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Ma 221 Exam Il B Solutions 09S

I pledge my honor that I have abided by the Stevens Honor System.

You may not use a calculator, cell phone, or computer while taking this exam. All work must be
shown to obtain full credit. Credit will not be given for work not reasonably supported. When
you finish, be sure to sign the pledge.
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1. Consider the differential equation
y' + 4y’ —12y = 2e2t —2t3 +t+ 3

1a (6 pts.) Find the homogeneous solution of this equation.
Solution: The characteristic equation is
p(r)=r2 +4r-12=(r+6)(r-2) =0
Thusr = —6,2 and
yh = c1e70 + cpet

1b (25 pts.) Find a particular solution of this equation.

Solution: We first find a particular solution for 2e2t. Since et is a homogeneous solution (p(2) = 0)
but te2t is not, since p'(r) = 2r+ 4 and p’(2) = 8 = 0 then

_ o 2te?t 1.2t
ypl - 8 - 4'[6

We now find a particular solution for —2t3 + t + 3. Let
Yp, = At3 +Bt? + Ct+ D
Then
Yp, = 3At? + 2Bt +C
Yp, = 6At+2B
Substituting into the DE yields
BAL + 2B + 12At2 + 8Bt + 4C — 12At3 — 12Bt? — 12Ct — 12D = -2t3 +t + 3
Thus we have
—12A = -2
12A-12B =0
6A+8B-12C =1
2B+4C-12D =3

HenceA=1 B=A=1 cC-= (1 6( > 8( )) s
6 6 9’
- a(D)-a(3)) -
and
Yoo = 3+ 22+ Lt- 2
Hence

Yp = Yp1 T ¥Yp2 = %'[e2t + %t?’ + %tz + %t— 25_7

1c (4 pts.) Give ageneral solution of this equation.
Solution:
— 1 1 1 1 5
Yg = Yh +Yps +Yp, = 187 + cpe?t + Zte2t + €t3 + Etz +5t-55

2 (25 pts.) Find a general solution of
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e_t
t2 +1

y' 2y vy =

Note: [ —3L = arctant + C.
te+1
Solution: We first find the homogeneous solution. The characteristic equation is
P(r) =r2+2r+1 = (r+1)>2
sor = —1is arepeated root. Thus
yh = c1e7t + cotet
We let
yp = vie Tt + v tet
and the two equations for v; and v, are

viet+vhtet =0
-t
Lot oy -t ot e
—VieT +Vy(—teTt+eT) =
. 2( ) t2+1
We may rewrite these equations as
Vi +vht =0
/ / 1
-V +Vo(—t+1) =
1+ V2l ) 2 +1
Hence
t
> -t+1 t
! 1 t 1 tz +1
-1 —t+1
1 0
1 1
V2 = = 2 1
1 t c+
-1 -t+1
Thus
- _ t __1 2
vy = Fordt= -3 In(+1)
dt
Vy = = arctant
2 J. 2 +1
Therefore
yp = viet+votet = —% In(t? + 1)e~t + tetarctant
and

Yg =Yh+Yp = cre Tt +cotet - % In(t? + 1)e~t + tetarctant
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3 (25 pts.) Find a general solution of
y" —2y' + 2y = elcost

Solution: The characteristic equation is
p(r)=r2-2r+2=0

L [4—4D)(2)

2

SO

and
yh = cqelsint + coetcost
To find a particular solution we consider the companion equation

v —2v' +2v = elsint
Multiply the equation for v by i add it to the equation for y and let w = y + iv to get
w' — 2w + 2w = etcost + ietsint = ef(cost + isint) = eleit = ¢+t
Sincep(1+1i) =0, and p'(r) = 2r — 2 so that p’(1 +i) = 2i
1+i)t
W= te(zi )
We want yp which is the real part of wp.

te(l+i)t L B _l t ..
= o X7 = 2te (cost+isint)
Thus
yp = Rewp = %tetsint
and

Yg = Yn +Yp = crelsint +coetcost + %tetsint

4 (15 pts.) Solve
x2y" +2xy' +3y =0
Solution: This is an Euler equation with p = 2 and q = 3. The indicial equation is
P+@E-Dr+q=r2+r+3=0
Hence

1 [T-4DE) 1+ /T

B 2 B 2

This is the case of complex roots. For comples roots a + bi the solution is
yh = X&[Acos(bInx) + Bsin(bInx)].

Herea:—%andb:gso
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Yh = X2 [Acos( ‘/;_1 Inx) + Bsin( ‘/;_1 Inx)}




