Name: Lecure Section

Ma 221 Exam Il A Solutions 14S

1. (30 pts. total) Consider the differential equation
Lyl =y" -3y -4y =3¢ + 4x2,

1a (6 pts.) Find the solution of the corresponding homogeneous equation L[y] = 0.
Solution: The characteristic equation is
p(r)=r2-3r—4=0r-4)(r+1)=0
Thus » = —1,4 and

yp =cre ™+ cze4x

1b (20 pts.) Find a particular solution of the equation
Lyl =y" -3y -4y =3¢ + 4x2,
Solution: We first find y,, for 3e*. Since p'(r) = 2r — 3, we see that p(-1) = 0 but p'(-1) = -5 # 0

SO

3xe™

Ypr = 5
Yy =3y —4y = e + 4x2
To find yp, corresponding to 4x2 we let
Vpy = Ax? + Bx+ C
Then
y[gz = 24Ax+ B
ylzz =24
Plugging into the DE we have
24 — 6A4x — 3B — 44x% — 4Bx — 4C = 4x?
—44 =4
-64-4B =0
24-3B-4C =0
, Solutionis: [4 = -1,B=3,C=-13]

8
Thus
Yp2 =—x2+%x—%
Hence
Yp =Vp1+pe = %_XZJF%X_%_?)

1c (4 pts.) Give ageneral solution of the equation
Lyl =y" -3y =4y =3¢ + 4x2,
Solution:
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Y =DXn +ypl +yP2 :Cle_x+cze 5 2 8

2 (25 pts) Find a particular solution of the differential equation
y'" + 4y = 4cos2t

Solution: Consider the companion equation
v+ 4y = 4sin2¢

Let w = y + iv multiply the second equation by i and add it to the first equation to get

w'" + 4w = 4(cos2t + isin2¢) = 4e?it
p(r) = r2 +4 = 0yields » = +2i. Thus cos2¢ and sin2¢ are homogeneous solutions. p'(r) = 2rso
p'(2i) = 4i # 0. Hence

2it .
wp = ‘”ﬁ—i = —if(COS 2t + iSin 2¢)

yp = Rewp = tsin2¢

Note: One can get the same result by assuming
yp(t) = Atcos2t + Btsin 2t

yp(t) = AC0S2t + Bsin2t + 2Btcos 2t — 24tsin 2t
vp(t) = 4Bcos2t — 445sin2t — 44tcos 2t — 4Btsin 2t

Then the DE implies

yp(t) +4yp(t) = 4Bcos2t — 44sin2t = 4cos 2t

Hence B = 1 and 4 = 0 and we get the same result as above.
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3 (25pts.)  Find a general solution of the equation
y' =2y +y = e*Inx.
Solution: We first find the homogeneous solution. The characteristic equation is
2 -2r+1=(-1)2=0

Thus » = 1 is a repeated root so

yp = c1e” + coxe®
To find a particular solution we use the Method of Variation of Parameters and let y; = ¢* and
yo = xe*

yp = vie* +voxe*
Then the two equations for v and v} are

/ /
vy +vyy2 =0
/ ' f
Viy1+tvoy2 =g
become
I x I x
vie* +voxe® =0
vieX +vh(eX +xe¥) = e¥Inx
or

v/1+xv/2 =0
v/1+v/2(1 +x) =Inx

Thus vy = —xv5 so the second equation implies

v’z = Inx
Then from the first equation we have
V/l = —xInx

From the table of integrals below

vy =x(Inx —1)

V1 =—%x2|nx+ %xz
SO
_ X x_ (_1.2 1 2\ x 2,x _
yp = vieX +voxe ( > Inx + 7x )e +xe*(Inx — 1)
Hence
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Y=YhtVp
= c1e* + coxe® + (—%xz Inx + %x2>e" +x2e*(Inx - 1)
= c1e” + coxe* + %xzex Inx — %xzex
SNB check y" — 2’ +y = e¥Inx, Exact solution is: {Cse* — Sx2e* + £x%e* Inx + Coxe* }
4 (20pts.) Solve
x2y" —3xy’ +20y = 0

Solution: This is an Euler equation with p = =3 and ¢ = 20. The characteristic equation for a solution
of the form x™ is

m?+p-Dm+q=m?-4m+20=0

4+ [I6-4)0) 4+ /64 Cius
L E:

"= 2

Thus

For complex roots a + Si the solution is

y = x%[C1cos(BIn|x|) + Cosin(BIn|x|)]
which becomes here since a = 2,5 = 4

y = x2[Cq cos(4Inx|) + Casin(4Inx|)]
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Table of Integrals

[Intdt = f(Int—1) + C

_ 12 1,2
[te=22Int— %2 +C
[no)2dr = t(In?t—2Int +2) + C

[ 0L g = %|n2t+C

t

1 _
[ s=dt = In(ing) + C

2
[0 g c= LindreC



