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Multitask Classification by Learning
the Task Relevance

Jun Fang, Shihao Ji, Ya Xue, and Lawrence Carin, Fellow, IEEE

Abstract—We consider the problem of multitask learning
(MTL), in which we simultaneously learn classifiers for multiple
data sets (tasks), with sharing of intertask data as appropriate.
We introduce a set of relevance parameters that control the degree
to which data from other tasks are used in estimating the current
task’s classifier parameters. The set of relevance parameters
are learned by maximizing their posterior probability, yielding
an expectation-maximization (EM) algorithm. We illustrate the
effectiveness of our approach through experimental results on a
practical data set.

Index Terms—Classification, expectation-maximization algo-
rithm, multitask learning.

I. INTRODUCTION

T HAS BEEN shown [1]-[8] that it is beneficial to learn re-
I gression or classification functions by considering multiple
related tasks simultaneously, instead of analyzing each task in-
dependently. Although there are likely differences in the data
associated with multiple tasks, there are often similarities that
can be exploited by appropriately sharing information among
multiple related tasks, especially when the number of training
samples for each task is small (note that a shared representa-
tion of the data is a prerequisite for this information sharing).
The need for multitask learning arises in a variety of practical
situations. For example, in remote sensing, one may have mul-
tiple data sets, with each collected at a particular geographical
location; appropriate sharing of data across tasks is desirable
to enhance sensing performance. A similar situation arises in
the design of recommendation engines that predict the interests
of users in various items (see [4] for details). The challenge in
these problems involves a determination of which tasks are suf-
ficiently similar such that data should be shared.

There has been much recent work addressing the problem of
multitask learning, and most of this research has developed al-
gorithms under the framework of hierarchical Bayesian mod-
eling. In these approaches, each task has its own model pa-
rameters to represent its characteristics, and a common prior
is placed on the model parameters of individual tasks to cap-
ture the relations and similarities between the different tasks.
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This common prior is often specified in parametric form with
unknown hyperparameters, for which a hyperprior is used. For
example, in [6] and [7], it is assumed that the model parameters
of each task are sampled from a common unknown Gaussian
distribution; the unknown parameters of the Gaussian distribu-
tion are estimated simultaneously with the model parameters.
In [2], the authors suggested use of a Gaussian mixture, instead
of a single Gaussian. This leads to task clustering, with each
cluster corresponding to a mixture component. A limitation of
such a parametric common prior is the need to set the number
of mixture components, which often is a challenging problem
in practice. Consequently, there has been an increasing interest
in nonparametric hierarchical Bayesian modeling, in which the
common prior distribution is specified as a Dirichlet distribution
[4] or drawn from Dirichlet process [5]. A particular advantage
of such nonparametric approaches is that the number of mixture
components is determined automatically. In other interesting re-
search [3], not following a hierarchical Bayesian framework, the
authors treated the relatedness of the tasks as a regularization
problem. Although these hierarchical Bayesian modeling ap-
proaches [2]-[7] have presented encouraging results, the choice
of the common prior placed on the model parameters is depen-
dent on the specific data sets. In this letter, we propose a task-rel-
evance learning approach for multitask classification. Unlike the
methods discussed above, we do not place a common prior dis-
tribution on the model parameters of individual tasks; instead,
for each task, an individual set of parameters are introduced to
indicate the relevance between the current task and the other
tasks. These relevance parameters are used to control the par-
ticipation degree of other tasks in estimating the current task’s
model parameters. We estimate the set of parameters by maxi-
mizing their marginal posterior probability, which yields an ex-
pectation-maximization (EM) algorithm.

II. PROBLEM FORMULATION

We address multitask classification; extension to regression
is straightforward and is therefore omitted. Consider K tasks,
and for each task ¢ € {1,..., K}, there are n; training data
D; = {(xi1,yi,1)} =, where x;; € R are feature vectors and
yi1 € {—1,1} are labels. Each training sample (x; , ;) is
drawn i.i.d. from an unknown and generally task-dependent un-
derlying distribution. We follow the standard logistic regression

formulation [9] to represent the posterior class probability as
p(ialxis; w) = o(yiaw" %) (1)

where w € R¢ is a column vector of classifier parameters, and
o(z) 2 1/1 4 exp(—z) is the logistic link function. For the
sqbsequent djspussion, letY; £ {yii}ii, qqd X, £ {xii},.
Since the training data are assumed drawn i.i.d., we have

p(YilXi;w) =[] o(yiawxi0). 2
=1
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For single task learning (STL), the classifier parameter
vector of each task, denoted by w;,i € {1,...,K}, is esti-
mated independently by maximizing the posterior probability
p(wi|D;) o p(wi)p(Y;|X;;w;), where p(w;) could be a
Gaussian (smoothness) [10] or Laplacian (sparseness) prior
[11]; for our approach, we estimate each classifier parameter
vector w; by appropriately using the information of all K tasks,
with the objective of sharing intertask data properly to improve
the classifier associated with any single task.

III. PROPOSED MULTITASK CLASSIFICATION APPROACH

To estimate the classifier parameter vector of task 7, wl, we
introduce a set of relevance parameters a; = {az i j=1 and
define the likelihood function of w; as follows:

K
Yrlwi ) oc [T p(Y;lwa)™ ()

J=1

(Y,

where for simplicity, we have dropped explicit conditioning on
X,; and

p(Yjlwi) = [[ o (wiaw! x;0)- (4)
=1

«; ; is the parameter indicating the similarity (relevance) be-
tween task ¢ and task j. We impose the following constraints
for a; ;:

ifj £

0<a;; <1,
{ it =i )

aij =1,

Given a set of fixed parameters {a; ]} =1 the classifier pa-
rameter vector w; is estimated by maximizing its log-posterior
probability

logp(wi|Y1,..., Yk, @)
x logp(w;) + logp(Y1,..., Yi|wW;, ;)
(@ A -
oxX —§WLTWL + 2; Q5 logp(Yj|Wi)
i=

A
= —§W1-TWi + log p(Yi[w)

+ Z ;. jlog p(Y j|w;) (6)
i
where we employ the Gaussian prior p(w;) x

exp(—\/2wlw;) in (a) [10]. It can be verified that
this objective function (6) is concave and admits only one local
(global) maximum because the Hessian matrix of this objective
function is negative definite [10]. From (6), we observe that
if a; ; = 1, then the training data of task j are fully used in
estimating w;; if a; ; = 0, the training data of task j are not
used. Hence, the parameter «; ; controls the degree of task
7’s participation in estimating task ¢’s classifier parameters. A
larger o; ; results in more participation and vice versa.

Our problem therefore reduces to estimating relevance
parameters «; 2 {am}f{:l. By placing hyperpriors over
«;, learning the relevance parameters becomes a search for
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their posterior mode, i.e., maximization of p(a;|D1, ..., Dk).
Suitable hyperpriors over «; are Gamma distributions

K
p(a;) = H Gamma(a; jla,b) )

i=1

where Gamma(a; jla,b) o af ;e="*"i. As discussed further
below and in Section IV, for properly chosen a and b, this hy-
perprior can guarantee that the constraints 0 < «;; < 1 are
satisfied automatically. Also, we always set c; ; = 1 to assure
that the data of task ¢ are fully used in estimating task ¢’s classi-
fier parameter vector. The EM algorithm is used to maximize the
posterior probability p(a;|D;, ..., Dk), treating w; as hidden
variables. The EM algorithm produces a sequence of estimates
alt), t=1,2,3,..., by applying two alternating steps.

* E-step. The E-step requires computing the expected value
(with respect to the missing variables w;) of the complete
log-posterior, given the current estimates of the relevance
parameters and the observed data, which is usually called
the (Q-function; we have

0 el

= /p (wi|a§t)7Y17-.-7YK)

X Ing(ai|Y1, e ,YK,WZ')dWZ’

where E_ ), {Yj}[] denotes the expectation with re

spect to the distribution p(w; |a§t), Yi,...,Yk), and, for
simplicity, we have dropped the explicit conditioning on
{X}} in our expressions.

* M-step. The estimates of the relevance parameters are up-
dated by maximizing the ()-function

a§t+1) = arg max ) (ai|a§t)) . 9)

The particular expression for the (Q-function can be written
as (10) at the bottom of the next page, where (a) and (b)
follows from (3) and (7), respectively. To maximize the
Q-function, we set the first derivative of (10) with respect
to oy ; to zero, and hence, the update equation for «; j,
wherej € {1,...,i—1,i+1,...,K},is

(t+1) a
altth = .an
5J b— Ewi|a§i),{Y]}Ung(Yﬂwi)]

It has been shown in [12] that the posterior
(wz|alt ,{Y,}) can be accurately approximated

as a Gaussian distribution because p(wz|a AY;H
is unimodal and log-concave. For simplicity, here we
approximate the posterior probability as a Dirac delta

function, i.e., p(wi|a§t), {Y;}) = 6(w; — wMAP) where
wi\/IAP is the maximum a posteriori (MAP) estimate
given a( ) and {Y;}. In doing this way, we can replace

Ew, Ia(t) AY,) [logp(Yj |W1)] with IOg p(Y]’ |W%\/IAP)
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Fig. . Gamma probability density function.

We therefore summarize the EM algorithm as follows.
¢ @Given the current estimates ait), we obtain the MAP esti-
mate of w; by maximizing p(wi|a§t), {Y;}).

e Update the relevance parameters for j = 1,...,7 — 1,4 +
1,..., K as follows:
(t+1) a
o — . 12
i b—logp (Yﬂw?mp) (12)

Since log p(Y ;|[wMAF) is always nonpositive, by choosing b >
a > 0, we can guarantee that 0 < a; ; < 1. From (12), we can
see that if task i’s classifier parameters w AT fits task j’s data
well, then log p(Y;|wMAF) gets close to zero and «; ; is ad-
justed to a large value towards one, indicating that task ¢ and task
7 are highly relevant; vice versa, if W}IAP does not match task
§’s data, log p(Y ;|wMAP) will become small towards minus in-

finity and agt;r Y is thus adjusted to a small value towards zero,

indicating that task i and task j have negligible correlation.

IV. DISCUSSION

We explain why we use the Gamma distribution as the hyper-
prior for a; ;. For a > 0 and b > 0, the Gamma distribution
is a unimodal function with its peak located at a/b (see Fig. 1).
When b > a, the peak point of the Gamma distribution occurs in
the range between 0 and 1. Hence, when we employ the Gamma
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Fig. 2. Average AUC over 19 tasks with different number of training data, for
landmine-sensing data. The MTL results are comparable to those in [5], which
are based on a hierarchical Bayesian model.

distribution with b > a > 0 as the hyperprior for «; ;, the hy-
perprior reflects our preference of the values of these relevance
parameters, that is, 0 < «; ; < 1. Also, although the support re-
gion of the Gamma distribution is from zero to infinity, c; ; will
not exceed one because the relevance parameters have a natural
trend towards zero, which can be easily observed through the
likelihood function (3) [note that (3) is maximized if c; ; = 0
for all j]. Due to this trend towards zero, the MAP estimate of
«; ; should be in the range between 0 (maximum likelihood es-
timate of a; ;) and a /b (the point that maximizes the prior). This
claim is corroborated by (11). Another reason for us to choose
the Gamma distribution as the hyperprior is that the Gamma dis-
tribution can provide a closed-form update equation for the rel-
evance parameters, whereas other distributions (e.g., the Beta
distribution) fail in rendering such an analytical solution.

V. EXPERIMENTAL RESULTS

In this section, we test our proposed algorithm using a prac-
tical data set (corresponding to radar-based sensing of land-
mines). We have data from 19 tasks, with the data of different
tasks collected from different landmine fields.! Each data con-
sists of a nine-dimensional feature vector and a corresponding

I'The data are available at http://www.ee.duke.edu/ Icarin/LandmineData.zip.

Ewi|agi);{Yj} |:10gp(ai|Y17 s 7YK7 WL):|

x Ewila(_f)’{Y]_} [log(p(ai)p(Yl, o Yo, wt))}

= EWilQ(-f),{Y]‘} {logp(ai) + logp(Yl, A ,YK|a7;, W,):|

(@)

(®)
X

7

{alog Q5 — bai,j + aiJEwJaE”,{Yj}Ung(YﬂWi)]}

2 By o v,y | S 0Epass) + 3 oY )|
J J

(10)

Authorized licensed use limited to: Stevens Institute of Technology. Downloaded on April 10, 2009 at 14:03 from IEEE Xplore. Restrictions apply.



596

IEEE SIGNAL PROCESSING LETTERS, VOL. 15, 2008

(a) Nir = 20

(b) Nty = 100

1 oo DDOrsooo@eooda 1 ' = =" - - - s 1+ e o
2 Ofc0ofd00oNccooo@ooo 2 DODoOdOo000OC0@:cs=os a 2 OO
3+ ODoD00fJf00Noc@E@oooc@o 3 DeDDDOODDDE - o o 3 O-[O
o 4F DoofofDf@dScocoE@oEE@o o 4F Ee o] @- u . o 4F @ee
© 5 OooOJO00D0O000Ococo@ooocoa S 5~ DOoolf T R a TS5 O-e
ic 6 ooofd0JDO0DDNoco@ooooo@ao it 6k e o OEe - 0o o - a ir 61 O-e
o 7+ DoodoDfD00Noecoooo@a o 7 mDeod o - 8 D o 7+ ODeo
£ gl (ol o | o [ = = W= = = = - s £ gk oe ol = - P £ g Deo
E o DuoDOOOOfdcooscscoa E ol Doomm - a Eo- o--
210 OoODDOODOCO[docsoo-coa 2ol D-oOO IREEEEE o - 21w O-o
K1k oecoo@Dooo o DNDOCDEe@ RIS BN IO i ] = ] [ R SUF e e e e Oooooe@d- o
S2r socpnepooocdfj000O@EeD 12k se.0-.0000 - ODOO0cD S2p  r mean o J0oooeEgd- o
O©3f weocoooooeo@oOooOod 13 cn-socmoo. - JODO0Oe@ o1 e e oe- . -OO000e0-3
%’14_ copEoDDDooDOOfdooEmem S 14F secs.opoe - DOJODO@De@ gm— ----- oo - . - [OCO00eO-O
s copfoDEcocNDDOODo@ S5k seca-m@Es OoooOz@-0 S5 v ee e oo« -[DO0O0CS0- O
16 cocdoNooc-00N0C000Dem = 16} se-c.0000-OON00000:0 =16 = -oe -DEoDEEE - B
17k conoocENOoocJONEEDO@em 17k soe-s0.0-. .-LONOOEE0:D L4 R Ooomod- O
18| cooDdoDoNcocdOO0ENOooOdm 18+ scocococpene - JEDDDeO@a 18 s . -0ee . -D000cO0E
19t === = o s I~ I~ 0 s s e e s A 19k s e r e 0 e e s NMODOODE [ 19t rr v vy v v OOOOEA, [
12345678 910111213141516171819 12345678 910111213141516171819 12345678 910111213141516171819
Index of Landmine Field Index of Landmine Field Index of Landmine Field

(c) Ny = 200

Fig. 3. Hinton diagrams of the task relevance matrices under different number of training data; similar sharing was observed in [5].

binary label indicating the objective is a landmine (denoted by
1) or a clutter (denoted by 0). The number of data for each
task varies from 400 to 600. Among these 19 tasks, the data
of the first ten tasks are collected from the highly foliated re-
gions and the data of the remaining nine tasks are collected from
the bare earth or desert regions. Hence, the tasks are expected
to be clustered into two groups according to the collected re-
gions, with the tasks within the same groups highly relevant
whereas the tasks belonging to different groups having low cor-
relation. This same data set was also discussed and analyzed in
[5] using a distinct multitask learning algorithm. In our experi-
ment, we use cross-validation to help determine an appropriate
choice of A from a candidate set {0.1,1,10,100}. The cross-vali-
dation method is also employed to suggest an appropriate choice
of the hyperparameters {a, b}. We observe that a good choice of
{a, b} is related to the values of log p(Y ;|wMAF). Also, we use
the MAP estimate w; obtained from the single task learning as
the initialization point for our proposed EM algorithm.

For each task, we randomly select a certain number of data
as training data and treat the rest as test data. The number of
training data, N¢,, ranges from 20 to 200 in our experiments.
Since the data have severely unbalanced labels, we have to
assure that, in the training data set of each task, there are at least
one data labeled “1” and one data labeled “0”. The performance
is measured by averaging AUC over 19 tasks, where AUC de-
notes the area under the receiver operation characteristic (ROC)
curve. The results are averaged over 100 random runs. We
compare our proposed multitask learning (MTL) method to the
single task learning (STL) method and the “pooling” method
that pools the data of all tasks and learns a common classifier
for all tasks. Fig. 2 shows the average AUC of the respective al-
gorithms as functions of Vy,.. We can see that when the number
of training data per task is few, our proposed method has a
similar performance as the pooling method. As the number of
training data increases, the estimate of the relevance parameters
becomes accurate. The proposed multitask learning method
can thus take advantage of the relevance information and out-
performs the pooling method. The single task learning method
performs poorly in the beginning. However, its performance
improves rapidly and finally surpasses the pooling method as
more and more training data are used. The pooling method
does not gain much from the increasing number of training data
since it neglects the differences between tasks. Fig. 3 shows
the Hinton diagrams? of the task relevance matrices learned by

2A Hinton diagram provides a display of the values in a data matrix (normally
a weight matrix). Each value is represented by a square whose size is propor-
tional to the magnitude, and whose color indicates the sign.

our proposed method for NV, = 20, 100, and 200, respectively.
The task relevance matrix is constructed by the relevance
parameters with its {7, j} entry equal to «; ;. From Fig. 3, we
see that, as Ny, becomes large, the 19 tasks are clearly grouped
into two clusters, with the first cluster including tasks 1-10
and the other one consisting of tasks 11-19. This conforms to
the ground truth and shows the effectiveness of our proposed
method in capturing the task clustering structure.

VI. CONCLUSION

In this letter, we presented a task relevance learning approach
for multitask classification. For each task, a set of relevance pa-
rameters are introduced to indicate the relevance between the
current task and other tasks and to control the participation de-
gree of other tasks in estimating the current task’s model pa-
rameters. These parameters are learned via the EM algorithm.
Experimental results have shown the effectiveness of our pro-
posed method in learning the tasks relevance and in enhancing
the classification performance.
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