Distributed Consensus with Quantized Data via
Sequence Averaging

Jun Fang, Member, |IEEE, and Hongbin Li,Senior Member, |EEE

Abstract— The problem of distributed average consensus with Nevertheless, this random variable reveals some infoomati
quantized data is considered in this paper. Conventional consen- of the initial state. For example, in [14], the consensus is
sus algorithms suffer from divergence when quantization errors  5.nieved on one of the quantization levels and the deviation

are present. To address this issue, we introduce a modifiedf th f the initial state is b ded b tit
quantization-based consensus protocol and exploit the tempora 'TOM the average of the Iniual state Is bounded by a quantty

information collected from the iterative process, based on which dependent on the quantization resolution and graph topolog
we develop an efficient consensus algorithm. The proposed Meanwhile, in [13], the mean square deviation between the
consensus algorithm is proved to converge to the true mean, random variable and the average of the initial state can be
i.e. the average of the initial state, in a mean square sense. It made arbitrarily small by rescaling its link weight sequeat

also presents an advantage of speeding up the convergence over t of slowing d th ¢
the algorithm [1] without exploitation of temporal information. a COstL of slowing down the convergence rate.

Numerical results are presented to illustrate the effectivenessf In this paper, we study the problem of distributed average
the proposed algorithm. consensus with quantized data by exploiting the temporal
information collected during the iterative process. Terapo

Index Terms— Distributed average consensus, quantization, | X - )
wireless sensor network (WSN). information has been successfully utilized in [5]-[7] to- ac

celerate the convergence rate. Nevertheless, its applicat
to distributed average consensus with quantized data has
|. INTRODUCTION received less attention. In this work, we firstly introduce a

Distributed average consensus has attracted much attenfigpdified quantization-based consensus protocol. The quan-
over the past few years. It is a fundamental problem arisifiged data are obtained by employing a bounded probabilisti
from various wireless sensor network (WSN) processing taskglantization scheme [13], [14]. By exploiting the temporal
such as distributed parameter estimation and distributad-f independence property of the quantization errors, we dp\el
tion computation. A multitude of studies on distributedrage Ne€W consensus scheme which utilizes the temporal infoomati
consensus have appeared recently. Among them, a mégHected from the iterative process. The consensus &goyi
research direction focuses on accelerating the conveegee Unlike prior works [12], [14] which converge to a random
of the distributed consensus algorithms by selecting ttte c,Fyariable, achieves the desired consensus at the average of t
mal weights [2], [3] or resorting to other more sophistichtei”itia| state. Theoretical analyses are conducted to pthee
algorithms [4]-[7]. In these works, they usually assume th§onvergence and provide an upper bound for the mean square
the data are exchanged among neighboring sensors with@gyiation.
distortion. This assumption, however, may not be true icpra
tice due to the link noise and data quantization, in whickedas |l. CONSENSUSPROTOCOLS WITHQUANTIZED DATA
has been shown [8] that the conventional consensus algwith We model the WSN as an undirected gragh= (V, E)
[2]-[7] diverge and may have an unbounded asymptotic me@afose vertices” = {1,2,..., N} correspond to the sensors
square error. To address this issue, many schemes [9]-[4AH whose edge& = {(i,;)|i,j € V} represent available
have been proposed. Specifically, when only quantization dgsmmunication links among sensors. An edge betwieand
considered, [11] introduced a quantized consensus aigorit; exists if sensori can communicate directly with sensor
by imposing an integer constraint on the value of each noge we focus our study on the connected graph, i.e. there
and preserving the network average at each iteration. Heweexists a multihop communication path connecting every pair
the quantized consensus [11] is a relaxed consensus anddhgertices. The structure of the graph can be described by an
nodes do not have the same value. Strict consensus cannb& N symmetric affinity matrixA
achieved by other algorithms by using predictive coding,[12 )
employing a sequence of link weights satisfying a persesen = 1 if (4,j) e E )
condition [13], or resorting to dithered quantization [14] 7 0 otherwise

These algorithms [12]-[14] converge to a random variable

that usually deviates from the average of the initial statgl.her_e a;j denotes the(i’j.)th entry of A. The Laplacian
matrix of the graphG is defined as
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semidefinite matrix with only one null eigenvalue assodateAs shown in [1], due to the noise propagation suppressids, th
with the eigenvecto%l [15]. Assuming ideal links and no protocol is able to drive the system near the desired consens
guantization, the conventional distributed average cosmise value, i.e. the average of the initial state. Neverthelssnote
algorithm [2] updates its state as that the noise propagation is not completely removed ane the
A is still a nonvanishing noise term contributed by the recent
x(t+1) = (I-oaL)x(t) = Wx(t) () noise components. The final stat&), therefore, diverges (the
wherex(t) = [z1(t) z2(t) ... zn(t)]T, z,.(t) denotes the divergence of the final state from the desired consensus was
values of sensat at iterationt. It can be easily verified that for thoroughly examined in [1] by a worst case analysis and by
0 < @ < 52, the above system converges to the averageprobabilistic analysis). In the next section, by utilgithe
of the initial state, i.e--117x(0), whereAmax(L) denotes the temporal information collected from the iterative procese
largest eigenvalue d. develop an efficient algorithm that is guaranteed to coreverg
Now consider practical scenarios where data are quantiZ8cthe average of the initial state in a mean square sense.
before transmission. In this case, different variationsthef
conventional protocol (3) have been introduced and they
differ in how to utilize the received quantized data and loca Ill. PROPOSEDCONSENSUSALGORITHM
unquantized data. Specifically, in [12], [13], (3) is decarsgd

as A. Main Result

x(t +1) = (I — aD)x(t) + aAx(1) (4) Our algorithm i§ baseq on the fqllowing result, which
_ _ _ _ constitutes the main contribution of this work.
Where the fIrSt term on the r|ght'hand S|de requ”es Only Theorern 1: Considering the consensus protoco' (7)’ Sup_
local values and the second term uses data from neighborjigse that the noise sequenje(t)} is independent with zero
sensors. 'Naturally the update equation in the presencen@éan and finite auto-covariance matfisv (¢)v(t)7] = C, ;.
quantization becomes Then atemporal average of the sequenég(t)} converges to
x(t+1) = (I— aD)x(t) + cAQ(x(t)) (5) the initial state’s average value in the mean square sense as

) ) the sample sizé/ (for averaging) tends to infinity, i.e.
where Q(x) denotes the quantized vector by carrying out

guantization for each entry of using a certain quantization to+M—1

1 1
scheme. Another variation of (3) uses only quantized data fo Vi Z x(t) — NllTx(O) as M — (20)
the update: t=to
x(t+1) = WQ(x(1)) (6) wheret, is the starting point for sequence averaging and can

é); any positive integer. Specifically, when the sample 3ize
Aarge, the mean square deviation is approximately upper
punded by

This consensus protocol (6) was investigated in [14]. It w
found that both (5) and (6) can achieve a consensus in a m
square sense by utilizing predictive coding schemes [12]

by using dithered quantization schemes [14]. However,ethes 2N A2, (L)

algorithms converge to a random value which is usually not E[||xave(M) — %ol|3] < 5 (11)
equal to the average of the initial state. An important reaso M1~ p)
for this deviation is that for both protocols (5) and (6), thgere
guantization errors incurred at each iteration are preserv
throughout the process [16]. 1 totM—1
To address this issue, we introduce the following consensus Xave( M) éM Z x(t)
protocol (a similar protocol appeared in [1], which was lgiou t=to
to our attention by one reviewer): %o éillTX(O)

x(t+1) = x(t) — aLQ(x(t)) = Wx(t) — aLv(t)  (7)

a B o .
wherev(t) = Q(x(¢)) — x(t) denotes the quantization nois ihe largest eigenvalue di, and A, 2 max; Amad Co.s) for

vector. Due to the facl”’L = 0, this protocol preserves - ; b M -1
the network summation throughout the iterations. Alsoait ¢ * < {to, ..., to + M —1}.

& denotes the spectral radius@V —+ 117), Amax(L) denotes

A

suppress the noise propagation to a certain extent. To ige th _ Froof: See Appendix A. _ _ u
we expandx(t) as The intuition behind this theorem is to recognize that the
1 temporal average of the sequence, despite the fact that the
x(t) = Wx(0) — aZW“lﬂ'Lv(z‘) ®) successive states of the sequence are correlated, canobe ref
— mulated as an average of a set of independent random vectors

. . o with expected valug:117x(0) and finite covariance matrices.
For a specifici, the noise components(i) will eventually \ye emphasize that the sequence averaging algorithm is only
vanish as the system evolves over time because we have applicable to the consensus protocol (7) and its applicatio
. 1
lim W= Ly(i) = —117Lv(i) = 0 ) to other consensus protocols (5) a.nq. (6) does not lead to a
t—00 N convergence to the average of the initial state.



B. Discussions (v;(t) denotes the quantization error of sensait iterationt)
Some remarks regarding Theorem 1 are as follows. are random variables following the same Binomial distiiut

Remark 1: Note that convergence in the standard literatutith o possible outcomes, and;(t) and v;(t + 1) are
is measured by the mean square deviation between the ﬁlHerendent because the probabilistic quantization seese

state of the sequence and the average of the initial state, &€ independent. This is analogous to flipping a coin twiee in
E[||x(t) —%o|[2]. It has been shown by our analysis that suchdependently, the outcomes of these two flips are independent

convergence cannot be achieved by the consensus protycol (7

Here we construct a new estimate and define the convergekeeSummary of Algorithm

as the mean square deviation between the new estimate and thge now enumerate the steps for our proposed consensus
average of the initial state. This is meaningful in disttdali algorithm.

estimation scenarios where we do not have to choose the fina |nput: 5, b, ¢, and M.

state of the sequence as the estimate of the unknown paramet® Generate the sequen¢g(t)} using the consensus pro-
Any estimator that can yield a more accurate estimate is gcol (7), ie.x(t+ 1) = x(t) — aLQ(x(t)), where

certainly desirable. Q(x(t)) are the quantized data by using the probabilistic
Remark 2: The upper bound of the mean square deviation  qguantization scheme.

given in (11) is a function of the parametetB\max(L), 3 Let the final estimate be the temporal average of the

p, and A, in which ana(L) is within the region(0,2) sequencex()}, i.e. & iu_-i;M—lx(t).

to assure the system convergence (see the discussion after .o algorithm, only the second step requires data ex-

(3)). p is a parameter dependent on the graph topology agfnge among neighboring sensors. The third step involves a
contr_ollmg the convergence rate in conventional CONSBNSYmhle averaging computation that can be easily implengente
algorithms (the smaller the value, the faster the conve®enryqre js no buffer needed to store the previous states. With
rate), a_ndAU is a parameter closely related to the quangzgnog specifiedt, and M, each sensor only needs to carry out
resolution. We also see that the mean square deviationyg accumulation throughout the iterative process and then
inversely prqportlonal to the sample sité. To obtain amore nomalize by M, where the starting point, can be any
accurate estimate, we need to increase the samplésiznd qitive integer of user choice and the sample sizean be
consequently, the number of iterations. This, to some &xt€fgtermined from (11) given a specified mean square deviation
resembles the consensus algorithm [13] which prov'descﬁnvergence performance.
trade-off between convergence rate and mean square deviati The choice ofy andb should take into account the conver-
From (11), we also notice that for a largé, the starting point gence rate, energy/bandwidth budgets, and signal samrati
to for sequence averaging makes little difference to the megfle o the random nature of the quantization, saturation
square deV'el‘t'O”- This is because the term dependety BN 1,y occur during the iterative process. In this case, data
of orderO(y7) (see (16)). Therefore whei/ is sufficiently 516 rounded to the end points. This truncation may have an
large, this term can be neglected as compared with the teffredictable effect on our algorithm. Nevertheless, ifi [&
of order O( ;). - , longer version of [13]), a sample path analysis was carried
Remark 3: The condition imposed on the noise SeqUenGg ang it is shown that the state sequence generated by
{v(t)} in Theorem 1 is not restrictive and can be satisfied Q}e qyantized consensus protocol is uniformly bounded with
adopting a probabilistic quantization scheme [13], [14heT high probability, which means that we can choose proper
quantization scheme is summarized as follows. We uniformbérametersn and b to minimize the chance of data satu-
divide the sensor's dynamic rande-, 7] into intervals of \4iion/truncation. Also, our simulation results show thar

_ b : i .
length A = 27/(2” — 1) and round the message to the 1, 5h0sed algorithm is robust to moderate saturation when
neighboring endpoints of these intervals in a probabdlisth 44 are set in reasonable ranges.

manner, wheré denotes the number of bits for quantization.
Suppose-n +iA <z < —n+ (i + 1)A, thenzx is quantized IV. SIMULATION RESULTS

to according to . . .
Q@) g We present simulation results to illustrate the perforneanc

PQ(z)=-n+iA)=1—r of our proposed algorithm. The sensor network is constducte
P(Q(x) = —n+ (i + DA) =1 (12) using a random geographic graph model [18], in which
N = 25 sensors are placed uniformly at random on a two-

wherer = (x +n —4A)/A. It can be easily verified that thedimensional unit area and communicate with their neighbors
quantized messag@(x) is an unbiased estimator aof with  within a radiusr. The transmission radius is set to be
varianceE[(Q(r)—z)?] < A?%/4. Hence the quantization error/(log N)/N to ensure that the graph is connected with a high
induced in this way is a random variable with zero mean amaobability [18]. The weights assigned to the edges conmgct
a finite variance. Also, the quantization errors from défer two neighboring sensors are equal to one (see (1)). Thaliniti
iterations are independent. We would like to emphasize thatlues of the sensorg;;(0)}, are generated according to a
the strong correlation between successive states doeffexit a Gaussian distribution with zero mean and unit variance. The
the independence betweer(t) and v(t + 1). Considering performance is measured by an empirical mean square error
the extreme case where(t) = x(¢t + 1), by adopting the ||xave(M)—Xo||3 (or ||x(t) — %o ||3 for other schemes). Results
probabilistic quantization scheme, both(¢t) and v;(t + 1) are averaged over 1000 Monte Carlo runs, with the graph and
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Fig. 1. MSEs vs. the number of iterations. Fig. 2. MSEs vs. the number of quantization bitsThe number of iterations

is 200.

the initial state independently generated for each runy(onl
connected graphs are counted in). To show the effectiveness
of our algorithm, we compare our method with two schemes
[1] and [14] which use the final states of the sequerc&$)}
generated by protocols (7) and (6) as their estimates, and T
are denoted by FS-based scheme | and FS-based scheme Rur objective is to show that

respectively.

Fig. 1 shows the mean square errors (MSEs) of our proposed?[(Xave(M) — o) (Xave(M) — %0)] = 0 asM — cc.
algorithm and the FS-based scheme | as a function of the (13)
number of iterationsNy,, where we sety = 2, tg = 50
and M = Ny — to for our proposed algorithm, and theBy using the expansion expressionxft) (see (8)), we can
number of quantization bitsh, varies from 2 to 6. From expressxae (for simplicity, we drop the explicit dependence

Fig. 1, we see that our proposed algorithm presents a clegr)/) as the summation of following two terms:
performance advantage over the FS-based scheme I. Also, our

APPENDIXA
PROOF OFTHEOREM 1

method achieves consistent performance improvement with a to+M—1 to+M—1t—1
increasing Ny, i.e., the sample sizé/. More specifically, x,,.= 1 Z W'x(0) — @ Z ZWt‘l‘iLv(i)
the MSE of our algorithm demonstrates a behavior that is M =ty M t—ty  i=0
roughly inversely proportional to the sample si2é. This Lp (14)

observation corroborates our theoretical analysis théihee

the relationship between the MSE and the sample 3ize

(see (11)). In contrast, the FS-based scheme | yield m?jnce f; is deterministic andf, is a matrix-weighted com-

performance gain as the iteration evolves. In Fig. 2, we pl jnation of the zero-mean random vectofs(/)}, we can

the MSEs of our algorithm and the FS-based scheme Il Ver&ﬁscompose the mean-square error as

the number of quantization bits, where we set 2, ¢ty =

50,Niy = 200 andM = Ni; —to. Again, we see that, even with E[(xave — o) (Xave — %o)] = (fi — %o)" (f1 — %o) + E [f1 5]
a moderate number of iterations, a considerable perforenanc Lel e (15)
improvement is achieved by our algorithm.

Consideringe;, we have
V. CONCLUSION

The problem of distributed average consensus with quan- . RSl IR
tized data was studied. A new algorithm was developed by €1 =X (O)<M Z W - Nll >
employing a probabilistic quantization scheme and expigit t=to
the temporal information collected from the iterative @ss. 1 At . 1.7
Theoretical analysis proved that the proposed algorithm co ' (M ;;0 W - Nll >X<O)

verges to the average of the initial state in a mean squasesen 2o 9
Simulate results were presented to corroborate our theaket @p™|x(0)l3 A Ky (16)
results. M?(1 — p)?



where p denotes the spectral radius W —
comes by noting that
11T>

to+M—1
( oW
t
<W11T>

t=to
and the largest eigenvalue Bf is upper bounded by#— T 1W§1

+117), (a)

17)

to+M—1

-5 >
t=to

(the derivation is straightforward and thus omitted he

see that this term vanishes @sor M increases.

Now turning toes, we firstly expresd,; as

to+M—1t—1 ‘
fr=— > Y WITLv(i)
t=tg =0
o to—1 M-—1 o
=37 2 ( > Wt°“”)Lv<z‘)
i=0 N j=0
o to+M—2 , M—2—i+tg
& i ;
+ T < Z W >Lv(z)
i=tg 7=0
to—1 to+M—2
M Z G,Lv(i > HLv(i) (18)
=0 i=to

By using (18), we have
62 =E[f] 5] = trace(E[ff] |)

2 to—1
— ( ) trace(GLC,;L"G])
i=0

to+M—2
+ > trace(Hich,iLTHiT)>

i=tg

to—1 L to+M—2 )
(Z lGLcl ke Y IHLChE) W
i=tg
to+M—2 [2]
<) (Z lGLcl B+ Y IHLCLE)
1=tg
o2 to—1 o945—2-2i
<) N Apax(L) Z P + M 4]
M? L T=p2 (1 pp
5
by g
where(a) follows from the fact that the sequen¢e(t)} isin-  [g]
dependent with finite auto-covariance matfifv (t)v(t)?] =
C,.; (b) follows by recalling the matrix norm property [19, 71

page 56]:||X|r < VN| X[ for X € RN*N, where|| - ||
and || - || denote the Frobenius norm and matrix 2-norm
respectively;(c) is obtained by using the results (23)- (24)[8]
derived in Appendix B, and defining, £ max; Amax(Cu i)
for i € {tg,...,to + M — 1}.

By combining (16) and (19), and noting that and k.
are of orderO(7z) while 3 is of order O(4;), when M
is sufficiently large, the mean-square deviation therefgre [10]
approximately upper-bounded by, i.e.

2N\, Azmax(L)
ML= p)?

El

Ell[xave = Xol|2] < (20) [

Hence||GiLC

|G;LC

Since\,, and N are finite,p < 1 and Amax(L) are parameters
dependent on the network topology, the mean-square error
goes to zero as the sample si2¢, tends to infinity.

APPENDIX B
DERIVATION OF (19)

Since1”L = 0, the following holds for any integetr > 0:

t
= (Wt - ]1711T)L = (W — JifnT) L (21)

Therefore we have

M-1

GLC:, =Y

< 1 to—1—1+j
W — 11T> LC
j=0 N

£G.LCE ..

<G

(22)
%.HS is bounded by

||2 = Hnﬁax XTC2 LTGTG L02
1
T AT & NS
wax ¥'Gl Gy < IvI3(5—)
y:LCEix P
(a)

) plo—1-i 2
< Amax(Co, )/\max(L)(l_p)

(23)

where in (a), Amax(L) denotes the largest eigenvalue bf
and A\pax(Cy,

following a S|m|Iar der|vat|on,||HiLCv

) denotes the largest elgenvalue G, ;.
.l13 is bounded by

1 1 2
HHlLngH% < )\maX(C'U,i)/\?nax(L) (1_p> ) (24)
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