Name: Lecure Section

IDN: Recitation Section

Ma 221 Exam I11A Solutions
05F

I pledge my honor that | have abided by the Stevens Honor System.

You may not use a calculator, cell phone, or computer while taking this exam. All work
must be shown to obtain full credit. Credit will not be given for work not reasonably
supported. When you finish, be sure to sign the pledge.

Score on Problem #1
#2
#3
#4

Total Score

Note: A table of Laplace Transforms is given at the end of the exam.
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1 (25pts.) Use Laplace Transforms to solve

y'-y=e* y0)=0y'(0)=1
Solution: Taking the Laplace transform of both sides of the DE yields
LYy - £y} = i

or
S2Lyy} = sy(0) -y (0) - £y} = —L=
Thus
_ 1 _s-1
(2 -1L{y} = oo +1= 375
SO
_ s—1 _ 1
LY =690 -D - GrDG-2)
Now

1 - _A | _B
(s+1)(s-2) s+1  s-2

Ly = ( ><s+1 S-— )

YO = —Set+ +

and A = -+ and B = + so

Thus

2a (10 pts.) Use the definition of the Laplace transform to find £{t}. Assumes > 0.
Solution:

o0 R
L{ = jo tedt = lim [ te-sdt

Integrating by parts with u = tand dv = e we have du = dtandv = —1e=tso

L{t) = LL”Q[ te—S‘] j (——e*‘)dt} = IRim[—%R gk — Slz(e—“)ﬂ = LL@[—%R R — S%(e—SR) + s%} _

34
; _ s+1

2b (15pts.) Find £ 1{m

Solution:

s+1 _ s+1 _ s+1 _ _S+2-1 _ S+2 __1 /5

S2+45+9  s?+4s+4+45  (s+2)2+5  (s+2)°+5 (S+2)2+<J§>2 J5 (S+2)2+<J§>2
SO

I—l{% = e*%os(,/ﬁt) - %e—msinC/gt)

3 (25 pts.) Find the first six non-zero terms in the series solution near x = 0 of the equation

y'—=xy'+2y =0
Give the recurrence relation also.
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Solution:

n=0
y' = i an(n)x"!
n=1

V' = S - 10

n=2

Substituting into the DE we have
D an((n=1x"2 =D " an (X" +2 D anx" =
n=2 n=1 n=0

We shift the first sum in the above equation by letting k = n—2 or n = k + 2 and combine the second
and third sums. This yields

D ara(k+2)(k+ L)X+ D an(2-n)x"+2a, = 0
k=0

n=1
Replacing k and n by m we have

i{amz(m +2)(Mm+1)+an(2-m)px™+2(1)a;+2a, =0
m=1

Thus a, = —ag and
amzM+2)(Mm+1)+an(2-m) =0

or
— m-—2 _
Ami2 = mr2msD) anform=1,23,...
Thus
_ 1 _ 1
ds = 3(2) a; = 68.1
adg = 0
1.1 1
B=FHB T HE) M T 20
dg = 0
3 . 1 1
=762 T 766G @)@) T 1680
Hence
y =D anx" = ap +aX+aX? + -
n=0
_ 2 1z, 1 s 1 7. ..
=aop(l-x )+a1<x+ 6x + 120x + 1680X + )

SNB check: y" — xy’' + 2y = 0, Series solution is:
{Y(0) +xy'(0) = x?y(0) = 5Xx%'(0) — 35 x°y'(0) — 4z X"y'(0) + O(X*)
4 (25 pts.) Find the eigenvalues and eigenfunctions for
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y'+Ay=0 y(@0)=y(r)=0

Be sure to consider all values of A.
Solution: There are three cases to consider.
I. 2 <0. Let A = —@?2. Then we have

y'—a?y =0
o)
Y(X) = C18% + Cre™*
y(0)=c1+c2=0
S0 C; = —Cz and y(X) = ci1(e™ —e ™). Hence y'(X) = ci(a)(e™ + e ).
y'(m) = ci(a)(e” +e7) =0
Thusc,; = ¢, =0, andy = 0 and there are no eigenvalues for A < 0.

Il. 2 =0. They(X) = c1Xx+ C2. y(0) = 0 implies that c, = 0, whereas y'(r) = ¢; = 0. Hence no
eigenvalues for A = 0.

1. A > 0. Let A = 82, where 8 # 0. Then we have
y'+p?y =0
and y(x) = ¢3c0s X + czsin BX. y(0) = c; = 0. Thus y(x) =c,sinBxso y'(x) = c,Bcos BX.
y'(7) = 0 implies that
cosfprn =0
SO
pr = (2n+1)% n=0,12,...
Thus p = 2L and the eigenvalues are
_p2_ (2n+1)? _
a=p=(2F1) n-012..
with corresponding eigenfunctions
_ i 2n+1 _
Ya(X) = ansm< > )x n=0,1,2,...
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Table of Laplace Transforms

f(t) F(s) = £{f}(s)

(nti_ll)! SLH n>1s>0
pat s 1 . s>a
sinbt 2 E)rbz S>a
cos bt 5 ibz s>a
eaf(t) L{fr(s—a)
LONICAFAYEZGION

judv = uv—_[vdu



