost the sameperfoverall estimation distortion (trace of the CRB matrix) bét
mance as that of the proposed optimal/near-optimal syyatethree schemes as a function of the number of senslarErom
This implies that the iterative algorithm oftentimes camges Fig. 5, we see that our proposed iterative algorithm is very
to a stationary point that is close to the global minimurneffective. It achieves almost the same estimation perfooma
although theoretically this convergence is not guarantéésl as that of [12], while transmitting onl\t=p times the total
also see that, wheR,, = 0:1l, our scheme has a same ratenumber of bits required by [12]. Also, both our proposed
distortion performance as that of [12]. The reason is that tscheme and the scheme [12] incur a mild performance loss
ratio i1=pis equal to one in the case of identical eigenvaluespmpared with the clairvoyant estimator using raw datagnot
as we discussed in the previous subsection. Neverthelbss, wthat as in previous example, we assume the thresholds for our
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Fig. 4. Nonhomogeneous environments: Rate-distortion peence of respective schemes.

optimally selected. In this case, the estimation perforrean

We are also interested in examining the mean-square er%‘rly depends on the choice of the compression vedioys.

(MSE) of the ML estimator for our scheme. We consider §|nce to be estimated is unknown in practice, it is interesting

homogeneous scenario where all sensors have identica n&)sexgmme the performam_:e of our proposed threshol_ql deter-
covariance matrices which are given By, = 0:11 (referred mination strategy. We consider the FC feedback-basediitera

to as Case I) an®,, = diadf 0:8;0:5; 0:2; 0:1; 0:1g (referred algorithm introduced in Section IV-A which iteratively adits
w = -0, V.U, V.5, U. 4L, U.

to as Case Il), respectively. The thresholds are optimaterd the thresh%ld based on the ML eqin\;ugte; Ig 'cl):Jr_Is_ir:nucligtions, w
mined by assuming the knowledge of the unknown parame?e}'srs’umfer":1 onllogeneous scenario t’h_S : d he lmebn-
and the compression vectors are designed by our propo§ of the un cnown parametq, Is set to3 and the numoer
optimal/near-optimal strategy. Fig. 6 depicts the MSEs &f SENSOrs varies from 100 to 200. Thg compression vectors
the ML estimator for our scheme. It is observed that tHfg® det_e rmined by our opt|.mal/near—opt.|mal strategy pseno_
MSEs approach the corresponding CRBs asymptotically with Sectlc.)n.V—D (note that since the design of the compression
an increasing\ for both cases. vectors is independent of the unknown parameter, they can be
) determined in advance). Fig. 7 shows the estimation MSE of
So far we have thoroughly studied the performance ghe ML estimator versus the number of iterations. From Fjg. 7
our proposed scheme by assuming the threshbldg are

scheme and [12] are optimally chosen).
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w ~e-o_ g ] the noise covariance matrix are sharply diverse. Simulatio
g "¢ 0o~ p-Q o d results were presented to corroborate our theoreticalysisal
and to illustrate the effectiveness of our proposed scheme.
10k = These results show that our proposed scheme is able to achiev
1 almost the same estimation performance as some existing
1 schemes with considerable rate/bandwidth savings.
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APPENDIXA
PROOF OFCONCAVITY OF THE LOG-LIKELIHOOD
FUNCTION (6)

Fig. 6. MSEs of the MLE for our scheme under two different cases

we see that the FC feedback-based iterative algorithm is ver
effective and can achieve an accurate estimate of the unknow

parameter within several iterations. It can be easily veried thap,, ( , ¢ ) is log-concave

in  since the Hessian matrix ¢bgp,, ( n C} ), which is
VIIl. CONCLUSION given by

In this paper, we studied the problem of vector quantization
for distributed estimation in wireless sensor networksergh
each sensor quantizes its local vector observation intobitne @logp,,(n cf ) _ Cn cq (70)
of information which is sent to the FC to form a nal estimate @@’ 3n
of the vector parameter. Speci cally, we con ne our studies
to the hyperplane-based vector quantization whose design i
volves threshold determination and compression vectagdes is negative semide nite. Consequently the corresponding c
Our analysis reveals that the optimal choice of the threshol mulative density function (CDF) and complementary CDF
as in the scalar case, is dependent on the unknown paramg@EDF), which are integrals of the log-concave function
In contrast, the compression vector design is independentm, ( n cl ) over convex sety(1 ; ) and ( ;1)
the vector parameter and can be determined prior to each esspectively, are also log-concave, and their logarithmes a
mation task. We developed an ef cient iterative algorithon f concave. Since summation preserves concavity,) is a
the compression vector design for a general case and prposencave function of .
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APPENDIXB Proof: See Appendix G. [ ]

DERIVATION OF THE LOWERBOUND (23) From Lemma 1, we know that ary satisfyingCC T = %I
We have is an optimum solution of (76) and the attained minimum value
5 T is p?=N, which is a lower bound on the minimum achievable
(nicn)= P, o n ) objective function value of (75). WheN = kp, wherek >
G n:Cn E TY1L F T h . . . .
| vi(n Cy )l 0 is an integer, it can be easily veried that the proposed
@ 2 ox (n Cp )? strategy attains the lower boupd=N. Therefore the strategy
z P 22 is an optimal solution to (75), i.e. (36). On the other hard, i
(b) 2 2 N 6 kp, the objective function value achieved by the proposed
———exX —_— i
T Ruw. Cn p 2 min(Ru) strategy is upper bounded as
1 X 1 X 1
, nm (71) tr CnCI (g)tr CnCI
n=1 n=1
where(a) comes by using the Chernoff bound for the CCDF . N - 19
, =tr oor(N=p)UuU
1 X
Fu, I Fv, ()] 7€ a (72) - P (78)
oor (N=p)

(b follows from (i): 2 = ¢fRw,cn K Cak3 min(Rw,).

in which  min(Rw,) denotes the smallest eigenvalueR,, ,
and (i) oor (N=p)p and the compression vector assignment strategy
in CI j <2kcnke max(j uj) for theseM sensors. The ratio of the objective function value
P S attained by the proposed strategy to the lower bopfreN,
2" pkenke max(j wn) , kenka (73) , is therefore upper bounded by:
in which the inequality comes by noting that is within the N=p

where (a) comes from the fact that(#h ') is convex over
the set of positive de nite matrix(b) follows from M =

i T _— 79
dynamic range ot . oor (N=p) (79)
APPENDIXC The proof is completed here.
PROOF OFTHEOREM 1 APPENDIXD
Let PROOF OFTHEOREM 2
C, ¢ C :i: Cn (74) The proof of Theorem 2 follows a same procedure as that
of Theorem 1. Let
whereC 2 RP N . We can re-express (36) as 1 1
n 10 , diag ——;:i—— (80)
rrg:in tr cc’ a2,
st. [CTCJi =1; 8i2f1;:::::::Ng (75) We can re-express (39) as
. n T 1
To prove Theorem 1, let us rst consider a new optimization mn tr CC
that has the same objective function as (75) while with a st. [CTCli =1: 8i2f1::::Ng (81)
relaxed constraint:
] T 10 Similarly as in the proof of Theorem 1, we construct a new
min - tr cC optimization with a relaxed constraint:
n 0
st. rC'C =tr CCT =N (76) min tr CC T 1
Apparently, the feasible region de ned by the constraint of X
(75) is a subset of that de ned by (76). Hence the global min- st. rcc T = —. K (82)
imum of (76) places a lower bound on the minimum achievable n=1 Wn

objective function value of (75). Also, sincdAr *) is convex |t can be readily veried that the feasible region of (81) is
over the set of positive de nite matrix and(&) = N is 3 subset of that of (82). Hence the global minimum of (82)
a linear constraint, the optimization (76) is convex Whosgrovides a lower bound on the minimum achievable objective

optimum solution is given as follows. function value of (81). Recalling Lemma 1, we know that the
Lemma 1:Consider the following optimization problem  gjopal minimum of (82) isp?=K, which is achieved when
T - K
mAin tr(A l) ccC = FI .

Now considering the proposed strategy, we have

st. t(A)= P (77) 1 P
whereA 2 RP P is positive de nite. The optimum solution to CCT= G = - KiUEIULE i’
(77) is given byA = %I and the minimum objective function n=1 W =1

value isp?=P. min(fK;g)UU T = min( fK;g)l (83)
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Since tfA g is convex over the set of positive de niteLemma 2, the objective function (44) therefore is lower
matrix, the objective function value attained by the pragubs bounded by
strategy is upper bounded b
ay pp y N cncl 1 n .0
vocc T N b (min(tKign) b ! TRwe, " YU
r r (min i = — _
(min(fKg)l) min(fK, g) n=1 CnRwCn 0 o
(84) tr UyU [ (90)
The ratio of the objective function value achieved by the We note that the above lower bound is a transitional result
proposed strategy to the lower boupkK is therefore upper because it depends on the vectbrs, g which are speci ¢ for
bounded by each set of compression vectdis, g. We now proceed to nd
a universal lower bound which is independent of the choice

,L (85) of the compression vectors. For notational conveniende, le

pmin(fK;g) "

The proof is completed here. i Oni Owi; 8i2fL1::iipg (91)
n=1

APPENDIX E Since we hav;a(p o
O
PROOF OFTHEOREM 3 Gt Gl = ni Owi _ 4 (92)
As we mentioned earlier, due to the non-irreducible form i=1 i=1 n

of the denominator, the optimization (44) is more challeggi it can be easily veried thatf ;g satis es the following
as compared with (36). In this case, constructing a newgnstraint

optimization as we did before does not lead to an insight into P
solving the problem. Here we take a different approach. We i =N (93)
rst nd a transitional lower bound on the objective functio i=1

(44) for any speci ¢ set of compression vectdis, g by using Noting that
the following lemma.

Lemma 2: Suppose that we have two positive de nite ma-
tricesA 2 RP P andB 2 RP P, whereA is a diagonal
matrix with its diagonal elements equivalent to thoseBqf
i.e.[Ali =[B]Ji, then we have

Uy U T = * UwlilUw:il" (94)
w w dw-i wl wl
i=1 !

the universal lower bound can therefore be obtained by sglvi
the following optimization

(A 1) tr(B Y (86) _ * _ 1
Proof: See Appendix H. ] {“”; tr er[:; iUw[:;i]
We writec, = U,, ,,, whereU,, is obtained by carrying ' o =y
out the EVD of Ry, i.e. Ry = U,DyUJ, and , , . . o
[ 1 n2 i n;p]T is a normalized column vector with st i =N i >0, 8 (99)

I, =1.Then we have o =
which is equivalent to

X T X T
Tcn -y, Pp—5" UL min X duy
n=1 ©n RwCn n=1 i=1 ni Ch fig ., i
T
» Uw UL, UyU | (87) s.t. i = N; >0, 8i (96)
n=t " i=1
where d,; denotes theith diagonal entry ofDy, o | The gbove optimization_ (96) can be solved analyt_ically by
P 2.4 . and resorting to the Lagrangian function and KKT conditionse(th
=om development is similar as that in Appendix G and thus omitted
X T here). Its optimum solution and minimum objective function
: on (88) value are given as follows, respectively
n=1 n P —
Sp N g 97)
Letgui , 2= nand L v oo P
|
X X ' ¥ P 2
, diag 1 On;1;005 1 Onip (89) Gui - 1 P dw;i- (98)
n= n= : i

i=1 i=1
Note that the corresponding diagonal elements of the twoHence (98) is a lower bound on the minimum achievable

matrices and are identical, i.e] Ji =[ Ji. Recalling objective function value of (44). Apparently this lower Imal
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can be achieved by the proposed strategy wNen= ; The above optimization (104) is exactly the problem we
8i. If f ;g are not integers, near-optimal performance castudied in Section V-D. From Theorem 3, we know that the
be attained by the proposed strategy. A rough analysis ngnimum achievable value of (104) is lower bounded by
provided in the following to show that the achieved objestiv

function value is within a small factor of the lower bound. x cnCl ! 1 X®p O 2
Let N;j = , + ; denote the rounded integer. Using Taylor r . CTRyCy L - wil
expansion, we can write n=t 1 )
@1 ®p_—
R .on . = — Aw:i (105)
1 1 i 1 i K ’
— = —+ 5 (99) i=1
Ni i n=0 i i ( i)
o . o ) where(a) comes from
The deviation between the achieved objective functionevalu
and the lower bound is upper bounded by X X
L = n = — =K (106)
x dw;i x dw;i x dw;i i @ x dw;i n=1 n=1 Wn
. - )2 2
i=1 ! = Ni i=1 (i) i=1 () Consequently the minimum achievable value of (49) is lower
1 x Oy bounded by (105). Also, by substituting (53) into (51), we se
min(f , g) S (100) " that this lower bound can be attained by the proposed syrateg
i=1

The proof is completed here.
where (a) comes from the fact thgt;j < 1 8i, min(f ; g)
denotes the minimum value among thefsetg. Therefore the

normalized deviation of the proposed solution from the lowe APPENDIXG
bound is PROOF OFLEMMA 1
P b G P P Gwm 1 Let A = U,D,U! denote the EVD ofA, whereU, 2
' P dw_v'_ Ni ey (101) RP P andD, 2 RP P. By replacingA with U,D,U],
P Qwi i

the optimization (77) is reduced to determining the diagona

which indicates that the objective function value assediat

with the proposed strategy is within a factbs m of X 4
the lower bound. ' min —
tdig . d
APPENDIXF s.t. d="P
PROOF OFTHEOREM4 i=1
We introduce a suf ciently small value> 0 such that for di>0, 8 2f1:::;pg (107)
anyn2f1;:::;Ng, », —— isan integer or is suf ciently ) ] ] ] o
large such that it can be rounded to its nearest integer Witﬁrge Lagrangian functio. associated with (107) is given by
negligible error. We therefore can write X 4 P P
)(\| l Cn CIT{ )(q nCn C;— ( I |) - di - I - (Rl ( )
"2 T = T (102) | | I
— w CnRWCn — Cn chn . . . .
n=1 %n n=1 which gives the following KKT conditions [20]:
Sincef g are integers, the term on the right hand side of 1
(102) can be considered as a particular case of the following p + i =0; 8i
form i
X
X Cn C-I'l; P di :0
TRy Ch (103) i=1
n=t " idi =O; 8i
with L sensors divided intdl groups, groum consisting of i 0 8i
n sgnﬁors and sharing the same compression vector, where d >0 8i
| )

L, n=1 n. Hence the global minimum of the following
optimization provides a lower bound on the minimum achie¥-;om the last three equations of the above KKT conditions,

able value of the optimization (49) we have ; = 0, 8i. With this result,d; can be readily solved
X ot 1 using the rst two equations ag; = %, 8i, i.e. the optimal
n*n

min tr 5 D, is given byD, = 1. Consequently we hava = 2|
fcng -1 CnRWCn L _p i i 2 p_
T n= and the minimum objective function valueli_.s. The proof is
st c,cn=1; 8n2fl:::;Lg (104) completed here.



APPENDIXH
PROOF OFLEMMA 2

By carrying out the EVDB = UyDpU[, we can write

tr(B )= tr(D, ) (109)
Hence we only need to prove
tr(A 1) t(D,h (110)
which is equivalent to establishing the following
X1 X
— — 111
a b (111)

wherea; andly denote theith diagonal elements oA and
Dy, respectively. Without loss of generality, we assuine
a a a andO<b; b, i b

Since[A]i =[B]Ji 8i, we have the following two important
properties regarding the diagonal elementd afg andfh g.
Firstly, we have

(112)

which can be readily veri ed from (A) = tr(B). Secondly,

foranyp>r 1, we have the following inequalities
X X
b a;
i=1 i=1
X X
by i+1 A i+l (113)

i=1 i=1

which are generalized results of the Rayleigh-Ritz theoreny]
[24, Corollary 4.3.18]. We now prove (111) by utilizing the

properties (112)—(113).

From (113), we know thaty a; and b,

ap.

Without loss of generality, we can nd a set of indices

and b
Considering the rstk, elements, we have

Xz Xa Xz

a b
ab
a b
a'kl h(l

a b
aib
a b
akl b<l

+
i=ky+1

e

11
i=1 h &
+

i=ky+1

h) ®

|ijzl
:(=21 (ai

0
ay, b,

(114)
where (a) comes by noting that the elemerftaig andfh g
are in ascending orders; b

a b
inequality (113). Now considering the rst; elements, we
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have

X1

5 h &

@ @ b)), * a b X a b

5 3, B, sk QD —kesr 29D

® @ b, * a b X a b
s By T T
ki (& ©
|:1(al h) 0 (115)
ks by

where(a) comes by using the previous result (114);, comes

by following the same derivation as in (114); afa) follows
from the inequality (113). By repeating this procedure, we
can eventually prove that such an inequality holds forpall
elements. The proof is completed here.
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