Name: Lecure Section

Ma 221 Exam Il A Solutions 10S

I pledge my honor that I have abided by the Stevens Honor System.

You may not use a calculator, cell phone, or computer while taking this exam. All work must be
shown to obtain full credit. Credit will not be given for work not reasonably supported. When
you finish, be sure to sign the pledge.

Note: A table of selected integrals appears on the last page of this exam.

Score on Problem #1la
#1b
#1c
#2a
#2b
#2c
#3

Total Score
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1. (30 pts. total) Consider the differential equation
y" —y' =2y = 2e2t — 20sin2t

1a (6 pts.) Find the homogeneous solution of this equation.
Solution: The characteristic equation is
p(r)=r2—r-2=(r-2)r+1) =0
Thus the roots arer = 2,-1 and
yh = c1e t 4+ coe?t

1b (20 pts.) Find a particular solution of this equation.

Solution: We find yp, for 2e2t and yp, for —20sin2t. Since p(2) = 0, e2t is a homogeneous solution.
p'(r) =2r-1sop’(2) =3 # 0. Thus

_ Kte?t _ 2te?t

T ey 3

There are two ways to find yp,.

Method | Using Complex Variables: We consider two equations
y" —y' -2y = —20sin2t
v —v' —2v = —20cos 2t
Multiply the first equation by i and add it to the second equation. Letting w = v + iy we have
w' —w' — 2w = —20(cos 2t + isin2t) = —20e?2it
Since p(2i) = 2i)2-2i-2=-6-2i 0

_ Ke®t _ 10g?t
o= D@ T 3+

Yp, Is the imaginary part of wp.

10e2it (3—i ) ~10(3—1i)(cos2t +isin2t)
3+i \3-i/ 10
(3cos2t + sin2t) + i(—cos2t + 3sin2t)

Wp =

Thus
Yp, = 3sin2t —cos2t

Method Il Without Using Complex Variables: Let
Yp, = Asin2t + Bcos2t

Yp, = 2Acos2t — 2Bsin2t
Yp, = —4Asin2t — 4bcos2t
Substituting into
y" —y' -2y = —20sin2t
we have
— 4Asin 2t — 4B cos 2t — 2Acos 2t + 2Bsin 2t — 2Asin 2t — 2Bcos 2t = —20sin 2t
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or
[-6A + 2B]sin2t + [-2A — 6B] cos2t = —20sin 2t
Hence
—-6A+2B =-20
-2A-6B =0

From the second equation A = —3B and from the first equation B = —1 and then A = 3. Again
Yp, = 3sin2t —cos2t

2t
Yp = Yp1 +¥Yp2 = 2t§ + 3sin2t — cos 2t

1c (4 pts.) Give ageneral solution of this equation.
Solution:

2t .
Y=Yntyp= cret +Cze2t + 2% + 3sin2t — cos 2t

SNB Check: y" —y' — 2y = 2e2t — 20sin2t, Exact solution is:
{35in 2t —cos2t + Coe ™t + C3e? + Zte? - %ezt}
2 (40 pts. total) Consider the Initial Value Problem
2y —ty'+y=t y1)=1y'@1)=41t>0

2a (5 pts.) Find a homogeneous solution to this differential equation.

Solution: We first find the homogeneous solution to this Euler equation. The indicial equation is, since
p=-landq=1

m2+(pP-m+q=m2-2m+1=(m-1)=?
Thus m = 1 is a repeated root and
Yh = C1t+ caotInt

2b (25 pts.) Find a particular solution of this differential equation.

Solution: To find a particular solution we use the Method of Variations of Parameters with y; = t and
yo = tint. Then

Yp = V1y1 +Voy2 = tvy +tintvy
and the two equations for v} and v5, namely
Viy1+Voy2 =0

I, ro f
Viy1 +Vo¥o = 7

become
vit+vhtint =0
Ly -t _1
Vi +Vy(Int+1) = Z 1
t tint .
W[t tint] = =t=+0 sincet>0
1 Int+1
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Hence
0 tint
% Int+1
Vi = __Int
! Wt tint] t
t 0
1
V/ _ 1 t 1
27 "Wt tint] ¢
_i(_IntY\ g _ _ (Int?
Vi = j( t )dt_ 2
Vo = I%dt = Int
Therefore
2 2
yp = Yp = tV]_ +t|ntv2 = —% +t(|nt)2 _ t(lnTt)

2¢ (10 pts.) Find the solution to this Initial VValue Problem given above.

t(Int)2
2

(inp? _ 2tint(4)
2 T 2

(Int)?
2

Y =Yh+Yp = Cit+cCotint+

y' =cq+co(Int+1) +

=cCp+Co(Int+1)+ +Int

yd)=cy =1
y'(1) =cy+cp =4
Thus ¢y, = 3 and

2
y =t+3tint+ t('”Tt)

3 (30 pts.) Find a general solution of
y" +y' = 6x?

Solution: The characteristic equation is
p(r)=r2+r=r(r+1)
Thus the roots are r = 0,-1 and
yh = c1e9X + coe X = ¢q + coe¥
To find a particular solution we note that there is no y term in the DE. Hence we let
yp = Ax +Bx2 + Cx3
Then
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yp = A+ 2Bx +3Cx?
yp = 2B + 6Cx

The DE implies
2B + 6Cx + A + 2Bx + 3Cx? = 6x2
Hence
C=2
2B+A =0
6C+2B =0

B=-6, A=12and
yp = 12x — 6x2 + 2x3

Y =Yh+Yp = Cq +Cpe X+ 12x — 6x2 + 2x3

SNB check y" +y' = 6x2, Exact solution is: {12x — Cp + Cge™ — 6x? + 2x3 - 12}



