Exam II Solutions for Ma 221 2004 Fall.

1 Exam IIA

1. Consider the differential equation

y' — 3y — 4y = 3e** 4 2sinx — 8™

a (10 pts.) Find the homogeneous solution of this equation.
Solution: The characteristic equation is
p(r)=r*—=3r—4=0
This can be factored into
(r—4)(r+1)=0
so r = 4, —1. The homogeneous solution is therefore
Yp = Cre* 4+ Che™
b (25 pts.) Find a particular solution of this equation.

Solution: We find a particular solution corresponding to each term on the
right hand side and then add them together.
3e** : Since €?* is not a homogeneous solution and therefore p(2) # 0,

then ) )
et 3 1y,

yp1:p<2): _6 - 26

2sinz : We consider the equation

y" — 3y — 4y = 2sinz
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and the companion equation
V" — 30 —4v =2cosw

Multiplying the first equation by ¢, adding the two equations and letting
w = v+ 1y leads to

w” — 3w’ — 4w = 2 (cosx + isinx) = 2™
Since p (i) = (i)* —3i —4 = —5 — 3i

262'90
w, = —
P 5+ 3i

We need the imaginary part of w,, which will be y,,. Now

2¢™ 5 —3i 2(5—31) , 1
wp:_f)j?n' X 5_32 :—%e”’:—l—?@—?ﬂ') (cosz + isinx)

Thus

1 :
Yp, = 1—7(30083(: — Hsinx)

Alternative solution for y,, : Let y,, = Acosz + Bsinx. Differentiating
twice and plugging into the DE leads to

—Acosz — Bsinz —3(—Asinx + Beosx) —4 (Acosz + Bsinz) = 2sinx
This implies

34-5B = 2
—5A4-3B = 0,

Solution is: {A = +,B = —2} which leads to the same y,,.
—8e~* : Since p(—1) =0 and p’ (r) = 2r — 3 so that p’ (—1) = —5 # 0 we

have that
8re™® 8

) )

Yps = —
c (10 pts.) Give a general solution of this equation.
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1 1 . 8 _
Y= Un+Yp +Yps +Ups = 0164$+026_$—§€2$+1—7 (3cosx — 5smx)+5xe v

2 Consider the differential equation

$2y/’ _ 41‘y, —+ 6y = 1‘2 Inz >0 ((*))

2 a (10 pts.) Find two linearly independent solutions of the homogeneous
equation corresponding to (x).

Solution: This is an Euler equation. The homogeneous equation is
z*y" — day + 6y =0

so that p = —4 and ¢ = 6. The equation for m is m* + (p —1)m + ¢ =0 or
in this case
m?> —5m+6=(m—2)(m—-3)=0

The two linearly independent solutions are x? and 3.

2 b (10 pts.) Find the value of Wronskian of the two linearly independent
solutions you found in 2a.

Solution:
2 .3
2 3] _ | ¥ _ 4
Wla®,e%] = 20 322 | °
2c¢ (25 pts.) Find a particular solution to (x) .
Note:
/(lnx)"dx _ (Inz)"*! Lo
T n+1
Inx Inx 1
mE . - C 0,1
/ n X |:(7’L—1)5L‘n1 +(n_1)2$n71 + TL%

Solution: We use variation of parameters. Let
Yp = V1Y1 + U2y
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where y; = 2?2 and y, = 3. The two equations for v} and v} are

Viyr + vy =

’ot ror
V1Y) + VY, =

Since for our equation f (z) = 2?Inx and a (z) = 22 these two equations
become

vig? + bt = 0
2]
20z + v (32%) = ’ Sx:lnx
T
Then
0 x3
, Inz 322 Inz
NTETE AT o
2¢  3z?
and
2 0
, 2¢ lnzx Inz
V2 = 2 2B | 22
’ 2¢ 3x?
/(lnx)ndx _ (Inz)"*! Lo
T n+1
Inz Inz 1
“dr = — C 0,1
/ o [(n— 1) an-t * (n— 1)2$"1} * n?
Thus
10 7)2
— _(Inz)
2
{lnx 1}
Vg = — |— + —
T x



and
_ _x2(lnf)2 _ 3 {ln_x 4 1}

P 2 T T

Note: One need not include the —z2 term in the above, since 2?2 is a homo-
geneous solution.

2d (10 pts.) Give a general solution to ().

(Inz)”
2

y:yh+yp201$2+02$3—&32 —2?’Inzx

2 Exam IIB

1. Consider the differential equation

y' + 4y — 5y = 3e** 4+ 2cosx — 8¢”

a (10 pts.) Find the homogeneous solution of this equation.
Solution: The characteristic equation is
p(r)=r"+4r—-5=0
This can be factored into
(r—=1)(r+5)=0
so r = 4, —1. The homogeneous solution is therefore
yp = Che® 4+ Coe™™*
b (25 pts.) Find a particular solution of this equation.

Solution: We find a particular solution corresponding to each term on the
right hand side and then add them together.
3e?* : Since €?® is not a homogeneous solution and therefore p (2) # 0,
then
3e*  3e* 3,

— — I X
Yn = oy = o = o€




2cosx : We consider the equation
v +4u — bu = 2cosx
and the companion equation
v 4+ 40" — 5v = 2sinx

Multiplying the first equation by ¢, adding the two equations and letting
w = u + v leads to

w” + 4w’ — 5w = 2 (cosx + isinx) = 2
Since p (i) = (i)° +4i — 5= —6+ 4i

26”
6 — 42

U)p:

We need the real part of wy, u, which will be y,,. Now

w, = _6E42' X 6142 = —%e”” = —E(3+2i) (cosx +isinx)

Thus

1 :
e = T3 (3cosx — 2sinx)

Alternative solution for y,, : Let y,, = Acosz 4+ Bsinz. Differentiating
twice and plugging into the DE leads to

—Acosz — Bsinx +4 (—Asinx + Beosz) — 5 (Acosx + Bsinz) = 2cosx
This implies

—6A+4B =
—4A—-6B =

, Solution is: [A = —%, B = %} which leads to the same y,,.

—8e¢” : Since p (1) =0 and p' (r) = 2r + 4 so that p' (1) = 6 # 0 we have
that
re® 4
Ypy = = —xe
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c (10 pts.) Give a general solution of this equation.

3 1 , 4
Y= Yn+Ypy +Upy T Ups = C’lem—l—C’Qe_M—l—?egx—i—l—g (—3cosx + 2sin x)—kgxex

2 Consider the differential equation

2%y =3y +3y=2Inx >0 (%))

2 a (10 pts.) Find two linearly independent solutions of the homogeneous
equation corresponding to ().

Solution: This is an Euler equation. The homogeneous equation is
2y —3xy +3y =0
so that substitution of y = ™ and simplifying gives
m*—4m+3=(m—-1)(m—-3)=0
The two linearly independent solutions are x and 2.

2 b (10 pts.) Find the value of Wronskian of the two linearly independent
solutions you found in 2a.

Solution:
2 .3 z® 3
W[x,x}: 1 322 = 2z°.
2c¢ (25 pts.) Find a particular solution to (x) .
Note:
[y,
x n+1
1
/:E” lnzdr = vt sa"th 4 O
n+1 (n+1)



Solution: We use variation of parameters. Let

Yp = V1Y1 + V2Y2

where 1, = x and y» = 2%. Then

Yp = U1+ .753’02
Y, = v+ 3270y + av) + 20}
To simplify the next step and obtain the second equation, we set
xv) + v, = 0.
Then
y, = 6vy + vy + 322v,.
Substitution into the d.e. produces our two equations for v; and vs.
oy + 2%, = 0
22 + 3z, = 2°Inx
Then multiplying the first equation by x and subtracting it from the

second yields
22*vh = 2¥Inw
or
1

vy = —Inz.
2z

Subtituting this into the first equation, we have
vy =—-xlnx.
2

Using the integrals provided, we have

B 11, 1,
T —/:Bln:rd:v— 2(2x Inx 493)
1 1
vy = /Elnxdxzz(lnx)Q

and . ) )
Yy = —a° (Z Inz — é) + Z:U?’ (Inxz)?

Note: One need not include the %xij’ term in the above, since x° is a homoge-
neous solution, but variation of parameters picks out one particular solution.
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2d (10 pts.) Give a general solution to ().

1 1
Yy=yn+yp=Cix+ Cox® — 22 <Z lnx) + 11‘3 (11[1x)2



