Exam III Solutions for Ma 221 2004 Fall.

1 Exam IITA

1 (25 pts.) Use Laplace Transforms to solve

y'+2y +5y=0 y(0)=1y(0)=-3
Solution: We take the Laplace transform of both sides and get

s"LA{y} — sy (0) =y (0) + 2sL {y} — 2y (0) + 5L {y} = 0
Using the initial conditions we get
(5" +2s+5)L{y}=s5—1

or

s—1

E{y}232+25+5
We must find .
5 —

£ 1{82+28—|—5}

s—1 s—1 B s+1 —2
s24+25s+5  (s+1)7+4 (s+1)2+4+(s+1)2+4
Therefore

-1 s+1 2
R e R
{52+25+5 (s+1)° +4 (s+1)* +4

= e lcos2t —etsint



2a (10 pts.) Use the definition of the Laplace transform to find £{f (¢)}

where 0 0<iou
f(t):{2e_3t 4§_t<<oo
Solution:
L{f()}= / e (b dt =2 / T gy = o i 2 lim [e~(+3)R _
0 4 R—oo S+3 |, S+ 3 Rooo

2b (15 pts.) Find £-! {;;;55)(5;36)) }

Solution:
(s+5)(s+3) A B C

s(s+2)(s+6) s s+2 s+6
Multiplying by s and setting s = 0 gives

426 _5
(6) 4
Similarly multiplying by (s 4 2) and setting s = —2 gives
_ 3@ _ 3
—2(4) 8

and multiplying by (s 4 6) and setting s = —6 gives

oo (D3 1

(=6)(—4) 8
s s s 5\ /3y 1 1\ 1
sfs+2>fs+6>:(z);‘(§)3+2+(§)s+6

1 (s+5)(s+3) _ ? . § o2 4 1 o6t
s(s+2)(s+6) 4 8 8
3 (25 pts.) Find the first six non-zero terms in the series solution near x = 0
of the equation



y'—ay =0

Give the recurrence relation also.
Solution:

Substituting into the DE gives

f: an (n) (n —1) 2" 2 — i apr™™ =0
n=2 n=0

We shift the second summation by letting k —2 =n+1orn =k — 3 and
get, sincen=0= k=3

Z an (n) (n—1)z" 2 — Z a3 2 =0
n=2 k=3

Replacing n and £ by m yields

(2) (1) ag + Z {am (m)(m —1) —ap, 3}a™ > =0

Thus ay = 0 and we have the recurrence relation

1
Ay = )am_g m=23,4,...

m(m—1



Thus

1
as = 6&0
1
ay, = Eal
as = 0
1 1
a = —Qa3 = —a
0 30 0 180
1 1
a; =

27 122"

y(r) = ag+ayx+agr* +---

= aqa 1+1l‘3+ ! x5 + +a |+ 1w4+ L "+
- 6" ' 180 ! 127 7 (42)(12)

4 (25 pts.) Find the eigenvalues and eigenfunctions for
y'+A+4)y=0  y(0)= y(1)=0

Be sure to consider all values of \.
Solution: The characteristic equation is

P4+ (A+4)=0
SO
r==+v-\—4

There are 3 cases to consider:
I. -X—4>0,thatis A < —4. Let o> = —\—4,a # 0. Then r = +a and
y(x) = 1€ + coe~**. The boundary conditions imply

y(0) = c1+c=0 orc =—c
y(1) = cre®+ce*=0o0r ¢ (eo‘—e’a):()

Since e* — e~ # 0, we see that ¢; = ¢o = 0, so y = 0 and there are no
eigenvalues for A < —4.



II. A = —4. In this case 7 = 0 is a repeated root so y(x) = ¢; + cox.
The boundary conditions imply ¢; = ¢y, so y = 0 and A = —4 is not an
eigenvalue.

I =\ — 4 < 0, that is A > —4. Let 2 = — (=X —4) = XA + 4. Then
r = +£pi and y (x) = ¢ sin Sz + ¢3 cos fz. The boundary conditions imply

y(0) = =0
y(l) = ¢sinf=0

Thus
B=nm, n=123,...

so the eigenvalues are
ANv=0—4d=n’1"—-4, n=1,2,3,...
and the eigenfunctions are

Yn () = A, sin (nmz)

2 Exam IIIB

1 (25 pts.) Use Laplace Transforms to solve

V' =2/ +5y=0 y(0)=2 y(0)=-5
Solution: We take the Laplace transform of both sides and get
s?LAy} — sy (0) =y (0) = 2sL {y} +2y (0) +5L{y} = 0
Using the initial conditions we get
(s°+2545) L{y} =2s—9
or

2s —9
§2 —254+5

25 —9
L
{32—23+5}

5

L{y} =
We must find



25—9  2s5—9  2(s—1) —7
s2=25+5 (s—1) 44 (s—17+4 (s—1)>+4

Therefore
2s — -1 2
e A T v Bl Cre v
s —2s+5 (s —1)" + 22 2 (s—1)"+22
= Zetcos%—;etsin%

2a (10 pts.) Use the definition of the Laplace transform to find £{f (¢)}

where
0 0<t<?2
f<t>:{4e3t 2<t< o0
Solution:
j— = (-3 e 4 (3R
E{f(t)}—/o e f(t)dt—4/2 e dt__41%1—1>20 po— 2——8_31%5130[6 —
o —5)(s—3)
ob (15 pts.) Find 211 .
(15 pts) Find £ 500
Solution:
(s=5)(s=3 _A B N C

s(s—2)(s—6) s s—2 s—6
or

(s—=5)(s—=3)=A(s—2)(s—6)+Bs(s—6)+Cs(s—2)

Setting s = 0 gives

Similarly setting s = 2 gives

and setting s = 6 gives



Thus

s(fs__?ffs__% - (Z) é - (g) 5 - 2" <%> 5 : 6
emmea) i (1) ()

3 (25 pts.) Find the first six non-zero terms in the series solution near x = 0
of the equation

SO

y// o $2 y = 0
Also give the recurrence relation.
Solution:

Substituting into the DE gives

i an (n) (n —1) 2" 2 — i ap™? =0
n=2 n=0

We shift the first summation by letting k = n —2 or n = k+ 2 and get, since
n=2=k=0

D appa (k+2) (k+ 1) 2" =) a,a"? =0
k=0 n=0

We shift the second summation by letting k =n + 2 or n = k — 2 and get,
sincen=0=k=2

Za;ﬁg (k+2)(k+1)2" - Zak,gwk =0
k=0 k=2

7



We observe that the first series has two more terms than the second, pull
them out and combine the rest to obtain

(2) (D az+ (3) (2) asz + Y {arsa (k+2) (k+1) — o} 2" = 0
k=2
Thus ay = 0 and a3 = 0 and we have the recurrence relation

1

= mes k=23
G2 = ko) (k1)
Thus
1
ays = mao
1
as = 5_—4a1
ag = a7:O
1 1
a = —Qy = a
8 8- 74 8.7-4.3"
1 1
a = —Q a
v 9.8° 9.8.5-4 "
Thus

y(x) = ao+ a1z +ayx®+---

1 1
— a1 4
N

S+l +a x—l—ixﬁ—l—;x
U547 19854
4 (25 pts.) Find the eigenvalues and eigenfunctions for

YV+A+49y=0 y(0)=y(1)=0

Be sure to consider all values of \.
Solution: The characteristic equation is

P+ (A+4)=0

SO

r==4v-\—4

LI



There are 3 cases to consider:

I. Two real roots, corresponding to a positive discriminant. —\ —4 > 0,
that is A < —4. Let o> = =X —4,a # 0. Then r = 4y and y(z) =
1!t 4+ coe™  and Yy (x) = c uet® — cope . The boundary conditions
imply

v (0) = c1—ca=0 orec =c

Yy (1) = plae—ce®)=0orcpu(e*—e*) =0

Since e* — e~ # 0, we see that ¢; = ¢o = 0, so y = 0 and there are no
eigenvalues for A < —4.
II. A single repeated real root correspnding to the discriminant having

value zero. A = —4. In this case r = 0 is a repeated root so y(z) =
c1 4+ cox and y (z) = ¢. The boundary conditions imply ¢; = 0, so y = ¢ is
a solution and A = —4 is an eigenvalue.

[TT.Complex roots corresponding to a negative discriminant. —A—4 < 0,
that is A > —4. Let > = — (=X —4) = A +4. Then r = +pi and y (z) =
c1cos pux + cosinpx  and Yy (x) = —cypsinpz + cg cos px. The boundary
conditions imply

y(0) = =0
y(1) = cpsing=0

Thus
o =nm, n=1273, ...

so the eigenvalues are
Ay =p2 —4=n*7>—4, n=1,23,...
and the eigenfunctions are

yn () = A, cos (nmz), n=1,23,..



