Name: Lecure Section

Ma 221 Exam I11B Solutions

1 (25 pts.) Use Laplace Transforms to solve the initial value problem

y" -6y +5y =12t y(0)=1y'(0) =3
Solution: Taking Laplace transforms of the DE and letting £<y} = Y we have

s2Y —sy(0) —y'(0) — 6sY + 6y(0) + 5Y = SITZ

1
or
(s2 - 65 +5)Y = %+s+3—6
Thus
— 1 12 _
Y= ((s—l)(s—S) )(s—l G 3)>
_ 12+ (s-1)(s-3)
(s-1)*(s-5)
To invert this we express the last fraction in partial fractions.
12+(s-1)s-3) _ A . _B C

+
(s—1)*(s-5) s=1 s-5 (s-1)?
Multiplying by the common denominator gives

12+(s-1)(s-3) = A(5-5)(s—1) +B(s - 1)2 + C(s - 5)

Setting s = 1 we get
12 = -4C
so C = -3. Similarly with s = 5,
12+ (4)2 = 16B
16B = 20
s0B = 2. Thus we have

12+ (s—1)(s-3) :A(s—5)(s—1)+%(5—1)2—3(5—5)

and from setting s = 0
12 + (-1)(-3) = A(-5)(-1) + % +15

or
15:5A+%+15
SO
__5
5A = -2

and A = —%. Thus

12S
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-3
+
5 (s-1)?

[NENE

S0
_ 1ot 55t 3t
y(t) = 4e +4e 3te
ionis: 4 5e5t_ 1
Exact solution is: {5 — Let —3te'}

2 (20pts.) Find
il{&}
(5+2)(s?+9)

—5s — 36 - _A_ , Bs+C
(s+2)(s2+9) s+2  s249

Multiplying both sides by s + 2 and letting s = -2 yields
10-36 _ o _
3 2=A

Solution:

And
—5s — 36 _ =2, Bs+C

(s+2)(s2+9) s+2  s249

Letting s = 0 yields

-36 _ _»__1.C
98 = 2 1+ )
Thus C = -9 and we have
—5s5 — 36 - =2, Bs-9

(s+2)(s?+9) sS+2  s249

Letting s = 1 yields
5-36 _ =2 _ B-9
3(10) 3 1

Multiplying by 30 yields

—41 =-20+3B-27
or3B=6s0B = 2.
Thus

55-36  _ -2 259

(s+2)(s2+9) s+2 s249

¢-1)__ —bs—36 _ _op1f_1 Zfl{ s }_307371{ 3 }
{(S+2)(52+9) {S+2}+ s2+9 s2+9

= —2e~2' 4 2¢0s3t — 3sin3t

3 (30pts.) Find the series solution near x = 0 of the equation

(x*-1)y"+y=0

Be sure to give the recurrence relation. Indicate the two linearly independent solutions and give the first five
nonzero terms of the solution.

Solution:
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Substituting into the DE leads to

D an(n—1x" =D ann(n - 1x"2 + > anx" = 0
n=2 n=2 n=0

Combining the first and third series we have

a0+a1x+2an n(n—1)+1]x Zann(n—l)x“—o
n=2 n=2
Letn—2 = korn = k+ 2 in the second series. Then we have

ao +a1x+2an n(n—1)+1]x Z<’=1|<+2(k+2)(k+1)xk =0
n=2 k=0

Replacing n and k by m we have

ap +aix—2ax —3(2)asx + Z{am[m(m - +1]-am2(Mm+2)(m+1)}x" =0

m=2
Thus

az =

o N

asz =

and the recurrence relation is
am(M?-m+1)—ap2(Mm+2)(Mm+1) =0 m=2,3,...

or
m2-m+1 _
am2 = i Hma o M=23
Hence
-3 . _ 1, _ 1
7.1
BEF@DH R T B@E)
Thus

<4)(5>(6> )

4 (25 pts.) Find the eigenvalues, A, and eigenfunctions for
y'+2y=0; y'(0)=0, y)=0

Be sure to consider all values of .
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Solution: The characteristic equation is r2 + 1 = 0. Hencer = £,/~1. We must consider three cases; 1 < 0,
A=0,,andA>0.

I. 1 <0.Let A = —a? where a = 0. Then the differential equation becomes
y'—a?y =0
and has the general solution
Y(X) = C18% + Coe™
y'(X) = a(c1e™ — cpe7%).
y'(0) =0 = ¢y =C2 50
y = ci(e™ +e ™)
Thus
y'(x) = cra(e™ —e™)
y(l)=0=
cia(e*—e*) =0
Thus ¢, = 0 and hence ¢, = 0 and the only solution for this case isy = 0.

I1. 2 = 0. The solution isy = ¢1X + c2. The BCs imply ¢1 = ¢2 = 0. Again the only solution isy = 0.

1. 2 > 0. Let A = B2 where B # 0. The DE becomes
y'+p?y =0
and has the general solution
y = C1COS X + C2 Sin BX
y'(X) = B(=C1sin BX + C2 COS BX).

The BCs imply
y'(0) =c2f=0
Thus ¢, = 0.
y(1) =cicosB =0
Hence

_(2n+1 _
/3_( A )n n=012...
Hence the eigenvalues are
_p2_(2n+1\° 2 _
A=p _( A )n n=012,...
and the eigenfunctions are
Yn(X) = cmos(%)nx n=0,12,...
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Table of Laplace Transforms

fi(t) F(s) = L4f}(s)

ﬁ sin n>1/s>0
pat < 1 - s>a
sinbt v E)rbz $s>0
cosht v ibz $s>0
edf(t) L{f}(s—a)
LONIICMFANEZGIO)




