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Ma 221 Exam Il A Solutions 05F

I pledge my honor that | have abided by the Stevens Honor System.

You may not use a calculator, cell phone, or computer while taking this exam. All work must be
shown to obtain full credit. Credit will not be given for work not reasonably supported. When
you finish, be sure to sign the pledge.
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1. Consider the differential equation
y" + 4y = 382 +sin2x + 8x?

la (7 pts.) Findthe homogeneous solution of this equation.
Solution: The characteristic equation is p(r) = r2 +4 = 0, so r = +2i. Thus
Yh = C1SiN2X + C COS2X

1 b (25 pts.) Find a particular solution of this equation.

Solution: We first find a particular solution for 3e2%. Since p(2) = 8 # 0, then

Yp1 = Tg—

To find a particular solution for sin2x, there are two approaches:
Approach 1: (using complex variables)

y" + 4y = sin2x
and a companion equation
v +4v = cos2x
We multiply the first equation by i and add it to the second to get
w' + 4w = e2i
where w = iy + v. Then since p(2i) = 0 and p'(2i) = 4i = 0

2i i
Wp, = X‘Zilx = — - (cos2x +isin2x)
Thus
Yp, = imagwp, = ——XC04$2X-
Approach 2: (without complex variables)
y'" + 4y = sin2x

Since sin2x is a solution of the homogeneous equation we let
Yp, = X(Asin2x + Bcos2x)

Then, y{oz = %{X(Asin 2X + Bcos2x)} = Bcos2x + Asin2x + x(2Acos2x — 2Bsin 2x)

and y{o’z = %{Bcost + Asin2x + x(2Acos2x — 2Bsin2x)} =
4Acos2x — 4B sin2x + x(—4B cos 2x — 4Asin 2x)
Substituting into the DE:
4Ac0s 2x — 4B sin 2x + X(—4B cos 2x — 4Asin 2x) + 4x(Asin2x + Bcos2x) = sin2x
= 4Ac0s2Xx — 4Bsin2x = sin2x
So, 4A=0=>A=0
4B-1=B=--+
So,
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Yp, = ~Lxcos2x

4

To find a particular solution for 8x2 we let
Yps = ag + arX + apx?
Thenyp, = aj + 2apx and yp, = 2a; so the DE implies
2a, + dag + dagx + 4arx? = 8x2
Thena, = 2,a; = 0andag = —5a = -1, 50
Yps; = —1 + 2x2

Therefore

2X
Yp = Yp1 +¥p2 +Yps = 368 - XC0482X —1+2¢

1c (5pts.) Give ageneral solution of this equation.

. 2
Yy = Yh +Yp = C1SiN2X + Cp COS2X + 3%)( - XC°452X —1+2x2

2 Consider the differential equation

y'+2y +y=tdet (%)

2 a (8 pts.) Find two linearly independent solutions of the homogeneous equation corresponding to
(x) and give the homogeneous solution.

Solution: The characteristic polynomial is p(r) = r2 +2r+1 = (r + 1)2sor=-lisa repeated root
and et and te are LI solutions.
yh = c1e7t + cotet

2 b (10 pts.) Find the value of the Wronskian of the two linearly independent solutions you found in
2a.

t t
W[e T te t] = ¢ te
et g t_tet

2¢ (25 pts.) Use Variation of Parameters to find a particular solution to (x).
yp = vie Tt +votet
The two equations for v; and v/, are
viet+vhtet =0
—vieTt+vhet—tet) = toe
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2d (5pts.) Give a general solution to ().
Yy =Yh+Yp =cret+cote”t + 4_12t7e—t

y" +2y' +y = t%~t, Exact solution is: y(t) = %ﬂe‘t +Cret+Cotet

3 (15 pts.) Solve the equation
x2y"+2xy' +y =0
Solution: Since p = 2 and q = 1, the indicial equation is
P+Q@-Dr+1=r2+r+1=0

‘e -1+J1-4 -1+i/3
- ; -

2
We get complex conjugate roots with the real part o = —% and the imaginary part g = ﬁ.

2
Thus
y = clx_% sin(g In x) + czx_% cos(ﬁ In x)

2



