Name: Lecure Section

Ma 221 Exam Il11A Solutions 09S

I pledge my honor that I have abided by the Stevens Honor System.

You may not use a calculator, cell phone, or computer while taking this exam. All work
must be shown to obtain full credit. Credit will not be given for work not reasonably
supported. When you finish, be sure to sign the pledge.

Score on Problem #1
#2
#3
#4

Total Score

Note: A table of Laplace Transforms is given at the end of the exam.
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1 (25pts.) Use Laplace Transforms to solve
y"—10y' +9y =8t y(0)=1y'(0)=1
Solution: We take the Laplace Transform of both sides to get
LYy —10LYY'} +9L{y} = L{8t} = S%
or letting £y} = Y(s)

|oo

$?Y —5y(0) ~y'(0) ~ 10(sY - Y(0)) + 9Y = 3

(s2-10s+9)Y = 8 1s5+1-10

SZ

_ 8 s-9 _ _8+5%—0s2

2G-9)6-1)  -9G-1) $(-96-1)
We have to decompose this last fraction into partial fractions.

8+s3-9s2 A, B C D
2 (s-9)s-1) S 7 "s-9 " s5-1

Multiplying by s? and setting s = 0 gives

8 _
g = B
Multiplying by s — 9 and setting s = 9 gives
8+81(9)-9(81) g _ 1 _c
81(8) - 81(8) 81
Multiplying by s — 1 and setting s = 1 gives
8+1-9 __
g 0=D
Thus we now have
8 + 5% — 9s? :A+j+ o
s?(s-9)(s—-1) S s2  s-9
Lets = —1. Then
8-1-9 _ _,,8_ _1
Ci0)(2) ~ "9 B0
—2 _ AL T720-1 _ 5, 719
20 - AT T8I AT 810
A—_L . 719 _81+719 _ 800 _ _80
10 ~ 810 810 810 810
Thus
_ _8+s%-9s2 _ 1 80 8
®) = Fs-0s-1)  8ic-9) " 8ls ' 95
Hence

_ 1 _a,80 , 8
y(t)—81e +81+9t
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, Exact solution is: {&t+ X-e% +

80

81

y" — 10y’ +9y = 8t

y@0) =1
y'(0) =1

2a (15 pts.) Use the definition of the Laplace transform to find £{f(t) } where

Solution:

8 0<t<8
f(t) =
t t>8

0 8 00
LY = j et = jo 8estdt + jg te-stdt

2b (10 pts.) Find

Solution:

Thus

R —
——g e85 + IimU te—Stdt] letu =t dv—esidt = v = —&
R—-o 8

S

— R
= Bu-esy o fim[ e+ & [ eat]
_ 8 - ; e R 8e® 1 imla- -
= sl-e*]+ Lljg[—RT + T} + <_s_2> limle™ -] s >0
= 8-e®)- —863785 + —e;s s>0

ffl{ 1-3s

s2+8s+21
1-3s _ 1-3s
s?2+8s+21 (s+4)%+5
_ 1-3(s+4)+12
(s+4)*+5
13 s+4

s+4)2+5  (s+4)2+5

13 3 s+4

s+42+(V5)°  (s+4)?2+ (V)

1

13/5 3 (s+4)

(

J5

)

s+42+(V5)°  (s+4)?2+ (V)
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-1 1-3s _ ( 13 )il \/g — 3¢ (s+4)
{52+85+21 ‘/g {(S+4)2+<‘/§>2 (S+4)2+<‘/§>2
_ [ A3 \o-ate _ an-dt
—(ﬁ>e sin/5t—3e*cos,/5t

3 (25 pts.) Find the first six non-zero terms in the series solution near x = 0 of the equation

y'=xy =0

Be sure to give the recurrence relation. Indicate the two linearly independent solutions and give the
first six nonzero terms of the solution.

Solution:

y = ianx”
n=0

y' = amnxt
n=1

y' =D an(n - 1)x"2
n=2
Substituting into the DE we have
D an(n-1)x"2 - ax™ =0
n=2 n=0

We shift the second sum. Letk—2 =n+1sothatn =k—-3andsincen=0= k=3
D an(n - 1)x2 - > aaxk? =0
n=2 k=3

We replace n and k by m to get

a2(2)(1) + D _[am(m)(M— 1) — ams]x™2 = 0

m=3
Thus
a, =0

am-3
an=——2-=— m-=34,5,...
(m)(m-1)
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_a
%= 30y
_a
S TE)
as =0
as = as  _ ao
6(5) 6(5)()(2)
a; = dg _ ai
76)  7(6)(4)(3)
dg = 0

Hence

y = anX" = ap +aX+ax? + -
n=0

_ 1 3 1 6 :| |: 1 4 1 7 :|
=ao| 1+ X° + X° + +ai| X+ X* + X'+
0[ 3(2) 6(5)(3)(2) ' 4(3) 7(6)(4)(3)
4 (25pts.) Find the eigenvalues and eigenfunctions for
y'+2y =0; y(0) =0, y@r) =0

Be sure to consider all values of A.
Solution: We consider three cases.
1.1 <0. LetA = —a?where a + 0 sothe DE becomesy” —a?y = 0andy = c;e® + c,e7%. Then

y(0)=c1+c2=0
y(2r) = C1e%" +Ce7%" =0
Since the first equation implies ¢c; = —c, the second equation implies that
ci(e™ —e) =0
and we see that ¢c; = ¢, = 0.Thus the only solution for A < O isy = 0.

2.A=0 Theny=ciXx+¢Cz y(0) =c¢c, =0. y(2r) = 2ciw = 0, so ¢; = 0. Thus the only solution
forA=0isy = 0.

3.1>0. LetA = p?where B + 0 so the DE becomes y" + g2y = 0. The solution is
y = C15in BX + c2 cos BX. Since y(0) = ¢, = 0, we see thaty = ¢4 Sin X

y(2r) = c18in2zB =0
=2z =nx, n=1,2,3,... and

_n ,_
B=2n=123..

Hence the eigenvalues are 1 = 2 = "Tz n =1,2,3,... and the eigenfunctions are

Yn(X) = a&in(%) n=1,23,...
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Table of Laplace Transforms

f(t) F(s) = £{f}(s)

(nti_ll)! SLH n>1s>0
pat s 1 . s>a
sinbt = E)rbz $s>0
cosht = ibz $>0
eaf(t) L{fr(s—a)
LONICAFAYEZGION




