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Abstract—We examine distributed estimation of the average strategies, aimed to address not only the energy constbaint
power of a random signal in wireless sensor networks. Due to also the bandwidth constraint which is inherent in WSNs. In
stringent bandwidth/power constraints, each sensor quantizesst this setup, quantization becomes an integral part of thie est

observation into one bit of information and sends the quantized . . L . .
data to a fusion center, where the signal power is estimated. We mation process and is critical to the estimation perforreanc

firstly introduce two fixed quantization (FQ) schemes, with the Different quantization schemes were proposed to attain an
first using a single threshold and the second employing a pair of acceptable estimation accuracy while meeting the stringen
symmetric thresholds. The maximum likelihood (ML) estimators power/bandwidth budgets.

associated with the two FQ schemes are developed and their Specifically, by modeling the unknown parameter as a

corresponding Cramer-Rao bounds (CRBs) are analyzed. We d t B ; techni di
show that the FQ approach, especially the second one, can achievd@N0OM parameter, bayesian techniques were proposed In,

an estimation performance close to that of a clairvoyant estimator €.9., [10], [18], [19]. These methods require knowledgehef t
using unquantized data, if the optimum quantization threshold is  joint distribution of the unknown parameter and the obsgrve
available; however, the optimum threshold is dependent on the signals for quantizer design. Another category of methoeist t
unknown signal power and as the threshold deviates from its ho ynknown parameter as a deterministic unknown parameter

optimum value, the performance degrades rapidly. To cope with . . o
this difficulty, we propose a distributed adaptive quantization A notable example is a fixed quantization (FQ) approach,

(AQ) approach by which the threshold is dynamically adjusted Where a common quantization threshaldis applied at all
from one sensor to another, in a way such that the threshold sensors [11], [12]. The drawback of the FQ approach is that
tck(])nverges tg XWS OIDtimUWIW1 t.hreshold.t tolur”ana?{SiS ShOYVSIthat its estimation performance is sensitive to the quantimatio
e propose approach is asymptotically optimum, yieldin . ; ; ;
an .apsyraptotic CRBp(Equivalent toyth;t of they FS approa)éh Witr? Trreesrrr]gg, V}/:Ci(sjeecrzmlce 1S all\f[\_/alys %trlcr‘y Ir()jrot_)lerp in dpm:Ctl
optimum threshold. y : ploy multiple thresholds instead of one
threshold, hoping that one of the thresholds is close to the
optimum value. In [11], the authors proposed to periodjcall
apply one of a set of thresholds and each threshold is engbloye
with equal frequencies (through a periodic control signal o
. INTRODUCTION dithering added before quantization). Also, in [12], anaured-

Recent developments in computing and wireless commffigauency multi-thresholding strategy was developed,ctvhi
nication technology have led to the emergence of smafllows some thresholds (in particular those statisticeltyser
inexpensive sensors capable of sensing, processing, amd cf the optimum threshold) being used more frequently than th
munication. A wireless sensor network (WSN) consisting of @hers. Another recent method addressing quantizatioh wit
large number of such sensors is able to accomplish a variQf?erm'n'Stﬁca”y_ unknown parameter was introduced in],[16
of tasks including environment monitoring, battlefield\ait-  Where the idea is to optimize the worse-case performance by
lance, target localization and tracking, and many more[p]), Maximizing the minimum asymptotic efficiency between two
Distributed parameter estimation is one of the fundamenf@@ximum likelihood (ML) estimators using quantized and,
problems arising from the wide applications of WSNs. ~ eSPectively, unquantized observations. o

Since sensors in a network are powered by small-sizeMost studies on distributed quantization and estimation,
batteries whose energy resource is severely limited, gnefgcluding [101-[17], however, considered the estimatidrao
constraints are a primary issue that needs to be taken ifffga" Or location parameter under an additive model, =
account in designing distributed estimation algorithms. &+ wn, Wherez, denotes the unquantized sensor observation

multitude of studies along this line have appeared rec;enﬂgade at sensor,  is the unknown mean parameter, anglis

e.g. distributed estimation in the context of decentralizd!® Sensor noise with zero mean and known distribution. While
compression-estimation [3], [4], optimal resource altmpa the above model covers a range of important applications,
[5]-[7], and distributed estimation in the framework of sen W€ are interested in a different problem arising from other
cooperation [8], [9]. Meanwhile, some other works [10]_][17appllcat|ons such as spectrum sensing whose objective is

considered distributed estimation using aggressive qgatiun  €N€r9Y detection and estimation. The problem is to estimate
a scale parameter associated with the sensor observations.
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The problem of interest is to design one-bit quantizaticthreshold and the parameter to be estimated is non-triviél a
strategies{Q,(-)}, to convert{x,} into binary data{b,} needs to be found out by numerical search. In this case, our
which are forwarded to a fusion center (FC), and to find aesults show that the AQ approach can be easily extended to
effective estimate of the standard deviation or scale patam incorporate this generalized relationship and the asytigpto
o, from {b,} at the FC. Such a problem finds importanoptimality still remains true. Secondly, the technical lgsis,
applications, for example, in cognitive radios where a grolespecially the asymptotic performance analysis of AQ-ML
of secondary users collaboratively measure the power ofseheme, of [17] is restricted to the Gaussian noise setup. In
primary user signal for opportunistic spectrum usage [20}his paper, we have relaxed this restriction and it is shdvan t
[25], and in many other sensor network applications such #ee asymptotic optimality of the proposed AQ approach holds
detection and estimation which need to collect the stasistifor any continuous noise distribution.
of a signal/observation noise for the algorithm design, e.g The rest of the paper is organized as follows. Two fixed
[26], [27]. When a quantization strategy is given, maximumuantization schemes are introduced in Section Il withrthei
likelihood (ML) estimation ofo using quantized data wasMLEs developed and CRB analyses carried out. In Section
considered in [28]. In this paper, we consider joint quaaiton 1ll, an adaptive quantization approach is proposed, and its
and estimation, examine the impact of quantization on thie esasymptotic performance analysis is derived. Numericalltes
mation performance, and develop a new adaptive quantizatend comparisons are presented in Section IV, followed by

(AQ) approach for the estimation of. concluding remarks in Section V.
Specifically, two fixed quantization (FQ) schemes are firstly
introduced in this paper, where a single threshold and agbair Il. FIXED QUANTIZATION

symmetric thresholds are employed, respectively. Thalet . N
analysis shows that the FQ scheme using dual thresholds haAs', g|xed Quantization: Single Threshold
better estimation performance, yielding a CéarRao bound ~ As in [11], [12], we employ a common threshotdfor all
(CRB) that is about one half of that of the FQ scheme with $nsors to guantize the observations into one-bit infaomat
single threshold. Also, by choosing an optim_um quantiz_atio_ by = sgn(zn —7), n=12...,N, 1)
threshold, both FQ schemes are able to achieve an estimation
performance close to that of a ML estimator using unquadtizerhere
data (also referred to as “clairvoyant estimator” in thipgr. B {07 if z <0,
ot : C A sgn{z} = ) .

Specifically, for Gaussian distribution, the estimationiasace 1, if z>0.
of the FQ with a single threshold is within about 3 times that . .
of the clairvoyant estimator, and the estimation variarfte '° facilitate our analysis, we express as
FQ with a single threshold is within about 1.5 times that of
the clairvoyant estimator.

A|th0ugh the FQ approach provides a Comparab|e perfd}l.herevn denotes a random variable having the same distri-
mance to the clairvoyant estimator while requiring only onution asxz,, but with zero mean andnit variance,o is the
bit information from each sensor, its problem lies in tha thunknown scale parameter to be estimated. It can be readily
optimum quantization threshold is dependent on the unknowhiown that the probability mass function (PMF)igfis given
parameter to be estimated, which is not usable in practid®.
Also, as the threshold deviates from its optimum value, its N b 1—by,
performance drops rapidly. To cope with this difficulty, we Plbnio) = (1= Fv(r/o))™ (Fy (/o)) 3
propose an adaptive quantization (AQ) approach which, wittherepy (z) and Fy (z) denote the probability density func-
sensorssequentially broadcasting their quantized data, allowsion (PDF) and the cumulative distribution function (CDF) o
each sensor to adaptively adjust its quantization threlshigé v,,, respectively. Sincgb,} are i.i.d., the log-PMF or log-
design our AQ scheme by resorting to the ML estimator andikelihood function is
relationship between the optimum threshold and the unknown

T, =0v,, n=12...,N (2)

parameter found by an analysis. Our analysis shows that dtieslo) =1og[P(br, .., by; o))

proposed AQ scheme is asymptotically optimum, which yields N

an asymptotic CRB equivalent to that of the FQ approach with = Z {bn log[l = Fy(7/0)] + (1 = bn) log[Fv(T/U)]}
optimum threshold. n=1

Note that our AQ scheme here can be considered as an )
extension of [17] to a scale parameter estimation problettihere we use the subscript FQS (FQ with a Single threshold)
This extension, however, is not that straightforward ameddg to represent the current FQ scheme. The ML estimate and
many interesting results. Firstly, the fundamental apgmoaf CRB associated with this scheme are given in the following
[17] and the resulting optimality is tied to the notion thaproposition.
as the quantization threshold approaches the parameter to bProposition 1. For the FQS scheme, the ML estimatecof
estimated, the performance of the estimation approactes iggiven by
best possible. This fact may not be true for general paramete . T
estimation problems. For example, for the scale parameter 7= ol (1 B (ZN b )/N) (5)
estimation in this paper, the relationship between optimal v n=17n




where ;' denotes the inverse of the CDF. Furthermore, thhis dual thresholds based quantizer, the PMm,pfs given

CRB for any unbiased estimator based{@n } is as
CREBros(0) — % g;* Fv(T/U)Z(l(—/ F)v(T/o)). 6 Plaio)=(2- 2Fy (1/0))"" (2Fy(t/o) —1)' """ . (10)
T Py \T/O
Proof: See Appendix A. v m It follows that the log-likelihood function is
We see that CREys(o) depends on the quantization threshold N
7. To find an optimumr, we rewrite (6) as Leop(o) = Z |:bn log [2 — 2Fy (/0]
o202 Fy(r/o)(1 — Fy(1/o n=1
CRBresier) = - 2 V710 (T/U)w /7))
Py + (1 —by) log [2Fy (1/0) — 1] (11)
_0® 1 Fy(9)(1 - Fv(v))
N ~2 P (7) where the subscript FQD (Fixed Quantization with Dual
A o2 thresholds) represents the current scheme. We have the fol-
=y Gras() (") lowing result regarding its ML estimate and CRB.

P ition 2: For the FQD sch , the ML estimate of
where y £ 7/0 denotes the ratio of the threshold to theFS gir\?gr?sb)l/on or the FQD scheme, the estimate«
unknown parameter to be estimated. To minimize the CRB,
the optimumyy is the one minimizing the functioffros(7). 6= T . (12)

Specifically, for the Gaussian distribution, the optimum Pt (1 el O bn)/(2N))

is about+1.57 (see Fig. 1). Hence the optimum quantization

threshold is+1.57¢ for the Gaussian distribution. To betterThe CRB for any unbiased estimator based{ép} is given
evaluate the performance of the FQS scheme, we compar®t

with the ML estimator usinginquantized data (also referred to 1 ot (1- Fy(r/0))(2Fy(r/o) — 1)

as “clairvoyant estimator”), which provides a lower bound o CRBrqp(0) = IN 2 5 :

the achievable estimation performance of all rate-comstca T v (7/0) (13)
methods, and serves as a benchmark for evaluating the ef- poor See Appendix B. “
ficiency of the proposed quantization schemes. It is easy AQ \ye did for the single threshold case, we can rewrite (13)
derive (the derivation is straightforward and hence omlitt

here) that for the Gaussian observatidns, }, the CRB for

any unbiased estimator based on the unquantized {dafa CRBeop(0) = 0?1 (1-Fy(v)2Fv(y) - 1)
is given as 2N ~2 ¥ (7)
o & 2 Grool) (14)
CRBro(7) = 7 ®) o reely

where we use the subscript NQ to stand for no quantizatiomhere~y £1/o.

Clearly, we see that the minimal CRB achieved by the FQS Specifically, for the Gaussian distribution, the optimgm
scheme using the optimum quantization threshold is onlyabaninimizing the CRB is about .48 (see Fig. 1). Consequently
2Gros(1.57) ~ 3 times that of the clairvoyant estimator usinghe optimum threshold is 1.48¢ for the Gaussian distribution
unquantized data. Nevertheless, from Fig. 1, we obserte thad the corresponding minimal CRB achieved is only about
the performance of the FQS scheme degrades rapidly as ¢heyp(1.48) ~ 1.5 times that of the clairvoyant estimator (cf.
thresholdr deviates from its optimum value570. Note that (8). Also, from Fig. 1, we can see that the FQD scheme
without any prior information of the truer, the optimum outperforms the FQS scheme at all thresholds. This can be
choice of the quantization threshold is arbitrary becaige tintuitively justified since the FQD scheme produces a binary
optimum threshold minimizing the CRB is dependent on thgt that contains more information about the observatiod an
unknown parametes. the unknown parameter associated with the observations.

B. Fixed Quantization: A Pair of Symmetric Thresholds [1l. ADAPTIVE QUANTIZATION

Our previous analysis for FQS (i.e., the CRB is an even As we can see from previous analyses, both FQ schemes
function of the threshold) motivates us to consider a synmimetgre very sensitive to the choice of the quantization thrigsho
quantization scheme using a pair of symmetric threshafls r: the estimation performance of the FQ schemes degrades
which is defined as sharply as deviates from their optimum values. However, the

0 if —r<mz, <7 optimum threshold is dependent on the unknown parameter
b = sgN(|z,| — 7) = (9) & to be estimated, which is not usable in practice. To cope
with this difficulty, we propose a data-dependent distebut
Intuitively, this quantization scheme is able to achieveetids adaptive quantization (AQ) approach by which the threshold
performance as compared with the FQS scheme becauseishdynamically adjusted from one sensor to another, in a way
guantized bit,b,,, reveals more information about the signasuch that the threshold converges to the optimum threshold.
variance by locating the absolute value of the observaion. We adopt the following assumptions for the AQ approach:

1 otherwise



sensor 3 finds the ML estimate ofas

- - -CRB: FQ dual-threshold {
—— CRB: FQ single threshold [1

63 = argmax L3(0; by, ba, 71, T2) (16)

where

2
Ly(05b1, b2, 71,72) = [bk log 2 — 2Fy (73,/0)]
e

=

+ (1 = by) log [2Fy (14 /o) — 1]

17
: E denotes the log-likelihood function ef given binary obser-
1073L . ] vations by, b, and the associated thresholds -, where
-5 0 5 can be recovered from, = T A" Ab1—1 The stepsizeA
Y used by sensor 2 should be large enough such ithand
Fig. 1: Gaussian observations: CRBs of the FQS and FQ@b have different discrete values. Otherwise, it can be shown
schemes vsy, N = 100. thato3 obtained above is either infinity or zero (depending on

the values o, andb,), which should be avoided. Although
there is always a non-zero probability for and b, to have
Al We assume each sensor sends its quantized data toigiggtical values, the probability can be made practicaibaks
FC sequentially with the help of a scheduling algorithmiy choosingA sufficiently large. In addition, if for a chosen
e.g. [29]. A, the first two quantized bits are still of an identical value,
A2 While each sensor transmits, the other sensors can listBa following sensors can keep adjusting the threshold by
to the transmission due to the broadcasting nature of ther1 = 7, A’ AP»~! until a binary bit of a different value is
wireless channel. To focus on the quantization problergenerated, at which point the quantization process is bedtc
we assume that the quantized data are received withéaituse the ML estimator.
errors (by using, e.g., a strong error correction code). The thresholdr; is then computed as

A detailed discussion of these two assumptions will be pro- T3 = o (18)
vided in Section I1I-C.
where . is the coefficient of the relationship between the
optimum thresholdr, and the unknown parameterfor the
A AQ corresponding FQ approach. Hereis chosen to minimize
For the AQ approach, each sensor, say sensofinds (14) since a pair of symmetric thresholds are used here.

its quantization thresholdr,, by using the quantized data In general,nfE)lr sensom, it ﬁrst recovers the pr?)ﬁ';’“s
{bk}z;ll received from previous sensors. We firstly employ th@r,eShOIds{Tk}kzl from the rec.e|ved quantized daftly }; 1, ,
ML estimator to compute,,, wheres, denotes an estimateWh'Ch can be computed straightforwardly by the following
of o at sensom based on{b;}"_. The threshold, is then "€CUrSVE calculation:

calculated according to they: ~ o relationship established -, — 7 Ab1 AV -1

by the FQ analyses, e.g., for Gaussian observatiagps,=
1.570 if a single threshold quantization scheme is adopted or
Topt = 1.480 if a pair of symmetric thresholds are adopted.
In this section, we only consider the AQ approach employing

T3 = 03 63Zal“gmngs(J;bhbz,ThTz)

a pair of symmetric thresholds, i.e. each sensor quantigesn-1 = /10n—1 On—1 = arg maaan_l(a; (bRt A z)-
observation using the form of (9), as it yields better estioma (29)
performance. The details of the AQ scheme is described&s . .
follows. ter obtaining {71, 72,...,Tn-1} 'sensorn computes its
We firstly generate two quantized biis and b, for initial- current threshold, as, =y, with &, given by
ization. For sensor 1, we use an arbitrary positive threshol 6 = argmax Ly, (o; {b 721 {17 2)) (20)
saym = 1, to generaté; : 7
where
by = sgr(|z1| — 71). (15) n—1

(o b=t i) =3 [bk log [2 — 2Fy (71/0)]

Ly,
Then,b, is sent to the FC and all other sensors. Upon receiving P

b1, sensor 2 computes = 1 AP AP~ that is,, = 1 A if
by =1 andm = 7 /A if by =0, and uses it to generatg, + (1 = by) log [2Fy (¢ /o) — 1]}
whereA is a stepsize whose choice will be discussed shortly. 1)
Also, we assume that the initial threshald and the stepsize

A are known to all sensors. Based on the receifedb,}, is the log-likelihood function ot given {b;}7—].

—



The ML estimator at the FC to find the final estimatecsof from the fact thatb, is a binary random variable with
from the received quantized daf&, bo,...,bx} is given by P(b, = 1|7,,0) = 2 — 2Fy(7,/0) and P(b,, = 0|7,,0) =
22) 2Fy (t,/0) — 1, and we define

0?2 (1 = Fy (1 /o)) 2Fy (tn/0) — 1
where all threshold§r, ..., 7y} can be recovered from the — G(7n;0) £ ﬁ( v L/Q)()T( /;/)( n/o) ~ 1) (27)
quantized datdb;, by, ..., by_1} in arecursive way described " PyiTn
above. Note that unlike the FQ schemes, the ML estimatdfs(b)- . _ _
(21) and (22) generally admit no closed-form solution, and aTo compute the exact Fisher information (26), we need to
searching algorithm has to be utilized. Nevertheless, tie-c determine the distributions dfr,,}, i.e. { P(7,;0)}. Since the
putational complexity is moderate since only one-dimemasiio ML estimator used to find the threshold is a nonlinear fumctio

& =argmax Lg(; (b}, () 10)

search is involved. the threshold-, is a discrete random variable with the number
of possible values forr,, increases exponentially with.
B. CRB Specifically, sensom has 2"~! possible threshold values

We evaluate the performance of the proposed AQ approé@ﬁh each_ value chosen with a certain probability. The (_axact
through analysis of the corresponding CéarRao bound computation ofP(7,,; o) is, therefpre, cumbersgme, especially
(CRB), a lower bound on the mean-squared error (MSE) th4fen the number of sensord;, is large. To circumvent the
is asymptotically achieved by the MLE (22). By following thedifficulty in computing the exact’(r,,; o), we examine the
same derivation as in Appendix B, it can be easily verifie@ymptotic performance which offers additional insightoin

that the second-order derivative Bg (o) is the AQ scheme. . S
Proposition 3: For continuous noise distribution, (), as

(o) 1 i { =272y (10 /0) (b — 2 + 2Fy (1, / 7)) N increases, the CRB of the proposed AQ scheme converges
AQ - 3
g

— (1= Fv(r,/0))(2Fy (/o) — 1) to the CRB of the FQ scheme using the optimum threshold,
2 ie.
=253 (70 /0) + Tn (b — 2+ 2Fv (10/0))pv (70 /0)
* (1= Fy(mn/0))2Fy (ta/0) — 1) NCRBag(c) — NCRBrqp(Topt; 0)- (28)

2 Proof: See Appendix C. [ ]
B ﬁp%/(Tn/U)(‘va(Tn/U)3)(5712+2Fv(7n/0))} Note that we multiply the CRBs on both sides of (28)
(1= Fy (/o)) 2Fv(1/0) — 1)]? by a factor N because we have to properly normalize the

CRBs, otherwise both terms vanish with an increasi¥g

N
= Z A(bp, Tn,0). (23) and the claim loses its meaning. This result indicates that o
n=1 AQ scheme adaptively finds the best threshold by learning
The Fisher information is given by from prior transmissions. Without any prior knowledge of
. the unknown parameter, the proposed AQ scheme is able to
Ja(l) = - E {LAQ(U)} asymptotically achieve a CRB which is attained by the FQD

N scheme with an optimum threshold.
= Z Ebn;'rn [A(b’VH T’VL7 U)] (24)
n=1 C. Discussions

\(;\123:3 lﬁ%tho(fjinO;?jtre ?:(?tici?]g??Twitha:is‘;?SC; troa::j?)]ncq) nt As compared with the FQ schemes, the AQ scheme involves
variable as the;are dertlermined By })” Since a scheduling policy and needs the sensors to spend more power
i in reception and computation. The design of transmission
P(by, Tn;0) = P(71;0)P(by|10h; 0) (25) scheduling in wireless sensor networks has been addressed
in many works, e.g. [29] and the references therein. The
N EC clan be uieg tl_o coIIlect _tt::e SztiStiCti of tr;]e ddall'ta anld to
_ evelop a scheduling algorithm. Also, the scheduling algo-
Jaqlo) = = ZET"{E”"W [A(b"’T”’J)]} rithm can be dominated by the FC to relieve the sensors

we can write

n=1

N ) ) from transmitting any overhead information for scheduling
@ ZET [2% Py (Tn/) } For the power consumption issue, it is suggested in [30] that
"ot (1= Fy(m/0))(2Fv(ma/0) —1)|  in a sensor network, communication consumes a significant

n=1
N portion (about 70%) of the total energy, whereas reception,
) 2 —1 i i | I i f th
== Z P(1p;0)G™ (03 0)dT, (26) sensing and computation consume only a small portion of the
Ay total energy. Hence, considering the performance gain Qe A

where E,denotes the expectation with respect to the digpproach achieves relative to the FQ schemes, the additiona
tribution P(7,,;0)*, E,, .. denotes the expectation with reréception and computation power consumed by the AQ scheme
spect to the conditional distributioR(b,,|7,; o), (a) follows May be acceptable in many scenarios.

In order to focus on the quantization problem, we assumed

1As we will discuss shortly after, the threshotgl is a discrete random that the quantized data are received without errors for our
variable. However, we still treat it as a continuous randoamiable by

using the dirac-delta function so that we can present ouressjpns more approach .(See assumption (AZ)) Imperfegt Fommun'ca“Q”
conveniently by using the integral operator. due to noisy channels and limited transmission power will



affect the performance of all distributed estimation scagm 25 : : :

including ours. Albeit important, we consider this a separa P P N
issue. Moreover, in practice, we can minimize the adverse
effect of imperfect communication by implementing the AQ
approach in a proper manner. For example, an effective way
is to let the FC dominate the whole process. The sensors
no longer need to hear from other sensors and compute the
guantization threshold, instead, the FC keeps track of the

20 000 ©00000:0000000:0000:0

—— Information Loss: AQ
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-+- Information Loss: FQS (1=4)

[any
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T

Information Loss

. . R | 10f ‘0 Information Loss: FQD (1=4)
guantization threshold as in (19-21) (assuming energy dtudg
for the FC is not a major issue). Each sensor wakes up only
when polled by the FC; during this process (polling), the FC 5r C' TTTTmmTm T
assigns the quantization threshold to each sensor sealentit | .. T —]——0m7—m—m—
and the polled sensor, based on the assigned quantizatiot 0 L L L
0 50 100 150 200

threshold, generates its quantized data and reports bable to
FC. This FC-dominated AQ can effectively suppress the imper
fect communication problem since it involves communiaatioFig- 2: Gaussian observations: Information loss of the F@ an
only between the FC and the sensors. Of course, the charf¥el sSchemes relative to the ML estimator using unquantized
links from the sensors to the FC may still be unreliable due to data,o = 1.

the sensors’ limited transmission power (the links from i@

to the sensors can be considered ideal as the power of the FC is

not a major issue). However, as long as the transmission erdd 7 = 1.48 for FQD, the FQ schemes incur a moderate
probability (from the sensors to the FC) is kept low, the Adnformation loss, which is about 5dB for FQS and 2dB for
approach is expected to be robust to the communicationserrbRD- However, the FQ schemes are very sensitive to the value
and the resultant error propagation because each quémiza®f 7; as the threshold becomes more apart from the optimum
threshold is computed by the ML estimator at the FC bas®alue (even not too far apart, e.g.= 4), the performance

on all previous quantization thresholds (these threshates Of the FQ schemes degrades significantly. As for the AQ
exactly known at the FC as they are calculated by the Fegheme, the information loss decreases with an increasing
and all quantized data received from previous sensors, ahs is because the AQ scheme benefits from the previous

therefore the computed quantization threshold will stdef transmissions by adaptively choosing a proper quantizatio
the tendency towards the optimal threshold. threshold. Also, we observe that the information loss of the

AQ scheme approaches that of the FQD scheme with optimum
threshold, i.er = 1.48, which corroborates our previous claim

hi . i h ; fth ig Proposition 3.
In this section, we illustrate the performance of the FQ an The mean square errors (MSEs) of the ML estimators for

AQ sc_hemes. Two examplesf are consu_jered, where the ﬂ?é FQD and AQ schemes are included and compared with
servations{z,,} are assumed i.i.d. Gaussian random variabl

diid. Laol d bl o k d e corresponding CRB in Fig. 3, where we set= 1. For
and 1.1.d. Laplace random variables (also known as oub[ e AQ scheme and the FQD scheme with optimum threshold
exponential distribution), respectively.

T = 148, it is observed that the MSEs approach the CRBs
within a moderate number of sensoné, However, this is not
A. Gaussian Observations true for the FQD scheme with a non-optimum threshold 3.

We f|rst|y examine the information loss of the FQ andrl this case, the ML estimator needs much more sensors to
AQ schemes relative to the ML estimator using unquantiz&@nverge to its corresponding CRB. As we also see from this
data. The concept “information loss” is borrowed from [11]figure, the performance of the AQ scheme approaches that of
which is defined as the ratio (in dB) of the CRB for théhe FQD with optimum thresholdr(= 1.48) while without

proposed scheme to the CRB for the clairvoyant estimatpowing any prior information of the unknown parameter
using unquantized data: We plot the MSEs of the ML estimators for the FQ schemes

CRBo.pased ) as a function ofy = 7/c in Fig. 4, where we seV = 100 and
—_—ehased’/ (29) o = 1.Itis seen that the ML estimators achieves its asymptotic
CRBo() performance with moderate number of sensa¥s £ 100)
where we use the subscript Q-based to represent any quahen the ratioy is around its optimum value.

tization scheme. Note that although, for the AQ scheme, anOur analysis shows that the performance of the FQ schemes
exact computation of the CRB is impossible, neverthel@§), ( is dependent on the value of the unknown parametewen if

can still be evaluated numerically by Monte Carlo integnati the ratioy = 7/c is fixed (cf. (6) and (14)). Specifically, the
We sets = 1. Fig. 2 shows the information loss of the FQCRBs are proportional te?, indicating that a smaller results

and AQ schemes as a function of the number of sengdrs, in a better performance. Such a relationship also appliethéo

It can be seen that the information loss of the FQ schemeairvoyant estimator and the AQ scheme, which can be easily
is independent of the number of sensofé, Also, when observed from their CRB expressions. The performance of the
the optimum thresholds are used, i®.= 1.57 for FQS respective schemes versus the unknown parameter is plotted

Number of sensors

IV. SIMULATION RESULTS

IL £ 101og;
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&ig. 6: Laplace observations: CRBs of the FQS and FQD
schemes vsy, N =100, o0 = 1.

B. Laplace Observations
We consider the case where the observatifngs} follow
a Laplace distribution with zero mean and varianée i.e.

V2 V2|

= 3= ex ) (30)

Fig. 6 depicts the CRBs of the FQ schemes ysthe ratio

of the quantization threshold to the unknown parameter

to be estimated. As compared with Fig. 1, we see that the FQ
schemes demonstrate a similar behavior for both Gauss@n an
Laplace distributions: in both cases the FQ approach suffer
from a rapid performance loss when the threshold deviates
from the optimum value. A numerical search finds that for the
Laplace observations, the optimum threshold .o for the
FQS scheme and. 1250 the FQD scheme.

FQWe now examine the information loss of the FQ and AQ
schemes relative to the ML estimator using unquantized. data
It is easy to derive (the derivation is straightforward aedde
omitted here) that for the Laplace observations, the CRB for
any unbiased estimator based on the unquantized {dath

is given by

Px (xn)

2

g
CRBng(o) = N
Fig. 7 shows the information loss of the FQ and AQ schemes
as a function of the number of sensorS, where we set
o 1. Again, the AQ approach achieves an asymptotic
optimum performance with an increasirlg, irrespective of
the observation distributions.

(31)

V. CONCLUSION

The problem of power estimation from multi-sensors’ obser-
vations was considered in the paper. In particular, we agsum

Fig. 5: Gaussian observations: CRBs of the respective sehiersach sensor makes an independent observation from a certain

versus the unknown parameter N = 100.

distribution with zero mean and unknown variance. The cbjec
tive is to estimate the standard deviation associated with t
distribution in bandwidth/power constrained wireless segn

in Fig. 5, wherey is chosen to be 1.48 and 3 for the FQDetworks (WSNSs). Two fixed quantization (FQ) schemes and
scheme, and 1.57 and 3 for the FQS scheme, respectively, dheadaptive quantization (AQ) scheme were proposed and

number of sensorsy, is set to be 100.

their corresponding MLEs were developed. CRB analyses
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N~ Lros(0), Lrgs(o), to zero, the ML estimate af can be easily
0 ! ! ! obtained as (5).
0 50 100 150 200 The Fisher information for the estimation problem is given
Number of sensors by
Fig. 7: Laplace observations: Information loss of the FQ and _ -
AQ schemes relative to the ML estimator using unquantized Trasla) Ep, [L{2)] (35)
data,c = 1. where E, denotes the expectation w.r.t. the distribution

P(b,;0) (see (3)). Since

By, [(bn =1+ Fy(7/0))] = = Fv(r/0)(1 = Fy(7/0))
show that the FQ schemes are able to achieve an estimation + (1 - Fy(r/o))Fy(r/o)
performance close to that of the clairvoyant estimator gisin
unquantized data when the optimum quantization thresholds =0 (36)
are employed. A drawback of the FQ approach is that its esti-can be readily verified that

mation performance is sensitive to the quantization tholesh 2 P2 (1/0)
whose choice is always tricky in practice since the optimum Jrqs(o) = Nj v (37)
ot Fy(r/o)(1 - Fv(r/0))

thresholds are dependent on the unknown parameter. The

proposed AQ scheme, in contrast to the FQ approach, dafnce the CRB is given by

effectively address this problem. Our analysis shows that t Bros(c) = 1
proposed AQ approach is asymptotically optimum. Without Q J(a)
any prior knowledge of the unknown parameter, it yields an 1 0* Fy(r/o)(1 — Fy(7/0))
asymptotic CRB equivalent to that of the FQ approach with N2 p2(7/0) : (38)
. . . 14
the optimum threshold. Simulation results were presem)edf :
X he proof is completed here.
corroborates our claims.
APPENDIX B
PROOF OFPROPOSITIONZ2
APPENDIXA The first derivative and the second derivative Iafop(o)
PROOF OFPROPOSITION1 are given as follows respectively
N
. 0log[2 — 2Fy (1/0)]
By noting that Lego(a) =) {bn 5
n=1
0log[2Fy (/o) — 1]
OFv(1/0o) T +(1—b,
I =~ Ty (e/o) (32) <N ) oo
. L L TZ{b pv(r/0) —2(1—b,) pv(r/o) }
the first derivative and the second derivative Igigs(o) are o2 o] "1 Fy(r/o) " oFy(r/o) — 1
given as follows, respectively N
_LZ pv(7/0) (b — 2+ 2Fy(7/0)) (39)
. N dlog(1 — Fy(r/c)) o2 — (1-Fy(r/o))2Fy(r/o)—1)
Legs(o) = Z by 9
=l 1 [ —2Zpy(1/0)(by — 2+ 2Fy (/o))
log F; I -
+(1- bn)aogaV(Tm} Feol?) = 73 Zl { (1 — Fy(r/0)(2Fy (/o) — 1)
g n=

(M)

—25p3 (7/0) + 7(bn — 2+ 2Fv(7/0))pv(7/0)
} (1—Fv(r/o))2Fv(r/o) —1)
0% (1/0)(4Fy (1)) — 3) (b, — 2+ 2Fy(1/0))
T Kpy(r/o) (b — 1+ Fy(r/0)) - 1— Fy(r/o)2Fy(r/o) — 1)
=~ R e = Rt )o)) (33) I¢ v(t/0))(2Fy(r/0) —1)] (4}0)

e R




Since

By, [(bn — 2+ 2Fy (1/0))]
=201 = Fy(r/0))2Fv(7/0) = 1)
+2Q2Fv(r/o) =1)(1 = Fy(7/0))

—0 (41)

it can be readily verified that the Fisher information is

JFQD(U) =-F, [f/dual(o)]
it

ot (1 - Fy(r/o))(2Fy (/o) — 1)
Therefore the CRB is given by
1 o (1 - Fy(r/0))(2Fy(r/o) — 1)

(42)

CRBraolo) = 5 72 P2 (/o) '
(43)
The proof is completed here.
APPENDIXC

PROOF OFPROPOSITION3

Note that sensotn computes its threshold as, = ud,,
whereg,,, is estimated as

6'm = arg m;tX Lm (U; {bk}Z;_117

ey
m—1

= arg max Z [bk log[2 — 2Fy (11, /0)]
k=1

- b)loglFy (/o) -1] | @)
It can be easily verified that the above log-likelihood fumat
satisfies the “regularity” conditions and, hence, for ladg¢a
records (i.esn is large), the ML estimat&,, is consistert
[31], [32]. Consequently, for any smadl> 0, we can find a

sufficiently largem such that
P(l6, —0|<e)>1—c¢

n>m. (45)

wherem is chosen to satisfy (45). Clearly, we have
9 m—1
0<J; éﬁ Z:l /P(Tn;O')Gil(Tn;O')dTn,

<%(m — l)Gil(Tmim 0')~ (47)

where 7min is the value minimizing the functiorG(r; o)
defined in (27). By comparing (27) to (13), it is easy to se¢ tha
Tmin = Topt = [0, Whererg, denotes the optimum quantization
threshold for the FQD scheme.

Similarly, J is upper bounded by

N
2
Jo é—Q Z /P(Tn;U)G_l(Tn;O)dTn
g =m

<%(N —m 4+ 1)G ™ (Tmin; 7). (48)

On the other hand, its lower bound can be derived as

N
2 -1
Ja == Eﬁ /P(T,L;O')G (Tn;0)dTy,

N

2 _
:E Z |:/7— T — Timin| < pre P(TR;O_)G 1(Tn;0)d7n

Jr/ P(Tn;J)Gl(Tn;U)dTn:|
T | T —Tmin| > pe

>j27;n[rw:m_7—minl<ue P(Tn;U)G_l(Tn;U)dTn

(@) 2 al

> ;(G—l(q-mm;a) —90) Z /T P 6P(Tn;a)dTn
2 n]=vm i T = Tmin| <t
ﬁ(Gil(Tmin;U) —9) Z P(7y, : |7 — Tmin] < pe; o)

®2, o

> ;(G (Tmin; o) =) (N —m +1)(1 —¢) (49)

where (a) comes from the fact that () is a continuous
function, therefore for any > 0, we can find & such that for
all 7 : |7 —Tmin| < pe, we haveG =1 (1min; o) —G~1(7;0) < 6;

Considering (26), we expreshg () as the summation of the () follows from

following two terms

m—1

Tol0) =25 3, [ P(rio)G  (ruio)ir,
n=1

N
2 _
+§ Z /P(Tn;G)G Yrp;o)dry,

27+ Jo (46)

2The consistency of the ML estimator has been studied and grbye
some earlier works, e.g. [31, Appendix 7B] and the refereheeein. In [31,
Appendix 7B], the authors stated that the ML estimator is isbest if the
likelihood function satisfies the following two “regulayitconditions: 1). The
first-order and second-order derivatives of the log-liketid function are well

P(7y : |Tn — Tmin| < pe;0) =P (6, : |46y — po| < pe; o)
=P(|6,, — 0| <€)

>1—€ (50)
in which the inequality comes from (45).
Combining (47)—(49), we therefore have
NG~ (Tmin; 0
% > JAQ(J) >
2(N —m+1)(1 - €)(G Y (Tmin; o) — 9)
o2 ’
(51)

The CRB is, therefore, lower bounded and upper bounded by

defined; 2).E[Lag(c)] = 0. These two conditions are exactly satisfied forggG

our case. The second condition can be easily verified byiatijithe property
(41). However, to simplify the discussion, [31, Appendix By provided a
proof for i.i.d. observations. The consistency proof far gfenerally dependent
observations can be found in [32]. Note that for the AQ scheheequantized
data{b, } is non i.i.d. due to the fact that the threshalg used to generate
b is dependent on the previous de(ﬂan}fn;ll.

%”J) < CRByo(0) <

%G (Timin; 0) NG~ (Tmin; 0)

2N (1 —€)(G=Y(Tmin; 0) —5)(sz+1).

52)



ConsideringN > m, m is sufficiently large to ensure — 0
andd — 0, and noticing thatrmin = 7opt, hence we have
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