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On the Joint Source-Channel Decoding of Variable-Length
Encoded Sources: The Additive-Markov Case

K. P. SubbalakshmiMember, IEEEand Jacques Vaiseilember, IEEE

Abstract—We propose an optimal joint source-channel max- memoryless and that (variable-length) entropy coding is gener-
imum a posterioriprobability decoder for variable-length encoded ally required for a source-coder to achieve good rate-distortion
sources transmitted over a wireless channel, modeled as an add"performance. Although interleaving can be used to effectively

tive-Markov channel. The state space introduced by the authors tabursty ch linto a bi tric ch |(BSC
in a previous paper is used to take care of the unique challenges converta bursty channelinto a binary symmetric channel ( ),

posed by variable-length codes. Simulations demonstrate that this this strategy also results in delays, which may be unacceptable
decoder performs substantially better than the standard Huffman in some applications.

decoder for a simple test source and is robust to inaccuracies in  |n the following, we describe the channel model and develop
channel statistics estimates. The proposed algorithm also comparesy maximuma posteriori (MAP) decoder for entropy-coded
favorably to a standard forward error correction-based system. ) ..
Markov sources transmitted over additive-Markov channels
Index Terms—Bursty channels, error-resilient communication, (AMC). The performance of this decoder is then evaluated by
joint _source-channel decoding (JSCC), maximuma posteriori  gimy|ations using sample test sources, channels, and forward
(MAP) decoding, variable-length codes. -
error-correcting codes (FEC). We also present the performance
under mismatch conditions, demonstrating the decoder’s
|. INTRODUCTION robustness to errors in the estimation of the channel statistics.

HE observation that Shannon’s source-channel separation
[2] theorem holds only under asymptotic conditions Il. THE MAP-AMC PROBLEM

(arbitrarily large codeword lengths and large delays) has ledThis letter deals with the design of an optimal JSCD for vari-
to increased interest in exploring joint paradigms for soureghle-length encoded sources transmitted over bursty channels.
and channel coding. These joint source-channel coding (JSQX3jaji et al.developed a model for such a channel [13] in which
schemes can be broadly classified into three different cathe channel is described by
gories: joint source-channel encoding (JSCE) [3], [4]; joint
source-channel decoding (JSCD) [5]-[9]; and rate allocation Y =X, ® 7, Vi=1,2,... 1)
strategies [10], [11]. As the names suggest, these deal with ) _
the joint design of encoders and decoders and rate allocat¥pere © denotes the binaryor operation andX;, Z;, and
between the channel and source codes, respectively. YZ represent the bmgry random yarlables associated with

Our current focus is to develop a JSCD scheme for vafit Position i of the input, the noise, and output random
able-length encoded sources transmitted over a channel vRfRC€SSes, respectively. The noise random processjs
memory. Previous work on JSCCs for channels with memofpSUmed to be stationary, Markov, and independent of the input
includes [4] and [12]. Of these, the first paper describes a JCBEPCESS. For a channel with error probabilitand correlation
technique and the second proposes a JSCD for a binary soufééfficient p, the transition probabilities(zn |2, 1) =
Our work differs from [12] in that we deal with variable-length™{#n = 2n|Zn-1 = 2,1} and the marginal probabilities of
encoded sources. To the best of our knowledge, this work is fig Noise bit€)(z,) = Pr{Z, = z,} are given by [13]
first attempt to design an optimal decoder fxmigblg-length Q(00)  Q(1)0) 1 l_ets .
encoded sources operating olarsty channelsPreliminary re- [Q(Oll) Q(lll)} =175 { 1 e+ §
sults of this study were published by us in [9].

Our goal is to achieve the best performance possible withquh Q(1) = ¢ = 1 — Q(0) and where§ = p,./(1 — p.) is a
the use of channel codes, which require overhead bits. This wegdgrelation parameter.
is motivated by the facts that most real-world channels are notl_et us consider a Stationary' Variab|e_|ength encoded

Markov source, transmitted as binary bits over an AMC. Let
Paper approved by K. Rose, the Editor for Source-Channel Coding of thé denote the set of all possiblB-bit sequences of variable-
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Fig. 1. MAP-AMC: Example state space and trellis.

sources is straightforward) and defipeo be the index of the that of MAP-BSC and equal to the number of states. Only a
most probable transmitted sequence. The MAP problem for thimall additional overhead is required for handling the noise bits.
AMC (MAP-AMC) is then to determine the optimal sequence The state space for the MAP-AMC decoder consists of two
") — {63_17 e, C;.n(j)} according to classes of states: thmmpleteand theincompletestates. The

I ' ' decoder is said to be in a complete state if the most recently
received bit is the last bit of a codeword. If this bit does not ter-
minate a codeword, then the decoder is said to be in an incom-
plete state. The degree of incompleteness is simply the number

of bits of an incomplete codeword that have been already re-

X H [Pr(ejlejp—1)] H Q(zj,ilzji-1) @) ceived by the decoder. Fig. 1 shows the state space for a simple
k=2 =2 example, together with the possible transitions between stages
1 — 1 and:. Each node in the trellis represents a state-stage pair.
A special case of this state space was proposed in the context of
variable-length dimension vector quantization in [15].

&1 = argmae {Pr(c; et (1 - 050
cnli
J

n(j) B

wherePr(c; 1) is the probability that codeword, ; was trans-
mitted first,Pr(c; x|c; 1—1) is the probability that the codeword
¢;., Was transmitted immediately after the codeweyg_;, and
zj, Is theith noise bit under thgth partition, which is deter-
mined by the received bit stream, the specific partition, and (1).  !ll. STATE SPACE AND THE PROPOSEDALGORITHM

The maximization ovey effectively searches through all pos- The MAP-AMC decoding algorithm performs three main op-
sible error sequences and bit-stream partitions. This maximiz&ations at each stage: the first examines the metrics of the paths
tion can be time consuming and the problem is best solved Bjjtering each node in the trellis, the second looks for a path
casting it into a dynamic programming framework; however, iferger and declares codewords when merges are found, while
order to accomplish this task, an efficient state space is needg@ third uses the noise bits associated with predecessor nodes.
Before proceeding with the state-space development, we C@igr a complete node, this third task looks along the maximum-
sider the right-hand side of (2), which can be factored into tW@etric path and stores the last noise bit of the predecessor code-
terms: a channel term and a source term, with the former bemrd, however, for incomp|ete nodesl a vector of values corre-
B sponding to the last noise bit of each of the complete nodes of
zia(1 — N1=z1) . the previous stage must be remembered.
e (1-¢) LIZQ(Z“"Z“_I)' In the ensuing discussion, we denote a node by an ordered
pair of integers representing the state and stage indexes. For ex-
In the dynamic program, every stage must know the noise hinple,v = (v,,v,) represents the node corresponding to state
of the previous stage in order to compute the continued produgtat stagey,. The codeword dimensions are bounded between
occurring in the channel term. This requirement translates intg,,, and/,,,... Thus, if there aréV codewords in the codebook,
remembering the noise bit associated with the last bit of tiieen the complete states can be indexed fiom N and the
codeword that immediately precedes the current node (statesomplete states frorlV + 1) — (N + lmax — 1). For each
stage pair) along the best metric path terminating at the currenmplete state;,, whose length we denote ki, and whose
node. The solution is effectively formulated within the framesath bit is denoted by:.(a), we compute the metric increment
work of the state space proposed by the authors for variabl®rlooking back to the previous complete states, which are lo-
length encoded Markov sources transmitted over the MAP-BS@tedd,. stages away. Each of these increments is denoted by
[1], [14]. Note that since the state space is the same, the cavHk, 4, ¢;] and refers to the path segment that begins at node
plexity of the MAP-AMC algorithm is essentially the same a§j, : — d;) and terminates in the nodg, i), where both: and;
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are complete states. ¥, ; is thed, most recently received bits For k£ =1,2,--- N
at node(k, i) andby, ;(a) denotes the:th bit in this segment, )
then we can write Nos o JPnildi) ® ci(dy), i > dy
’ Don’t care, 1 < dj,
Nau,(i-1) Vu€{1,2,---,N},
. 4 k=N+1.
Mk ] = g (Prieslcs) Ml NG o) Vae {123},
iy Vk € {N+2, -+, N+lpax—1}
+ lo 2k i—a) |2k (i—a—
;::0 810 Q (2. i-o) 2 n) Update paths
For ke {1,2,---,N}
Wherezk,(i_a) = bk7i(dk—a)®ck(dk—a) fora € {0, e di— vV = (]C, Z)
1} andzy ;—q, = Nnta,—1(J), which is 1 if the last bit of the b =g v =i —dje;
codeword:; was different from the corresponding received bifylerge Check and Output
and 0 otherwise. A formal expression for the meaning/ofill For degree-zero nodes, we trace back
be presented below. Note thais merely a running index and from the respective nodes at stage 1
does not have any other significance. however, for any incomplete state k,

Let M. ; be the metric value associated with the maximum- we trace back from all  of the complete
metric path terminating irk, ), wherek € {1,2,...,N} states of stage i — k + N; this must be
(i.e., the complete states). For incomplete states, we dedone because no parent node can be dis-
fine M (u) to be the uth element in the vector of carded at incomplete states, since it
metric values that need to be rememberedfat), where =~ may be the parent of some state at a
Ee{N+1,N+2,--- N+lpx—1}andu € {1,2,---,N}. later stage.

We note that updating/;, ;(«) involves only a copy operation. Loop Back/Stop

Finally, let v’ be the parent of node, where a parentis [If i< B, Set ¢+ i+ 1 and go to Input
defined as the penultimate node in the maximum-metric pathElse Stop.

terminating at node, and letd,» be the length of the codeword

corresponding to the parent node (which is complete). The full IV. EXPERIMENTAL RESULTS

algorithm can now be stated as follows. i .
We define two measures of performance for the algorithms:

the percentage of bits that are out of synchronization (PBOS)
and the modified signal-to-noise ratio (MSNR). The PBOS cap-

lm;[:,,a;jf first lyin — 1 bits tures the synchronization-loss aspect of the performance and is
For 4 =1, Iy —1, defined as the ratio of the number of bits that are received out of
My, — 0 Vk € {1,2,---,N}. synchrqnizgtion to the total number of bits in the stream. The
Myi(u) «— O0Vu € {1,2,---,N}; Vk ¢ MSNR is simply the SNR between the original, unquantized
{N +1,-- N + lpaxl}. source and the synchronous portions of the decoded stream.
P . These performance measures serve to somewhat decouple the
For k=1,2,---,N effects of loss of synchronization from that of word errors and
v = (k,i) / are appropriate for signals where the synchronization loss is less
v? = &, the empty set (no parents) annoying. In general, performance measures could be applica-
Input : tion dependent. Although we present results for Huffman codes,
Input bit at the ith stage our decoder is applicable to any entropy code that can be imple-
Update path metrics : mented as a table lookup algorithm.
For k=1,2,--- N Experiments were performed on 50000 samples of zero-
see the equation at the bottom of the mean, first-order, Gauss—Markov sources (driven by a unit
page variance, Gaussian random process) with= 0.9 and p, =
Update noise bits : 0.8. Both sources were quantized using nine levels, with the

max; { M(nta,—1,i-1)(J) + Mk, i,¢;]}, i > dy,
logyo (Pr{ck}) + 2k,1logo(€) + (1 — 21,1) logyo(1 — €)
Mk,i - di 2 .
+ Ea:O logy Q(Zk,i—a|zk,i—a—1)7 7= dy,
0, 1 < dy,

M, i(u) — My, (i-1) Vue{1,2,---,N}, k=N +1.
i My i—ny(u) Y€ {1,2, - N}, WE€ {N 42, N+ lyay—}

J;: — argimax; {M(f\t‘rdk*l),(i*l)(j) + M[kt, Cj]} 5 VEk € {1 2, s N}
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Fig. 2. Performance comparisons: = 0.9, p. = 0.8.
Fig. 3. Performance comparisons: = 0.9, p. = 0.7.

step sizes set to 1.25 and 0.9, respectively; the quantizers were

chosen simply to give “reasonable” fidelity under error-fredecoder to ensure fair comparison. The results presented are
conditions. Once quantized, the sources were Huffman encodégaverage of six different channel realizations (random seeds)
and corrupted by random bit-error patterns representing differé@id are depicted in Fig. 2 fgr. = 0.8 and p; = 0.9.

AMCs. The quantized data is modeled as a Markov(1) sourceFrom the plots, we see that the MAP-AMC performs better
and the MAP-AMC decoder developed above is applied to than the Huffman decoder at all error rates considered, with
The statistics of the source were obtained from the quantizeximum improvement being 6.3 dB (MSNR) and 27.3%
data using a training sequence. A counter was set up to co(PBOS). We can also see that the MAP-AMC does better
the number of occurrences of each event and the probabiliyan a scheme that involves a convolutional coder and inter-
was calculated from that. The transition probability was aldeaver. Experiments where the source correlation is reduced to
calculated by the “counting” method, where the total number, = 0.8 also show a similar pattern of improvement over the
of favorable transitions are counted. For the experiments wittuffman decoder, but with a reduced maximum improvement.
conventional FECs, we used a rate 2/3 convolutional codais result is expected, since the redundancy due to the source
(with depth 100, block interleaving) having constraint lengtmemory has been reduced. We then looked at the effect of
two, as in [16]. To keep the overall bit rate the same as in theducing the channel memory by loweripg to 0.7. Fig. 3
basic case, we code the source at 2 bits/sample by usinghaws that the performance trend is the same aspyith 0.8,
five-level quantizer and Huffman codes. The channel bit ratdthough the peak MSNR and PBOS improvements are now
is now altered due to the introduction of the FEC in the loo|6.67 dB and 20.87%, respectively. We then set the error rate to
Hence, in the experiment where the MAP decoder follows= 10~'> and swepi,. from 0.1 — 0.9. The performance

the FEC, we use the new channel bit-error rate in the MABRots are shown in Fig. 4 and, interestingly, it is seen that the
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performance oboth the MAP-AMC and Huffman decoders Fig. 5. Performance under channel mismajeh:= 0.9, p. = 0.8.

increases with the channel memory. Although somewhat

surprising, the Huffman results can be explained by the fadentically distributed sources over an AMC. Derivations for
that increasing the channel memory results in greater erropre complicated sources, such as the one considered in this
clustering: the result is fewer symbols being corrupted andedter, are challenging problems and are not attempted here.
smaller number of synchronization losses. We also see thatn practice, the channel estimates may be inaccurate or
the relative performance of the MAP-AMC decoder is alwaygoor. Studies on the performance of our decoder to these
better than the Huffman decoder and actually increasps i@s mismatches show that the proposed decoder is very robust
dropped. In general, it is difficult to separate the improvemetd channel mismatches. For example, we transmitted 50 000
of the MAP-AMC decoder over Huffman decoder into that dusamples of @&, = 0.9 Gauss—Markov source through a channel
to source and channel memory. For example, we observed twdgh p. = 0.8. The received data was then decoded using
settingps = 0 resulted in a MAP-AMC decoder that performslecoders designed for an “erroneous” channel correlation value
essentially the same as the Huffman decoder. Future warkp,; ranging from 0— 0.9, with p; = 0 corresponding to
needs to be done to explain this phenomenon and to verify tlaat assumed BSC channel. The average results from the six
it occurs under all operating conditions. As a final note, thdifferent channel realizations are shown in Fig. 5, and it is
ps = 0 results show that the “believe what you see” rule (thgeen that the MAP-AMC is reasonably robust to errors in
decoder parses the received stream as is) is sometimes a ggsiinatingp. and only a huge mismatch of 0.9 causes the
solution. In fact, Alajajiet al. [12] have derived conditions for MAP-AMC result to drop below the Huffman curve.

the optimality of the “believe what you see” rule for the simple Finally, a note on computational complexity: each data point
cases of binary-symmetric Markov and binary independent agkdown in Figs. 2—4 used approximately one minute of CPU time
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on a SUN ULTRA 10 computer for the MAP-AMC decoder and [12]
about four seconds for the Huffman decoder.

(13]

V. CONCLUSIONS [14]

This letter has examined the design of a joint source-channel
MAP decoder for entropy-coded Markov sources transmittegs)
over an AMC. The state space developed for the MAP-BSC
for Markov sources [1] can be used in the dynamic programpy g
ming formulation for the MAP-AMC. Simulations have demon-
strated that this decoder does significantly better than the coft’]
ventional one at all channel error rates considered, with these
conclusions holding both with and without FEC. The decoder
is robust to inaccuracies in the channel-correlation estimate. Fi-
nally, the overall performance of the MAP-AMC is seen to be
significantly better than that of the MAP-BSC [1], indicating
that it is critical to include the channel memory in the metric
calculation. This improvement is not surprising, since channels
with memory have higher capacity than those without [17].
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