Name: Lecure Section

Ma 221 Exam |11 B Solutions
07S

I pledge my honor that | have abided by the Stevens Honor System.

You may not use a calculator, cell phone, or computer while taking this exam. All work
must be shown to obtain full credit. Credit will not be given for work not reasonably
supported. When you finish, be sure to sign the pledge.

Score on Problem #1
#2
#3
#4

Total Score

Note: A table of Laplace Transforms is given at the end of the exam.
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1 (25pts.) Use Laplace Transforms to solve
y'+4y=0; y(0) =1, y'(0)=2

Solutions:
s2L{y} —sy(0) —y'(0) +4L{y} =0
Thus
2Ly —s—2+4L{y} =0
So
_ S+2

L = s2+4

Therefore

:—1u>: 4(5) 4(2)
yo = £ (sz+4 £ s2+4 i s2+4

= €0S2t +sin2t

-1 2
2a(10pts.) £ { GiDE D) }

Solution:

Method 1, without complex variables:

2 __A__ Bs+C
(s+1)(s?+1) s+1  s2+1

Multiplying by s + 1 and setting s = -1, yields

1=A
Thus

2 __1 Bs+C
(s+1)(s?+1) s+1  s2+1
Setting s = 0 yields
P-teg
0]
c=1
and we have

2 _ 1, Bs+l
(s+1)(s?+1) s+1  s2+1

Setting s = 1, yields
2

2 B+1
2(2)

_ 1
—2 72

Thus
B+1=0
S0

Hence



Name: Lecure Section

2 -1 . -s+1
(s+1)(s?+1) s+1  s2+1

I_l{(s+1)%52+1)} _l{s+l _l{ﬁ}Jri_l{szil

= et —cost+sint

Therefore

Method 2, using complex variables:

2 _ 2 __A . B ., C
(s+1)(s?+1) (s+1)(s+i)(s—i) s+1  s+i s—i
s = -1gives A = 1 asabove. s = —i gives
2 _ 2 -2 1= 2-2i 211
G2 - 21-h 20+ (1o =-(%5%)=-3+3i-8

and s = i gives

2 _ 2 ><1+i:_1+i:_l_lizc
(i+1)2i) 210—-i)  1+1 2 2 2
Thus
(s+1)%52+1) (s+1)+<_%+%i><ﬁ>+<_%_%i)<&>
So

el b ) ) (e )es () - (3 30 (k)
—ety —% %i)e*“ + (—% - li)eit
—ety ( =+ —|>(cost— isint) + (—% - % )(cost+ isint)
=et—cost+sint

SNB check 4, It’s the Laplace transform of sint — cost + e

(s+1)(s>+1)

e s
2b (15pts.) Find £ {52_35+3}.
Solution
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R e S
52 — 3s +3

5% — 35+—+3 }

@—%f+%}

(5_3) +<J§>2

8

-

=
{< %5@)2}

=rcdin

E }

=t

+ /32t

2
_3)2+<\/2§>
3t
ecos(2> 3eztsin 2)

. S 2 1 1
SNB check: ——2—— Is Laplace transform of e 7'(cos L /3t+ /3 sin1/3t)
3 (25 pts.) Find the first six non-zero terms in the series solution near x = 0 of the equation

y"+2xy' -2y =0

Be sure to give the recurrence relation. Indicate the two linearly independent solutions and give the
first six nonzero terms of the solution.

Solution:

YOO = D anx"
n=0

y'(x) = > an(nx™
n=1

y'(¥) = Y an(n)(n—1)x"2
n=2
Substituting into the DE we have

D anm—1x"2+2) a,(x" -2 ax" = 0
n=2 n=1 n=0

D an()(n—1)x"?+ D" an(2n - 2)X" - 2a, = 0
n=2 n=1
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We now shift the first summation in the last equation above by lettingk = n—-2orn = k+ 2.

D aka(k+2)(k+ L)X + D an(2n— 2)x" - 2ap = 0

k=0 n=1
We write the first term of the first sum separately and replace k and n by m to get

o0

Z[am+z(m +2)(Mm+1)+ap(2m-2)]x™ - 2ap +a2(2)(1) =0

m=1
Therefore
a; = ao
and the recurrence relation is
amz(M+2)(m+ 1) +an@m-2)=0 m=1,2,...

or
__2(1-m) _
Ams2 = mT2)m+ 1) am Mm=1,2,...
m=1=>
_201-1)
G B
m=2-=>=
_21-2) _ 2(-))
N COTE) T R
m=3=>
_2a-3), _
BT TEe@ ¢
In fact all of the odd coefficients are zero except for a;.
m=4->=
f_ 2024 QY 2D QD
(6)(5) 6)(5) 4)@A) (6)(5)(4)(3)
m=6>
ag - 2(1-6) ag = _ 25 @)1 - )22 (D)(E3)(=1) 8o
@) @) ®E®AE) @) (M) (6)(5)(4)(3)

00

y(X) = D anX" = ap + arX + ax? +
n=0

_ .2 @EEWO) RQEQ@GEW ,
a{1+x H3 T OB T ®NEE@®E < }+mx

4 (25pts.) Find the eigenvalues and eigenfunctions for
y'+2y =0; y(0) =0, y(x)=0

Be sure to consider all values of A.
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Solution: The characteristic equation is:
p(r)=r2+1=0

=r=J-1
There are three cases:
Casel: -2 =0
= r = 0 s a repeated root.
= Y =C1+CxX
0=y(0)=c:
O=y(r)=cor=1¢,=0

=y =0 (trivial)
Case2: -1 > 0, thatis1 < 0 Let A = —k2? where k = 0.

r=+k
=y = c1eM + ce™
0=y0)=ci1+cC
= Cy = —C;
0 =vy(n) = c1e —ce™™
0= cl(ek” _ e—kn)

= =0=c¢,=0=y=0 (trivial)
Case3: -1 <0, thatisA >0 Let A = k? where k=0
= r = ki

= Yy = €1 COSKkX + ¢z sinkx
0=y(0) =c
0 =vy(r) = cysinkr
sinktr =0=k=n, n=..-3,-2,,-1,0,1,2,3,...
An = k? = n?
— The eigenvalues are: A, = n? wheren = 1,2,3,...

and the eigenfunctions are: y, = cnsin(nx) wheren = 1,2,3,... and c, are constants
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Table of Laplace Transforms

f(t) F(s) = £{f}(s)

(nti_ll)! SLH n>1s>0
pat s 1 . s>a
sinbt 2 E)rbz S>a
cos bt 5 ibz s>a
eaf(t) L{fr(s—a)
LONICAFAYEZGION




