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Ma 221 Exam Il B Solutions 14S

1. (30 pts. total) Consider the differential equation
Lyl =y" +3y' —4y = 3¢* + Ax2,
1a (6 pts.) Find the solution of the corresponding homogeneous equation L[y] = 0.
Solution: The characteristic equation is
p(r)=r?+3r—4=(r+4)(r-1)=0.
Thus » = 1,-4 and

v, = c1e* + coe ™,

1b (20 pts.) Find a particular solution of this equation.
Solution: The d.e. is
v +3y — 4y = 3e* + 4x2.
We first find y,,, for L[y] = 3. Since p'(r) = 2r + 3, we see that p(1) = 0 butp'(1) =5 + 0s0

X
Yp1 = 3x5e :

To find yp, corresponding to L[y] = 4x2 we let
Ypy = Ax? + Bx + C.
Then
yé,z = 24Ax+ B
yl/;z =24
Plugging into the DE we have
24 + 64x + 3B — 44x?% — 4Bx — 4C = 4x°.

a4 -4
64-4B =0
24+3B-4C =0
N 3 ~_ 13
. The solution is: [A --1B=-3,c=--18. ]

Thus

Yp =Yp1 +Vp
_ 3xe®

5

1c (4 pts.) Give a general solution of the equation

2_3 _ 13

YT T g

Lly] =y" =3y —4y = 3™ + 4x2,

Solution:

Y=Yr+Vp +yp2=clex+cze_4x+3x—56x—x2— 3 13
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2 (25 pts) Find a particular solution of the differential equation
vy + 4y = 4sin2z.
Solution: Consider the companion equation
x"" +4x = 4sin2¢
Letz = x +iy. Multiply the first equation by ; and add it to the second equation to get
2" + 4z = 4(cos2t + isin2t) = 4e?it
p(r) = r2 + 4 = 0yields » = +2i. Thus cos2¢ and sin2¢ are homogeneous solutions. p'(r) = 2r so
p'(2i) = 4i = 0. Hence

2it .
4% = —it(c0S 2t + isin 27)

Zp = 4
= t(sin2¢ — icos 2¢)
yp = Imzp, = —tcos2t
Note: One can get the same result by assuming
yp(t) = Atcos2t + Btsin2t
yp(t) = AC0S2t + Bsin2t + 2Btcos 2t — 24tsin 2t
yp(t) = 4Bcos2t — 44sin 2t — 44tcos 2t — 4Btsin 2t
Then the DE implies

yp(t) +4yp(t) = 4Bcos2t — 44sin2t = 4sin2¢
Hence A = —1 and B = 0 and we get the same result as above.
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3 (25pts.)  Find a general solution of the equation
y'+2y +y =e*FInx
Solution: We first find the homogeneous solution. The characteristic equation is
P4+2r+l=(r+1)?2=0
Thus » = —1 is a repeated root so
vy = cre X + coxe™.

To find a particular solution we use the Method of Variation of Parameters and let y; = e and
yo = xe™

yp =vier +voxe™
Then the two equations for v and v} are

/ /

vy +vyy2 =0

/ ' f

Viy1+tvoy2 =g

become
v/le_x + v/zxe_x =0
—vie—* +vh(e™ —xe™) = eFInx

or

v/1+xvf2 =0
—v/1 +(1—x)v/2 = Inx

Thus vy = —xv) so the second equation implies

v’z = Inx
Then from the first equation we have
V/l = —xInx

From the table of integrals below

vy =x(Inx —1)

vy = —%xz Inx + %xz
SO
_ -X -~ _(_1.2 1 2\ —x 2,—x _
Yp = vie ¥ +voxe —( 5% Inx + 7x )e +x%e*(Inx - 1)
Thus
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Y=Yntlp
=cre ™ +coxe™ + (—%xz Inx + %x2>e_x +x2e¥(Inx - 1)

=c1e ™ +coxe™ + %xze_x Inx — %xze_x

SNB Check " + 2y’ +y = e Inx, Exact solution is: {Cge"C - 22 (82 - 2x2Inx) + C3xe_x}
4 (20pts.) Solve
x2y" —3xy' +13y = 0
Solution: This is a Cauchy-Euler equation. The indicial (auxiliary) equation for a solution of the form

x"is

r(r—1)-3r+13=r2—-4r+13 =0

Thus
o 4+ ,/16—24(1)(13) _ 4% ‘é@ 543
For those who dislike the quadratic formula, completing the square gives
2 —4r+13=0
2 —4r+4+9=0
r2—4r+4=-9
(r—2)? = -32
r—2=+3i
r=2%3i

For complex roots a + fi the solution is

y = x%[C1cos(BIn|x|) + Cosin(BIn|x|)]
which becomes here since o = 2,5 = 4

y = x2[Cq cos(3Inx|) + Casin(3Inx|)]
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Table of Integrals

[Intdt = f(Int—1) + C

_ 12 1,2
[te=22Int— %2 +C
[no)2dr = t(In?t—2Int +2) + C

[ 0L g = %|n2t+C

t

1 _
[ s=dt = In(ing) + C

2
[0 g c= LindreC



