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Final Exam Solutions

1.
a)
Solve the equation  xy' +y = 3x2

ay Ly -3
X dx +y =3

d _ 22

o ) = 3x
integrate both sides

xy = [ 3x2dx

xy = x3+C

b)
Solve  (3x2—y2)dy—2xydx =0
(Hint: y=# is an integrating factor.)

(3x2 — y2)dy — 2xydx = 0
—_—
N M
My = —2X
Not exact
Nx = 6x

Multiplying the DE by y— yields

(3x2y=4 —y=2)dy — 2xy3dx = 0

3 Fsuchthat Fx=M Fy=N

=  F=[-2xy3dx = x%y 3 +g(y)

Fy = 3x%y™ +g'(y) = 3x%y ™4~y

g'(y) = -y2

gly) =y t+C

(8)

which is exact.

(10)



Solution is given implicitly by ~ —x2y 3 +y14+C=0

c)

Solve the initial value problem  y' = eX*¥ y(1) =0 7
dy _

i

dy = eXe¥Ydx

e Ydy = eXdx

[eYdy = [eXdx or e =eX+C

substituting
-1=e+C C=-e-1

eV =¢eX-e-1



2.

Find the general solution to the differential equations

a.
y" +y -6y = 3x + 46 (13)

p(r)=r2+r-6=0
-3,2
yh(X) = C1e73X + CpeX

y'+y -6y =3x  yp=A1x+Ap

A1 —-6A1x—6Ag = 3x  S0A; = —% and Ag = —5 so for the polynomial we have

1 1
Yp = —5X=55A0

Fory” +y' — 6y = 4e2¥ we have since e2X is a homogeneous solution (p(2) = 0, butp’(2) = 5 + 0)
yp = 2% Thus
p 5

_ Cie-¥ x_ 1y, 1, 4xe®
y =C1e7* +Coe 2x 15t 5
b.
x2y" —axy' + 4y = x* + x? (12)

This is an Euler equation with p=-4 q=4
m2+(p-1)m+q=0
m2-5m+4 =(m-4)(m—-1) =0, so x4 xare the homogeneous solutions. yp, = C1x + Cox*
We use variation of parameters to get a particular solution.
Yp = ViX + vox?
Viy1 +Vhy2 = Vix+vox4 =0

1ot Il ! _ ox44x2 2
VIY] +VoYp = Vg +Vo(4x%) = 95 = x2 + 1

=3 =)= - 20—y :—%<x2+1>




O ) __1(x8
vl—j—§<x +1>dx-—§<T+x>
x 0
1 x2+1 3
- _x+x _1(1 ., 1 -1 11
2= 3x4 T _3<X+x3>:>\/2 3<Inx 2x2>
_ 4__1(x Llix_ Ll \ya__L1ya 1.2, 1.4
Yp = V1X+VoX* = 3< 3 +x>x+ 3(Inx 732 )x R X"+ 33X Inx
However, x* is a homogeneous solution, so we may ignore it in yp. Thus yp = %x”’ Inx —
Finallyy = yp +yp = Cyx+ Cox* + %x“lnx— %xz
3.
a)
Find L‘l{é} 10
s2-4s+9 (10)

S S s—2 2

= +
$2-4s+9 (5-2)2+5 (5-2)245 (s-2)2+5

L‘l{#} — e2tcos /5t + —2—e2tsin /5t
s2—4s+9 s J5 5

b.
Use Laplace Transforms to solve the initial value problem

y' -3y +2y = e3t, yO0) =1, y(@© =0 (15

s2L{y} —sy(0) —y'(0) — 3sLy} +3y(0) + 2Ly} = ﬁ

(52—3s+2)L{y}=ﬁ+s—3:(5_53_)23+1
L{y} = (5_532)(—56_55(150_1) - 353 + 5?2 + 591
R i,



(10)
1 :A+BS+C
s(s?+4) % s2+4
s=0= A=%
_ 1 _1,B+C
s=1= 5 T+ 5
_ 1 _1,B+C
s=1= 5 Tt 5 ) . B
1 1, -B+C = ¢=0=  §=3+7
S=-1= g Z-‘r 5
1 B _ 1
= w5~ B=—3

The larger root of the indicial equation for the differential equation (15)
axy" +3y' +3y =0 is %. Find the first four nonzero terms in the
series solution near the regular singular point x = 0 corresponding to this root.

i . o N3
y=>anx 4 y' = an(n+3)x 4
n=0 n=0

y' = ia <n+i>(n—i>xn_%
= en 4 4

i S i <2 s e+

DE = Yaa"(n+ )(n-3)x 4 +3Fan(n+1)x 443 ax 4 =0
n=0 n=0 n=0
0 n_i 0 n+1
Zan[(4n+1)<n—%>+3n+i:|x 4 433 anx 4 =0
n=0 . ~ / n=0
2 3 3
4n°-2n- - +3n+
k-2 =n+1 = n=k-1



0 n_i 00 k—i
ann(dn+1)x 4 +3> a1x 4 =0
k-1

n=1 n=1
___3am-1 _

= am = m(4m+1) m=12,....

_3x*4g _—3xa; _ 9xag
MTTTE T ®T o) T 520
an — -3*xap _  9xQqg
PT313) 0 10)(9)(13)
T N a1 —anys | 1_8ys 9v2_ 9 3
y=x4> anx" =agx4[1-] =apx+|1 EX+ 90X ~ oy X T
5.
a.
Find L{tu(t-2)} (13)

e 2L{(t+2)%}

e SL{t3+6t2 + 12t + 8}

o531 12 | 12 8)
e e e e
(s"’ 3 g2 S

b.
Use the method of isoclines to sketch the solution to

y' =y-x2 y(0) =1 (12)
Be sure to draw at least four isoclines.
let y-x2=c = y=x%+c

x3

direction field= y = G-3) +n



6.

EIA

Show that the equation 2xy” +y' + xy = 0 has a regular singularity at x = 0.
Find the indicial equation, solve it, and state the form of the solution. Do not solve

for the coefficients. (10)
my 11, _ 1 _ 1
y 50 oY 0 P Q

P is not analyticatx = 0 = x =0 isasingular point
2 .
xP=1 x2Q-= XT both are analytic at x = 0
= x = 0 is a regular singular point

pO:% o =10 = m2+<%—1>m:0
= mz—%m:m<m—%>:0 = m =0, %

[c'e] 0 n_,_l
Therefore  y; =Y anx"  yp =Y bnx 2
0 0

b.

Find the power series solution of the equation y" + x2y’ + 2xy = 0 near x = 0.

Be sure to give the recurrence relation and the first 5 nonzero terms of the general
solution. Indicate the two linearly independent solutions. (15)

o0 o0
x = 0is an ordinary point = y = anx" y' = Zan(n)x”—1
0 1

y' = ian(n)(n - 1)xn2
2



0 0 o
Y an()(n - X2 + Fan()x™1 + 23 anx™1 = 0
2 1 0

0 0
San(n)(n — 1)x"2 + > an(n + 2)x"1 4 2agx = 0
2 1

k+1=n-2
n=k+3

Sapak+3)(k+2)xK1 + 3 an(n + 2)x™1 4 2agx = 0
-1 1

2a0x +a2(2)(1)x% + a3 (3)(2)x + f]{am+3(m +3)(M+2) + am(m + 2) }x™1 = 0
1

= a» =0 2ap+6a3 =0 a3=—aTo
am+3 - maf?) m = 1121
_a1 - _83 _ a4 __84 _ a1
ag = 2 ag =0 dg = 6 +l8 ay 7 +28
y=ao[1-1x3+dxC+. Jrar[x— x4+ 5xT+. ]
Part I1: Choose any two questions.
7.
a.
Solve  (y2 + 2xy)dx — x2dy = 0 (10)
x2y' —2xy = y?
2y _ 1 2
Yy —-—xY~= 2 y

nonlinear term.

This is Bernoulli DE

DE= y2y' — %y—l - =



12 1 ; ;
DE= V- &V = Z linear in v.
2
u:e_j X _ -2
x—2v' —2x3y = x4
d /-2, _ 4
WO( V) =X
2y _ _1,-3
X7V = —3X 7 +cC
V= —3x1+ox?
therefore
_ 3
)
b.
Find the general solution of
y" —2y" —3y = —10(cosx + sinx) (15)
y" -2y’ — 3y = —10cosx
r'" —2r' —3r = —10sinx
_ p(x) = (x=3)(X+1)
w' — 2w’ - 3w = —10e™*
p(x) = x2 —2x -3 p(i) =-1-2i-3=-4-2i
Wp = —10e™ _  5e™ , 2-i _ 2 (2 - i)[cosx +isinx]

T 20+ T2+ F 2o

Yp = [2C0SX + sinX]
Yp = [2C0SX + sinX]

) total = cosx+ 3sinx
Vp = [-COSX + 2sinX]

therefore
y = C1e3¥ + Coe X + cosx + 3sinx

a.

Let f(t) = { :) 0= ttill . Find L{f(t)} (15)



f(t) = t—u(t— 1)t

L{f(t)} = S% — L{u(t- 1)t}

1 _ 1 -5 -5
= S—z—e SL{t+l} = S_2_es_2_eT
L{g(Du(t-a)} = e™*L{g(t+a)}
b.
2
Show that the equation (yT +2ye)dx + (y+eX)dy =0 (10)

is not exact and then find an integrating factor for this equation. Do not solve the
equation.

y2
2

+2yeX + (y+eX)y =0
y2
= (7+2yex)dx+(y+ex)dy =0

My =y+2e* Nx=eX therefore not exact.

2
u(yT + 2yex>dx +u(y+eX)dy =0

2
Uy(yT + 2yex>dx +u(y +eX)dy = ux(y + eX) + u(e*)
uy=0 =  u(y+eX) = ux(y+eX)
U = Ux = u=eX
Xy2 2 X 2X
(e7+2ye )dx+<ye +e2)dy =0

My = yeX + 2e2X

Nx = yeX + 2e2X

9.

a.
Find the general solution of y” + 2y’ +y = 6x2e~X (13)



A2+22+1=CA+2%=0 A=-1

yh = C1e7X + Coe ¥

yp = Ax%e~* + Bx3e™* + Cx%e X

yp = 2Axe™ — Ax?e ™ + 3Bx%e ™ — Bx3e ™ + 4Cx3e X — Cx%e ™

yp = 2Ae~* — 4Axe™ + Ax%e™ + 6Bxe ™ — 6Bx%e™ + Bx3e ™ + 12Cx%e ™ — 8Cx3e X + Cx%e ™

DE= 2Ae* + 6Bxe X + 12Cx2e~X = 6x2e X

0o _ 1
A=0=B C= >
Yp — %x“e‘x y = Cie X + Coxe X + %x“e‘x
b.
Solve the equation y(t) = 2t + j:) y(t—v)e Vdv (12)

-4 1
L{y}_ 33 +L{y}8+l

Lt = 5%

s+1

L{y}[sil}zs%

L s+ _ 4, 4
iy 4 3 A

— 22, 243
y =2t +3t



