Exam [ Solutions for Ma 221 2004 Fall.

1 Exam IA

In Problems 1 — 3 solve the equations:

1 [25 pts.]
y —ytant =sint y(0) =2

Note: [tantdt = —In (cost) + C.
Solution: This equation is first order linear with P (t) = — tant. Hence

JP)dt _ e—ftantdt _ 6ln(cost)

e = cost

Multiplying the original DE by cost we get
costy —ysint = costsint

or
(ycost) = costsint

so that integrating both sides leads to

sin? ¢ cos?t

ycost:/costsintdt: +C or — +C’
SO
) sin?t n C ) cost n C’
= — or = ——
4 2cost  cost Y 2 cost
The initial condition implies
)
C =2 or C/ = 5



Thus

(t) sin?t n 2 o (t) cost n 5
— T = -
y 2cost  cost y 2 2cost
These two expressions are equivalent since
(t)— sin2t+ 2 _1—COS2t+ 2 _ cost 5
y ~ 2cost  cost  2cost cost 2 2cost
2 [25 pts.]
dy  3z%y*+2xy

dr ~ 2%y +a+y
Solution: We rewrite the equation as

(3x2y2 + Qxy) dx + (2x3y + 2 + y) dy =20

Letting M = 32%y* + 2zy and N = 22y + 2% + y, we see that M, =
622y + 2x = N, so this equation is exact. The there exists a function F (z, 1)
such that

F, = M =32+ 2y
F, = N =223y +2* +y

Integrating the first equation with respect to x while holding y fixed leads to
F =2+ +g(y)

SO
Fy=22y+a% + 4 (y) = N =22 +2° +y
4+ C

Therefore ¢’ (y) = y, so that g (y) = % + C. Hence
2
F:x3y2+x2y+5+c

and the solution is given by

y?
23y? 4 2y + 5 K



3 [25 points]
dz

= —tx =322

dt

2
Note: [tPezdt = 23t — 2e3t 4 O
Solution: This is a Bernoulli equation. The equation may be rewritten as

% —tz 7t =3
Let v = 27!, Then v/ = —z 22’ and the DE can be written as
— —tv =13

or
vt = —t3

Then

+2
edet _ eftdzt — ez

Multiplying the DE by this we get

2, 2 3t2
e2v +tezu = —t'e2

or
2 ! 2
<e7v> = —tlez
Integrating gives
ﬁ 9 142 142
ez = —te2" +2e2" +C
so that

+2

1
—=—t*+2+Ce 2
x
4 a (15 pts.) The differential equation
y' =9y = 2e™ ((+))
has the general solution

1
y (1) = cre7 + cpe® + gxe‘%



Find the solution or solutions (if they exist) to () with the initial conditions
y(0)=—5,4(0) = 3.

Solution: )
y(0)=c1+c=—=
9
/ —3x 3z 1 3z 3z
y () = —3c1e™"" 4 3cpe”™ + 3¢ + xe
"(0) = —3¢1 + 3¢ +1—1
Yy = 1 2 373
or
—C1 —+ Cy — 0

SO ¢; = ¢y and 2¢; = —% SO 1 = Cy = —1—18. Thus

1 3z 1 3z 1 —3x

y(z) = 37 — g€ — g€
4b (10 pts.) Solve the equation
dy

I%ZQ(Q—‘U y#4

Solution: This equation is separable. Hence

dy _,dz
y—4 x
Therefore
In(y—4)=2lnx+C
or

2 Exam IB

In Problems 1 — 3 solve the equations:
1 [25 pts.]

y +ycott = cost

/() -



Note: [ cottdt =1In(sint)+ C.
Solution: This equation is first order linear with P (¢) = cot¢. Hence the
integrating factor is

ef P(t)dt _ ef cot tdt _ eln(sint) — sint
Multiplying the orginal DE by cost we get

sinty’ + ycosx = sintcost

or
(ysint)’ = sintcost

so that integrating both sides leads to

.9 2
t t
ysint:/sintcostdtzsm v C or — 2
SO
0 sint+ C 0 cos?t N o4
=— 4+ — or = —
Y 2 T sint Y 2sint | sint

The initial condition implies

5
C=—=- o (C =3
2
Thus
(t) sint n 5 (t) cos?t n 3
= — or = — —_—
y 2 2sint y 2sint  sint
These two expressions are equivalent since
(1) = sin®t N 2 1—COS2t+ 2 coszf+ 5
y ~ 2cost  cost  2cost cost 2 2cost
2 [25 pts.]
dy 4xy? + 62y

dr ~ Az%y + 322 42

Solution: We rewrite the equation as

(4zy® + 6zy) do + (42%y + 32° +2) dy = 0

5



Letting M = 4zy® + 6zy and N = 4z%y + 32 + 2, we see that M, =
8zy + 6z = N, so this equation is exact. The there exists a function F' (z,y)
such that

F, = M =4xy*+ 6zy
F, = N =42%y +32° + 2

Integrating the first equation with respect to x while holding y fixed leads to
F =22"y" + 32y + g (y)

SO
F, =42y + 32> + ¢ (y) = N = 42’y + 32° + 2

Therefore ¢’ (y) = 2, so that g (y) = 2y. Hence
F = 22%y* + 32%y + 2y
and the solution is given by

22%y° + 322y + 2y = C
3 [25 points]

Solution: We observe that the problem is a Bernoulli d.e. and first rewrite
the equation as

; 1
73 — ga:_Q = 3t?

Let v = 272. Then v/ = —22 732’ and the DE can be written as
1 / 1 2
—— — v =23t
5V~ 3V
or )
U/ + gv = —6t2
Then

2 2
edet :eftdt — 2t _ nt? _ 42



Multiplying the DE by this we get

20 + 2tv = —6t*

or
(t*v)" = -6t
Integrating gives
6
tv=—t"+C
)
so that ) 6
— =——t3 4+ COt?
x? 5 *

4 a (15 pts.) The differential equation
y' — 9y = 9a° ((x))

has the general solution

2

CC_x2__

9

y(z) = cre™® + cpe®

Find the solution or solutions (if they exist) to () with the initial conditions

y(0)=—5,9'(0) = 3.
Solution:
2 1

y(0)201+02_§:_§

Y (1) = —3ci1e™® + 3cpe® + 27

1
y/ (0) = —301 + 362 = 5
Thus the equations for the constants are
C1 + Cy = %
—C + Cy = %

Adding these yields 2¢y = % or cp = % and thus ¢; = 0.

1 2
y (1) = =cpe® —2? — =

9 9



4b (10 pts.) Solve the equation

dy
22 9 (y+4 —4
T (y+4) y#

Solution: This equation is separable. Hence

dy 2
A
y+4 2? ‘
Therefore
Injy+4/=—+C



