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BOUNDARY VALUE PROBLEMS

Homogeneous Boundary Value Problems

Consider the following problem:

D.E.L[y] = ao(X)y" +a1(X)y' +a,(x)y =0 a<x<b
B.C. a1y(@)+B1y'(@)=0 a?+p2+0 1)
B.C. azy(b) +B2y'(0) =0 af+p5+0

Here a1,a2, 1, and 3, are constants.

Example
y'=0 Y0 =y'(1)=0
(Herea; = a2 = 0)
=y=Ax+b Y@M =A Y0 =y10)=A=0
= y(x) =b b any constant.

The Boundary Value Problem (1) is called linear and homogeneous since if u; (x) and uz(x) satisfy it,
= C1U1(X) + C2u2(x) also does.

Example
y'-6y'+5y=0 y0)=1 y@2)=1
Solution: The characteristic equation is
r2—6r+5=(r-5)(r-1)=0
sor=1,5

Thus
y(X) = c1* + Ccoe
y(0) =c1+c2 =1
y(2) = cre? +cel0 =1
Thus from the first equation ¢, = 1 — ¢ and the second equation becomes

cie?2+(1-cp)el® =1

C1(62 _elo) =1- elO

_al0
C1= 12 elO
e2—e
1—el0 1 2
Cr=1- = (ec-1)
02 _l0 g2 _oal0



1-el o, e2-1 .5

y:

e2 _ elO e2 _ elO
SNB check
y' -6y +5y =0
y(0) =1
y2) =1

, Exact solution is: { ¥ _(e2-1)- £ _(el0 - 1)}

e2_pl0 e2_glo
Remark. The homogeneous Boundary Value Problem (B.V.P.) always possesses the solution y(x) = 0.

Question. When does there exist a nonzero solution to (1)?

Let y1(x) and y2(x) be two linearly independent solutions of L[y] = 0. = y(x) = C1y1 + C2y2 is the general
solution of the DE.

a1y(@) + py'(@) = 0
azy(b) + Bay'(b) = 0

B.C. > } and y(x) = C1y1 + C2y2 =

cifa1y1(a) + Bryi(@)] + cz[a1y2(a) + B1yy(@)] = 0
ciaay1(b) + B2yi(0)] + caaay2(b) + B2yy(b)] = 0.
The above are two equations for ¢; and ¢,. We want a nontrivial solution. Let Ba(u) = aiu(a) + f1u’(a) and
By(u) = azu(b) + Bou’(b). Then the determinant of the coefficients of the above system must equal zero. Thus
we require

Ba(y1) Bal(y2)
Bp(y1) Bun(yz2)

‘:0 )

Theorem 1. The homogeneous linear B.V.P. (1) has a nontrivial solution if and if (2) holds.

Theorem 2. If u(x) is a particular nontrivial solution of the B.V.P. (1), then all solutions are given by y = cu(x)
where ¢ is an arbitrary constant.

Proof. Let v(x) be any solution, u(x) a particular solution of the B.V.P. (1) = aju(a) + B1u'(a) = 0 and

a1v(a) + B1v'(a) = 0 since u and v both satisfy the first B.C. These equations may be regarded as equations for
a1, B1. However, since by assumption a1 and 1 are not both zero =

u(a) u'(a)

=0=W[u,v],_
v(a) v'(a)

= W[ux),v(x)]=0fora<x<b

a

= uand v are two LD solutions of the D.E. = there exist constants c1,c2 # 0 such that ciu(x) + cav(x) = 0 for
as<x<b=vX) = —g—;u(x) = cu(x).

Example
y'—=2%y=0 10 y0)=y1)=0

The general solution isy = c1e* + c,e ™. The B.C y(0) = 0. = c¢1 + ¢, = 0, whereas the condition y(1) = 0



leads to
ci1e* + ce~* = 0. The two equations for ¢, and ¢, are

Ci1+¢C2=0
ciet +ce? =0

The determinant of the coefficients is # 0.= ¢1 = ¢ = 0 = the only solution isy = 0.

et e

Eigenvalue Problems

The following special kind of B.V.P. is called an eigenvalue problem.

Lly]+4y =0 a<x<b
B.C. a1y(a) + p1y'(@) =0 a3+ p2+0 >(x)
B.C. azy(b) + B1y'(b) =0 a% +ﬂ% +0

Here L[y] = ao(X)y" + a1(X)y’ +az(x)y, and A is a parameter.
Againy = 0is a solution for all A. However, we are interested in nontrivial (nonzero) solutions.

Definition. If a nontrivial solution of the B.V.P. (x) exists for a value A = 4;, then A; is called an eigenvalue of L
(relevant to the B.Cs.). The corresponding nontrivial solution yi(x) is called an eigenfunction.
Example Find the eigenvalues and eigenfunctions for

y'+4y=0, y'(©0)=0 y1)=0
We must consider three cases; A < 0,4 =0,,and A1 > 0.

I. 2 < 0. Let A = —a? where a = 0. Then the differential equation becomes
y'—a?y =0
and has the general solution
y = C1e% + cpe %,
The boundary conditions =
y'(0) =cia—Ca =00rc; =cp,andy(l) = c1e* +ce*=0.= ¢y =, = 0.
Thus for A < 0, the only solution isy = 0.

I1. A = 0. The solution isy = c1x + c2. The BCs imply ¢1 = ¢2 = 0. Again the only solutionisy = 0.
1.1 > 0. Let A = B2 where B + 0. The DE becomes
y'+ By =0
and has the general solution
y = C1Sin X + C2 COS BX.
The BCs imply

y'(0) = ¢1Bcos0 —cBsin0 =c18 = 0. Hence ¢1=0,,since+0. Thus
y = C2COS fX.



Now y(1) = czcos B = 0. Since we want a nontrivial solution we cannot have c; = 0.
Hence

cosf=0= f = 2”2+1n,n —0,41,42,...

We therefore have the eigenvalues
and eigenfunctions
yn(X) = Cmos(%)x,
forn = 0,1,2,... Note the negative values of n do not give additional eigenfunctions since cos(—t) = cost.
Example Find the eigenvalues and eigenfunctions for
y' =12y’ +4(7+2A)y=0 y(0)=y(5)=0
Solution: The characteristic equation is
r2-12r+4(7+21) =0
S0

+12 + 144 - 4(4)(T + A
r= J 2()( ) =6+2y2-2
Thus we have 3 cases to deal with,2 -1 < 0,2-12=0,and2-1 > 0.
Casel:2— 1 > 0. Let2— 1 = a? where a # 0. The the general homogeneous solution is

y(x) _ Cle(6+2a)x + Cze(6—2a)x

The BCs imply
Cl + Cz =0
Cle(6+2a)5 + Cze(G—Za)S =0
, Solution is: {C, = 0,C1 = 0}. Thusy = 0 and there are no eigenvalues for this case.

Casell: A = 2. Then
y(x) = C1e% + Coxeb
The BCs imply
Ci1=0
C2(5)e¥=0=C,=0
Therefore A = 2 is not an eigenvalue.

Case lll: 2—2 < 0. Let2— A = —B2 where 8 = 0. Then r = 6 + 2i. The solution to the DE is
y(x) = C1e%sin2px + C2e% cos 2x

The BCs imply

y(0) =C2=0

y(5) = C1e%sin10B8 = 0
Thus

106 =nz, n=1,2,...
or

and the eigenvalues are



A=24p2—24+0272 n_q0

100

The eigenfunctions are
yn(X) = Ane® sin(“T”)x
Example
y'+2y=0 y(x)=y(2r)=0
Solution: There are 3 cases to consider. 4 < 0,A =0,,and A > 0.

I. A2 <0.Let A = —a? where a = 0. Then the differential equation becomes

y'—a?y =0
and has the general solution

Yy(X) = c18% + ce™ .
Then
y(r) = C1e%" + C2e7%" =0
y(2m) = c182%% + ce720" = 0

Thus from the first equation

Cy = —Cc1e2en
and the second equation implies

ci(e?* -1) =0

Hence c; = 0 and thus ¢, = 0, soy = 0 is the only solution. There are no negative eigenvalues.

1.1 = 0. Thenwe havey” = 0so
Y(X) = C1X + C2
y(r) =cim+c2 =0
y2r) = 2cim+c2 =0
Thereforec; = ¢, = 0andy = 0, so 0 is not an eigenvalue.

I1l. 2 > 0. Let A = 82 The DE becomes
y'+p%y =0
SO
y(X) = c1Sin BX + C2COS X
The initial conditions yield
y(r) = c1sinfr +cocosfr =0

y(2r) = c15in2PBrw + c2c082fm =0
This system will have a non-trivial solution if and only if
sinfr  cospr
sin2fr cos2pn

That is if and only if
sin Brrcos 2B — cos Brsin2fr = sin(fr — 2pn) = —sinPr =0
Thus we must have



pr=nr n=123..
or
B=n n=123,..
Hence the eigenvalues are
A=p2=n2n=123,..
The two equations above for ¢1 and ¢, become
cisinnz + cpcosnr = 0
c18in2nz + cacos2nr = 0
Thus ¢, = 0 and c; is arbitrary. The eigenfunctions are
Yn(X) = ansinnx

Remark. If T and V are 2 vectors, thenW L. V & T -V =0
T=(....Xn)  V1,....¥n) Asn>o TV > [xiyi.

Definition. Let f(x),g(x) be two continuous functions on [a, b]. We define the inner product of f and g in an
interval a < x < b, denoted by < f,g >, by

b
< f,g >= I fx)g(x)dx.

a
Definition. Two functions f and g are said to be orthogonal on [a,b] if

< f,g>=0.

/- H .
Example. Io sinxcosxdx = S";X |§ = 0 Therefore sinx and cosx are orthogonal on[0, r].

Definition. The set of functions {f1,f>,...} is called an orthogonal set < fi,fj >=0 i #].

Example. {1,cos ”Tx,cos 2—7|fx ...,cos%, } is an orthogonal set on [0, L]
Remark. For vectors we have the following: if @ = (u1,...,un) then the length of

T=|Uull = u?)? = yU - U.Motivated by this we have the following definition.

Definition. Let f(x) be a continuous function on a< x < b. Then the norm of f is defined by

I = J<7if> = [ Pooox.

2 1 5
Example. 0 < x <1  [[x?|° =< x%,x% >= IOX“dX = X?% =3
2| = L
= [[x7] = 5
- X2 _ x2 5
Remark. Lety = % E = Iyl G 1

Definition. If ||f|| = 1, then f is said to be normalized.

Definition. A set of functions {¢1, @2, ... } is called orthonormal if
(1) the set is orthogonal, and



(2) each has norm 1. Therefore {¢1, 2, ... } is an orthonormal set <

0 i+
< ¢i, 9j >=5ij={1 i=;

Example {sin(nx)} = {sinx,sin2x,sin3x, ...} on[0, 7] is an orthogonal set since

< sin(mx),sin(nx) >= IZ sinmxsinnxdx = % IZ[cos(m —n)x—cos(mMm+n)xJdx m=n

1 [ sin(m—n)x  sin(m+ n)x ]”
= m—n m-—n

2 0
1 sin(m-n)r  sin(m+n)r |
—7[ m—n _ ~ — m+n =0 m=n

since m and n are integers.

Now
- - T -

< sinnx,sinnx >= IO sin2nxdx

1 ("1

=3 Io(l cos 2nx)dx

_1(y_SinN20X \jz _ &

- 2(X 2n )'0 2"
Therefore

. . - 1

||sinnx|| =< sinnx,sinnx >2 = %

= this set is not orthonormal. We can make an orthonormal set from these functions by dividing each element in
the original by E = {E sin nx} is orthonormal set (n = 1,2, ...).

Properties of the inner product.
1.< f,g >=< g,f > since Ibf(x)g(x)dx = Jb gOOf(x)dx

2.< af+ pg,h >=a <f,h>+p <g,h > since J.(af+ﬁg)dx = aj.fdx+ﬁ_[gdx

3.a.<ff>=0iff =0
b.<f,f>> 0iff £0

Remarks. (1) It will be necessary when dealing with partial differential equations to “expand” an arbitrary
function f(x) in terms of an orthogonal set of functions {yn }.

(2) Recall that in 3 space, if U1 = (1,0,0), U2 = (0,1,0), and U3 = (0,0,1) then
V= (0{1,0!2,(13) = aiU1 +azUz +asus.
Note that
< Ul,V >= Ul -V =< Ul,alﬁl +0£2U2 + a3U3 >=< Ul,a1U1 >+ < Ul,azﬁz >+ < Ul,a3U3 >
=01 < ﬁl,ﬁl >+ < ﬁl,ﬁz > +a3 < ﬁl,ﬁg >= o1
Also < ﬁz,v >= Q2 and < ﬁg,v >= Q3.



Suppose we are given a set of orthogonal functions {wn} on [0,L], and we desire to expand a function f(x) given
on [0,L] in terms of them. Then we want

fx) = D anyn(x).
n=1

Question. What does ay =?

Consider
< Wi, f(X) >=< y/k,Zanl//n >
1

=< VYi,a1y1 +ay2 + - >

=01 <Y1 >+t ok <Yk Yk > H0kel < Yk Ykl > e

But < y,yj >= 0if j = k since the set {y} is orthogonal.

< i, f(X) >= ax < wi, vk >= akllyll?

Therefore

[y Teove0odx [ fooydx
w2 [ w00 2dx

(*) is the formula for the coefficients in the expansion of a function f(x) in terms of a set of orthogonal functions.

ok k=12,... (x)

Ordinary Fourier Series

Fourier Sine Series

Consider the eigenvalue problem
D.Ey'+ly=0 0<x<L B.Cy(0)=y(lL)=0

We shall first solve this problem. There are 3 cases to consider - 4 < 0,4 =0,4 > 0.

I.A <0. LetA = —a2 where a + 0. The DE becomes

y'—a?y =0
S0
Yy(X) = c16% + coe™
Then y(0) = 0 implies



Ci1+¢C2=0
S0 cy = —C1 and
y(x) = ci[e™ —e™]
But then
y(L) = cafe®t —e ] =0
Soci = 0and hence c; = 0 and thus y(x) = 0 and there are no negative eigenvalues.

Il. 1 = 0 The the equation becomesy" = 0 andy = c¢1x + ¢z and the BCs imply y = 0.

1. A > 0. Let A = B2 where B = 0 The DE becomes
y'+p?y =0

Thus

y = €18in X + €2 cos BX
y(0) = ¢, = 0. Also

y(L) =ci1sinpL =0

S0

B = ”T” n=1,23...

2

hn = —”IZ_’; n=123,..

are the eigenvalues, whereas the eigenfunctions are

sin fAn x = sinnT”x= wn n=123,..

These functions form an orthogonal set.

Hence if
f(x) = iaksink”TX
then from (x) above 1
ax = % I:f(x)sin kLLde,
since

[ meor?ax = 5

These formulas are for the Fourier sine series for f(x) on 0 < x < L.
Remarks. 1. Atx = 0andx = L D agsin kLLX gives 0 for f(x). Therefore unless f(0) = f(L) = 0 the Fourier
series is not good at the end points.
2. Since sin kT”(x +2L) = sin k” Sy an) = sin k’ix , We see that the Fourier series yields
f(x + 2L) = f(x) = Fourier series has perlod 2L.For-L <x <0

we have Zaksm kax Za sm( k(= X)>

00

——Zaksink”(—LX) -L<x<0=L>-x>0
1



= —f(—x), where f(x) is value of seriesin 0 < x < L.

Therefore the Fourier sine series converges to function F(x) where

Foo =4 10 Oex<t Fx+2L) = F(x)
] f(x) -L<x<O0 -

This is the odd periodic extension of f(x) with period 2L. Unless f(+kL) = 0 F(x) will be discontinuous at
+L,+2L,... Note that the function f(x) is given on [0, L] only, where the Fourier Sine series extends it to a
function F(x) which is define on —co < x < o0.

Suppose that the graph of the function f(x) is given by the figure below.

Then the Fourier sine series generates a function F(x) defined on -0 < X < o whose graph is given below.

10



[ [ |
[ [ |
| | |
[ [ |
[ [ |
[ [ |
[ [ |
[ a [ [

I I I I I
-3L -qL - U -a L L '
I I I I I I
I I I I I I
I I I I I I
I I I I I '
I I I I I '
| | -b . | | |
[ | [ [ [ |
[ | [ [ [ |
Example Find the Fourier sine series of
1 0<x< %
f(x) =
0 T <X<m
n "
2

Now

f(x) = Zansinn—fx = ) ansinnx,
1

since2L =27 = L =n.
The formula above for the coefficients in the Fourier sine series implies

= 2 [y ein DX gy — 2 [ fex) si
an = 7 Iof(x)sm L dx = % IO f(x) sinnxdx

. .
an = % IOZ 1 - sinnxdx + % .fﬂl 0 - sinnxdx = —%—CO?]”X |2

= —%I:COSHT” —1]

11



2
TR n odd

(;—%)[(—1)% ~1] neven

On =

Therefore

f(x) = D _ ansinnx
1
_ 2[q 2 g 1 .S 1 g 2 g
= n[smx+ 5 Sin2x + 3 sin3X + 0 - sin4x + 5 sin5x + 6 sin6x + ]

Note that our function f(x) on 0 < x < & is extended to the following on —o < X < .

r | =4

What we have done with sine functions can be done with cosine functions.

Fourier Cosine Series.

This comes from eigenvalue problem

DE. y"+ay=0 B.C. y Q) =y(L)=0

are the eigenvalues and

12



Wn = cos NzZX

are the eigenfunctions,n = 0,1,2,....

Note 1o = 0 = wo = 1 which is an eigenfunction. Now we want to write

f(x) = Bo + Zl:ﬁn cos%

Proceeding as above in our derivation of the constants in the Fourier Sine series, we get for the constants in the
Fourier Cosine series

21" NIX gy 1 = _1gt
Bn = 3 jof(x)cos L dx n=1,2,3,... Bo = L Iof(x)dx

To see where the formula for Sy comes from note
< wo,f(X) >= yo,foyo >=< 1,1 > fo
1 L
= Bo="r——"—= Tfof(x)dx.

Note the book writes
~ao S nrx
f(x) > T El ancos -

and

_2(t nzx _
an = I_J‘Of(x)cos L dx n-0,1,2,...

Thus
_ 4do
Po =5

Again the Fourier series is periodic with period 2L. However, now f(—x) = f(x) since cosine is an even function.
Here the Fourier Cosine series extends f(x) which is given on [0, L] to a function F(x) which is defined on
—0 < X < 0 as

B f(x) O<x<L B
F(x) = { 0 L <x<0 F(x+2L) = F(x).

If the graph of f(x) looked as below

13



then F(x), the even extension of f(x), would look like

Example. Find the Fourier Cosine series for f(x) = 1, O<x<4
L=4

_ 5 nzx _ 4 _ 4 _
fo) = ﬁo+21113n005% o= [ foodx =4[ 1-dx=1

- nex 74
_241 nﬂ,’Xd_l Sm4 _ 2 in0l1 =0
ﬁk—fjo scos X dx = 3| —7 = 4o=[sin0] =
4 0

Therefore f(x) = 1 is its own Fourier Cosine series. The function is simply extended.

14



Example Find the Fourier cosine series of

1 z
f(x) = 2
x) 0 ”

The graph of f(x) is given below.

I
z
2

Note that this is the same function as in the previous example.
Now

f(x) = bo + ibn cos(”—’lfx) = bo + ib” cosnx,
since the function is givenon [0,L] = L :n: :
bo = %j:f(x)dx = %J‘z 1ldx = %
bn = % I:f(x)cos(nT”x)dx = % J.: 1 - cosnxdx
= %[sinnx]é = %sin(%)

If nis even, then sin(&) = 0. When n is odd, say n = 2k + 1,k = 0,1,2, .. thensin(£ ) = +1, depending on
whether k is even or odd. Thus

b — 0 neven
" 2.(1)% nodd, n=2k+ 1,k =0,1,2, ..
Thus

15



f(x) = bo + Y baCOSNX = bg + by COSX + b COS2X + -
1

=L+ 2 cosx+0c0os2x — =2 CoS3X + 0COSAX + 2— COS5X + -+
2 2n 5r
The graph of the even extension of the given function is
y 1
08T
06T
04T
02T
8 6 -4 -2 0 2 4 6 8
X

Example () Find the first four nonzero terms of the Fourier cosine series for the function
fx) =xon0<x<1

Solution:
f(x) = Bo + iﬁncosn—fx
where
Bo = % I: f(x)dx and B = % j;f(x)cos n—’l_”(dx n=1,23,...
HereL = 1so

f(x) = Bo + D _ BncOSNTX
1

I—\O

-1
Po=1
2

(cosnzx + nexsinnzx)|;

J o
= I Xcosnzxdx = n227r2
2

= —2—(cosnz — 1) = 222((—1)”—1)n=1,2,3,...

Hence f31 = _%1 P2 =0, 3= _W’ Ba =0, Bs = —257[
Therefore

f(x) = % - % COS7TX — # COS 37X — 254”2 COS 57X

Note: The book gives the formulas

where
_ 2t nzx _
Pn = T Iof(x)cos—L dx n=0,1,2,3,...

16



Using this formula we get
2 1
Po = T jo xdx =1
Therefore, the first term in the book’s formula for the Fourier cosine series is % = % as before.
(b) Sketch the graph of the function represented by the Fourier cosine series in (a) on -3 < X < 3.

Example (a) Find the Fourier sine series for the function
fx) =xon0<x<1

Solution:
f(x) = ;aksink”TX
where
= 2 (" w0y sin kax _
o = 2 jo foosin KX dx, k=1,2,3,..
HereL = 1so
f(x) = ) axsin(krx)
1
where
1
ax = ZJ.Of(x)sin(knx)dx, k=123,...
Thus
1 1
ag = ZI xsin(kzx)dx = 2|: 1 5 (sinkzx — knxcosknx):| =
0 (km) 0
- —2[%coskn] - %(—1)k+1 k=123,..
Thus

17



@© K+
-2 (‘1k) " singkn)
1

(b) Sketch the graph of the function represented by the Fourier sine seriesin 5 (a) on -3 < x < 3.
Solution:
1

0.8 71
06T
04T

02T

oo"
)
=
N
)
w

-1.0 —

Full Fourier Series (Omit)

This comes from the eigenvalue problem
D.Ey"+iy=0 B.Cy0)=y2L) Yy @©0)=y'(2L) 0<x<2L

The eigenvalues are

_ n?g?
An = 2
n=0,12,...,, whereas the eigenfunctions are
y/nzancosn—’l_f)(+bnsin2—’|f)( n=012,..

Note that for this problem the function f(x) is given on [0, 2L] since the eigenvalue problem is given on this
interval. This is a different interval than that for Fourier Sine and Fourier Cosine series.

f(x) = ao + Z(an cosn—7|_TX +bpsin %)
=1

where

S _ A f* nzx 1 nax
a0 = 5 _[0 foodx,  an = L IO f(x) cos L dx  bp= 3 IO f(x)sm_L dx

18



Example Find full Fourier series for

1
f — 2
) 0

2L=n:L=%

pid
aoz%_[;[f(x)dx: %IOZ 1odx =1

z z _ z
an = - [ f(x)cos —”%X dx=Z[2 L-cos2nxdx = %[ 2 cos2nx dx = %_smz%nx 12 =0
2

V14

I
b = 2 ]2 sin2nxdx = ~ 2 5] 2

2 = %[cosnn—cosO] n=12,...

+-5=  nodd
bn =~y [(-1)" - 1] n

0 n even

f(x) = %-f- %[sin2x+ %sin6x+ %sin10x+. . ]

The Vibrating String

It may be shown that the equation governing a string of length L vibrating is
n=2Y - Lyt 1
Y (X, 1) = P ?)ht(x. ) 1)

Equation (1) is called the wave equation. Suppose string is held fixed at the ends x = O and x = L

f(x)

19



(2a) y(O,t)=0 t>0 B.C.

(2b) y(LLt)=0 t>0 B.C.

Also suppose at t = 0 the string has displacement y = f(x) and is released from rest

(Ba) y(x,0)=f(x) O0<x<L IC.
Bb) yi(x,00=0 0<x<L I.C.

In order to solve the above problem we shall assume y(x,t) = X(x)T(t) separation of variables
= yx=XT yu=X'T y=XT".Note that X', T’,... are ordinary derivatives of X with respect to x and T
with respect to t. Now the P.D.E. (1)

—
X'T = L x7"
(ZZ
==
xH 1 TH
X ~ o2 T

Note that the left hand side is a function of x only, whereas the right hand side is a function of t only. This implies
that each side must equal the same constant. Therefore

Hence we get the two ordinary differential equations
X"-kX=0 and T"—-a?kT =0

Now y(0,t) = X(0)T(t) = 0 = X(0) = 0, whereas y(L,t) = X(L)T(t) = 0 = X(L) = 0. Therefore we must
solve the problem

X"—kX =0  X(@0) = X(L) = 0.

There are three cases. Ifk =0 = X = 0. If k > 0 = X = c1e/k* 4+ cpe—vkx,
and the boundary conditions = ¢1 = ¢, = 0.

Forthe case k < 0, letk = —A2
=
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X" +12X =0  X(0) =X(L) =0

This is an eigenvalue problem. The solution to the DE is
X = €1 8INAX + C2 COS AX
X(0)=0=c, =0whereas X(L) =0 = c1s5inA =0 = A= “T” forn = +1,£2,43,....

Since sin(—x) = —sinx we may disregard the negative values of n.
Therefore

Xn(x) = cnsinnT”x n=1,23,...
For T(t) we have the equation
T"+a?2?T = 0,
since k = —A2. Thus

Tn(t) = csinaAt + dcosadt = ansin nﬂTat-i- bncosn”T“t.

- "0) = (1) = nr nry_ Nz gipy o DL 0) =
Butyi(x,0) =0 = T'(0) = 0. Now T'(t) —an(a L )COS(Z I_t bn(a L )sma L ,50T'(0) =0
= ap=0foralln.

Therefore

Tn(t) = bncos n”Tat,

and we have finally that

Yn(X,t) = Xn()Th(t) = cn sin% x b cosn”T“t

Let Ch X bn = dn.
We note that

yn(X,1) = dnsinn—’lfxcosn”T"‘t n=1,23,...

satisfies the P.D.E. yxx = %yn ¢8) and the boundary conditions y(0,t) = y(L,t) = 0 (2a,2b), as well as the
a
initial condition y¢(0) = 0 (3b).

What about the condition y(x,0) = f(x)? Notice that

_ - in NTX nrat
y(x,t) = ;dnsmTcosT

is also a solution since of (1), (2a,b) and (3b). Thus y(x,t) is solution of everything except condition (3a),
namely, y(x,0) = f(x).
But
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y(x,0) = ;dnsinn—fx = f(x).

Therefore if f has a Fourier sine series expansion we let

Now with these coefficients dn

_ 2 [“ex) sin D
dn = 3 IO f(x)sin L dx.

y(x,t) = > dysin DX cos Nzat
1

L

is a solution to entire problem (1), (2a, 2b), (3a, 3b).

Example

Here a = 1 and f(x) = 2sin
Now

_ 2 [t
dn—Ljosm

X
L

X
L

Yoo =Y Y(0,t
yi(x,0) =0
y(x,0) = 25in”TX

y(x,t) = > dysin DX cos Nzt
1

L

L

)=yt =0

L

X gy 2 (S oain IX cin NIX 4y _
sm—L dx = 3 IOZSIn sm—L dx =0

2n7X
_ 2 [“oyainzmx gy - 4| (4 1ZCos T
dl—LIO(Z)sm L dX_L|:Io< >

= solution is

Example Solve:

y(x,t) = 2sin & cos ZL

L

L

Vet 5

L
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P.D.E.: uxx —16uyg = 0
B.C.’s: u(0,t) =0 ux(1,t) =0

I.C.: u(x,0) = —35in% +23sin %; ug(x,0) = 0

Solution: We assume
u(x,t) = X(x)T(t)
The PDE implies
X _ 16T—” = k k a constant
X T

Then we have the two ordinary DEs

X"—kX =0
n 1 _
T i6 kKT =0
The boundary conditions for X(x) are
X(0)=X'(1)=0

so that the eigenvalue problem for X is
X"-kX =0 X(0)=X'(1)=0
For nontrivial solutions we let k = —p2, 8 #+ 0 and get

X"+ B2X =0
SO
X(x) = CysinpBx + Czcos Bx

X(0)=0=>C,=0
Thus

X'(x) = C1c0s Bx
and X'(1) =0 =

B = (%)n n=012,...
Therefore
Xn(X) = ansin(%)nx n=012..

Since

_ g2 _(2n+1)? >
k=-p ‘( 2 )”
The equation for T(t) becomes
o1 (2n+1 2 ot _
T4 L (2L T — o
o)
Ta(t) = bn sin(2n8+1>nt+cn cos(2n8+1>nt n=0,12,...
The BC u¢(x,0) = 0 = T'(0) = 0. Since
/ _ 2n+1 2n+1 _ 2n+1 i 2n+1
Ta(t) = bn(—8 )ncos(—g )nt cn(—g )nsm( 8 )nt
we see that b, = 0 so that
_ 2n+1 _
Ta(t) = cncos( 7 )ﬂt n=012,...
Thus
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Un(%, ) = Xa()Ta(t) = Dnsin(%)nxcos(%)ﬂ n=012,...

Let
5 S D sin(20+1 1
u(x,t)—gun(x,t)—gDnsm( 5 )nxcos( 5 )nt
Then
u(x,0) = > Dysin 20+ 1Yy = 3gin 2ZX | 23sjn 112X
2 (#34) 2 2
Therefore

D,=-3 D5=23 Dh=0n=+25
The final solution is then
u(x,t) = —35in(—5’2”( )cos(%) +23sin —112”)( )cos —118”t

u(x,0) = —3sin2zx + 23sin L zx

y 20

10

u(x,.1) = —3sin 27xc0s0.06257 + 23sin L-7xcos0.1375x
ucx,.4) = —3sin%7rxcoso.257r+23sin %nxcosO.SSn
u(x,.6) = —3sin 27xcos0.375x + 23sin Ll 7xc0s0.825 7

u(x,.8) = 23sintkaxcosl. 1x
Example Solve

PDE Uxx — 16Utt =0
BCs u(0,t)=0 ux(L,t)=0

IC  u(x,0) = —65in(%) +13sin %

IC ui(x,0) =0
You must derive the solution. Your solution should not have any arbitrary constants in it. Show all steps.
Solution: Letu(x,t) = X(xX)T(t). Then the PDE implies

X'T = 16XT"
or
X_// — 16T_// — _12

X T
since we will need sines and cosines in the X part of the solution.



Thus

X"+ 22X =0
e A%
T+ 16 T=0
The BCs are
X(0)=X'(1)=0

X(x) = ansinAx + bp cos Ax
X(0) = 0 implies that b, = 0, so
X(X) = anSinAx
X'(X) = anAcosAx
o)
X'(1) = apAcosA =0
Hence A = %Lz, n=10,1,2,... and
Xn(X) = Ansin(%)nx n=0,12,...
Also

n, A2+ T (2n+1)277:2
T+ 16T—T + 64

Ta(t) =cCn sin(zng%l)ntwt dn cos(zr‘T:l)nt

ut(x,0) = 0 implies that ¢, = 0 and

T=0

Ta(t) = dncos(zngf*l)rt
Thus
Un(X.t) = Bﬁiﬂ(%)nxcos(%)ﬂ n=0,1,2,...
Let

S _Npoinf 2041 n+1
ux,t) = gun(x.t) = ansm(“T*)nxcos(nT*)nt

ux,0) = an Sin(%)nx = —63in(%) +13sin —1127”(

Therefore By = —6,Bs = 13and B, = 0 forn + 1,5 so
ux,t) = —65in(ﬂ>cos(3—”>t+ 13sin M)cos n—”)t
' 2 8 2 8

Example Solve:

P.D.E.: uxx — 16uy = 0
B.C.’s: u(0,t) =0 ux(1,t) =0

I.C.: u(x,0) = —3sin 22X | 23gin 12X (x 0) = 2zsin %

2 2
Solution: We assume

u(x,t) = X(x)T(t)
The PDE implies
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XTN = 16TT” = k ka constant
Then we have the two ordinary DES
X"—kX =0
T - 1—16kT =0
The boundary conditions for X(x) are
X(0)=X'(1)=0

so that the eigenvalue problem for X is
X"-kX=0 X0)=X'(1)=0
For nontrivial solutions we letk = -2, B # 0 and get

X"+ 2X = 0
S0
X(x) = CysinpBx + C,cos Bx

X(0)=0=C,=0
Thus

X'(x) = C1cos Bx
andX'(1) =0 =

B = (%)n n=0,12..
Therefore
Xn(X) = a@in(%)nx n=0,1,2,...

Since

_ 2 _ (204112 >
k=—p2 = (20 )
The equation for T(t) becomes

v 1 (20412 o7 _

T+ 16( F1) 22T =0
SO

_ in(2n+1 2n+1 _
Tn(t)—bnsm( 8 )nt+cncos( 8 )nt n=2012,...

Thus
Un(X,t) = Xn(X)Tn(t) = Dn sin(%)nxsin(%)nu En sin(%)nxcos(%)nt n=0,12,...
Let

o0

u(xt) = :ioun(x,t) = ;[Dnsin(%)rxsin(%#:l)nt + Ensin(%ﬁxcos(zngf*l)nt]

ue(x,t)
- 300 (20 Yrsin( 224 Yoo 2L Yot~ (20L Yrsin 24 Yocin 2054
n=0
Then
ux,0) = nii;En Sin(%)ﬂx = —35in% + 23sin%
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Therefore
E,=-3 Es =23 Eh=0n=+25

u(x.0)=wD 20+ 1 Y gin( 2041 ) o = 27sin 32X
‘ ;”(8>”(2>ﬂ”2

Thus D1<%>n =2rs0D; =L andDy=0n=1
The final solution is then

u(x,t) = %sin(%)cos% —3sin(%>cos(%> +23sin %)cos%

The Heat Equation

Consider a cylinder parallel to x —axis

J /

Let u denote the temperature in the cylinder. Suppose the ends x = 0 and x = L are kept at zero temperature
whereas at t = 0 the initial temperature distribution is u = f(x). It may be shown that u = u(x,t) satisfies the
P.D.E.

u  0<x<lL, t >0, 1)

=~

Uxx =

where k is a constant and k > 0

Equation (1) is called the heat equation. The physical conditions of the problem imply

B.C.u(0,t) =0=u(L,t) t>0 (2)
I.C. ux,0) =f(x) 0<x<L 3

We want to determine u(x,t), i.e. the temperature in the cylinder at any point x at any time t. Again we use
separation of variables. The assumption u(x,t) = X(x)T(t) leads to
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XN(X) _ l T/(t) — _12
X(x) kK T(t)

= X" 422X =0  X(0) = X(L) = 0and T' +kA2T = 0.
:ancnsin% n=1,2,... AnznT”:

T +k22ZiT _ g
L2
T(t) = dne CE)K

nr 2 -
Un(x,t) = ane"Ct) ktsmn—fx

satisfies (1) and (2) =

Un(X,t) = D ane~ () ®sin n—fx
1

also satisfies (1) and (2).

We need to satisfy (3) namely, u(x,0) = f(x) However,

u(x,0) = D_ apsin ”—fx
1

Thus we take an to be the Fourier sine coefficients of f(x). Hence

_ 2 [“x) sin DX
an = 1 Iof(x)5|n L dx.

Remark. The factor e () . 0ast — o =lim u(x,t) = 0 as expected from the physical problem.

t>o0

Example Solve the problem:

P.D.E.: Uxx — 8u; =0
B.C.: u(0,t) =0 ux(1,t) =0

1.C.:u(x,0) = —2sin 3Zx + 10sin 2L x

2 2
Solution: Let u(x,t) = X(x)T(t). Then the PDE implies
X' _gTl _
X = 8 T = k k a constant

Then we have the two ODEs
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X"—kX =0
T-4kT=0
The BCs for X(x) are
X0)=X'(1)=0
The boundary conditions for X(x) are
X0)=X'(1)=0
so that the eigenvalue problem for X is
X"-kX =0 X(0)=X'(1)=0
For nontrivial solutions we let k = -2, B + 0 and get

X"+ p2X =0
S0
X(x) = CysinpBx + Czcos Bx

X(0)=0=>C,=0
Thus

X'(x) = Cy8c0s Bx
andX'(1) =0 =

ﬁ:(ﬂ%i)zn=QLzm

Therefore

Xn(X) = a@in(%)nx n=0,1,2,...
The equation for T(t) with k = -2 = (%)%2 is
r,o1(2n+1 2 o _
T+ L (2510 21 — 0
Thus

Ta(t) = bpe (D" n=0,1,2,...
Therefore we have

1(/2n

Un(x,t) = Dnsin(%ﬁxe*? )% n=0,1,2,...

To satisfy the initial condition we let
ux,t) = Z Dn sin(%)me‘%(%)zﬂzt
n=0
Now

u(x,0) = > Dn sin(%)nx = —2sin 37”x +10sin 9T”x
n=0

This means
Di1=-2 Ds=10and Dh =0, n+ 1,2
The solution to the problem is then
ux,t) = —25in(%)nxe*%(%>2”z‘ + lOsin(%>nxe*%<%)2”2t
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Additional Examples
Example Wave Equation Example

Problem 1 Section 10.6

Find a formal solution to the vibrating string problem governed by the given initial-boundary value problem.

Ut = Uxx, O<x<1 t>0
u@,t) =u(@,t)=0, t>0
ux,0) =x(1-x), 0<x<1
ui(x,0) =sin7zx, 0 <x <1

Let u(x,t) = X(X)T(t). Then the PDE leads to

T
We then have two ODEs
X"+22X =0
T"+22T =0

Therefore
X(x) = acosAx + bsin Ax
The BCs for X(x) are X(0) = X(1) =0. Thus,a=0and A =nz,n=1,2,... and
Xn(X) = cpsSinnzx n=1,2,...

Also
Tn(t) = dncosnzt+epsinnzt n=1,2,...
SO
Un(x,t) = [ancosnzt + by sinnzt]sinnzx n =1,2,...
Thus we let
u(x,t) = Y un(x,t) = > _[ancosnat +bysinnzt]sinnzx
n=1 n=1
We want

u(x,0) = x(L—x) = »_ apsinnzx
n=1

Therefore the constants a,, are given by the formula for the Fourier sine series coefficients with L = 1 so

= 2 ("1 )si
an = 9 jox(l X) sin nzxdx

1 1
=2 I xsinnnxdx+J‘ X2 sinnzxdx
0 0

Integration by parts yields

1 n
jo xsinnzxdx = — Az COSNTT = ——x~

and
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1
1 1 1
Io x2sinnzxdx = R — == COSNT + W)
" 2[(—1)n -1]
n nw T

n3z3
Therefore forn = 1,2, ..

a_z{(l)” (1)n (1)n 1]} (1)n 1]

Note that
0 ifniseven
an = L
" —- if n is odd
Since
ur(x,t) = Y _[-an(nz)sinnzt + by (nr) cosnrt] sinnzx
n=1
then

ur(x,0) = D _ ba(nm)sinnzx = sin7zx
n=1
Hence 77b7 = 1sob7 = =--and by = 0 forn + 7.

Substituting these constants into the expression

o0

u(x,t) = ) un(x,t) = > _[ancosnat + bysinnzt]sinnzx
= n=1
above and lettingn = 2k+1, k=0,1,2,... since n is odd yields

ux,t) = = —sin7atsin7mx + Z ﬁ cos(2k + 1)ztsin(2k + 1)7x

Example Use separation of variables, u(x,t) = X(x)T(t), to find two ordinary differential equations which
X(x) and T(t) must satisfy to be a solution of

2 2
— 3t QU 4 (x—2)4(t+6)3 LU - 0,
) (x—2)*(t+6) 52
Note: Do not solve these ordinary differential equations.
Solution: ux(x,t) = X (X)T(t),uxx = X"'T
= 32X ()T + (x = 2)4(t+ 6)3X(X)T"(t) = 0

32X (t+6)°%T"

= = k.
(x—2)*X 4T

3x2X" + k(x—2)*X = 0and (t+6)3T" + kt*T = 0.
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Example Solve

PDE Uxx = 44Uy
BCS ux(0,t) =0 ux(z,t)=0
ICs  u(x,0) =0 ut(x,0) = —9cos(4x) + 16 cos(8x)
You must derive the solution. Your solution should not have any arbitrary constants in it.

Solution:
Let u(x,t) = X(x)T(t). Then differentiating and substituting in the PDE yields

X'T = 4xT"
=

X _ LT
X = 4T

Using the argument that the left hand side is purely a function of x and the right hand side is purely a function of t,
and the only way that they can be equal is if they are equal to a constant, we get

X//
<= 4— =Kk k a constant

This yields the two ordinary differential equations

X"—kX=0 and T”—%szO

The boundary condition ux(0,t) = 0 implies, since ux(x,t) = X'(x)T(t) that
X'(0)T(t) = 0. We cannot have T(t) = 0, since this would imply that u(x,t) = 0. Thus X'(0) = 0. Similarly, the
boundary condition ux(z,t) = 0 leads to X'(z) = 0.

We now have the following boundary value problem for X(x) :
X"-kX=0 X (0)=X'(r)=0

For k > 0,the only solution is X = 0. For k = 0 we have X = Ax+B. X'(x) = A, so the BCs imply that
X'(0)=X'(r) =A=0.
X(x)=B, B+0
is a nontrivial solution corresponding to the eigenvalue k = 0.
Fork < 0, let -k = a2, where a # 0. Then we have the equation

X"+a?X =0
and
X(X) = c1Sinax + 2 CoSax
X'(X) = c1aCosax — C2asinax
X'(0) =cia =0
socy; =0.

X'(r) = —cpasinar = 0
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Thereforea = n, n = 1,2, ... and the solution is

k=-n2  Xp(x) =apcosnx n=1,23,..
The case k = 0 implies that the equation for T becomes T" = 0, so T = At + B. The initial condition u(x,0) = 0
implies X(x)T(0) = 0sothat T(0) = 0. ThusB = 0and T = At fork = 0.
Substituting the values of k = —n? into the equation for T(t) leads to

T+ LT =0

which has the solution

Ta(t) = anin%t + Chcos %t

The initial condition u(x,0) = 0 implies X(x)T(0) = 0 so that T(0) = 0. Thus ¢, = 0. For n = 0 the equation for
T becomes T” = 0, and has the solution T(t) = Bot + Co. The condition T(0) = 0 implies that Co = 0, so

To(t) = Bot

We now have the solutions

n=123,...

Un(X,t) = Xn(X)Th(t) = Ancosnxsin%t n=123,...

Uo(X,t) = Aot

Since the boundary conditions and the equation are linear and homogeneous, it follows that

ux,t) = Y un(x,t) = A0t+ZAnC05nXSin%t
n=0 n=1

satisfies the PDE, the boundary conditions, and the first initial condition. Since

ur(x,t) = Ag + 3 An( ) cosnxcos AL
! 0 ; “(2) 2

the last initial condition leads to
ut(x,0) = —-9cos(4x) + 16cos(8x) = Ag + ZA” (%) COS NX.
n=1

Matching the cosine terms on both sides of this equation leads to

A4(%> = -9 sothat A4 = —% and Ag (%) = 16 so that Ag = 4. All of the other constants must be zero, since

there are no cosine terms or constant terms on the left to match with. Thus

ux,t) = —% cos4xsin2t + 4 cos8xsin 4t
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Example Consider the non-homogeneous problem

P.D.E. : ux = 9u¢
B.C./s: ux(0,t) =0 u(l,t)y =2

I.C.: u(x,0) = —3cos77ﬂx+2

i)
Let
v(x,t) = u(x,t) -2
and show that v(x, t) satisfies the
homogeneous problem

P.D.E.: vy = v
BC.: w01 =0 v(1t=0
I.C.:  v(x,0) = =3cos Iny

2
Solution to i)
U, 1) = V(1) ux(X,1) = vx(X,1)
Ue(X, 1) = ve(X, 1) u(x,t) = vi(x,t)
ud,t) = 2and u(x,t) -2 = v(x,t) = v(1,t) =0
Ux(0,t) = 0 = vy(0,t) = 0
ux,0) = —3cos77” +2and u(x,t) — 2 = v(x,t) = v(x,0) =
i)

Solve the above problem for v(x,t).
Solution to ii) Let v(x,t) = X(X)T(t)
then

nr _ / X" o1 _
X'T =9XT = X —9T =k

resulting in the ordinary differential equations:

X" —kX = 0 and T’—%Tzo

Boundary Conditions become:
X'(0)T(t) = Oand X(1)T(t) =0
= X'(0) =0and X(1) =1

Solving the differential equation X" — kX = 0 consider all values of k
k<O letk=-u% u>0

_ I
3c0s 5

34



X" +u2X =0
has the solution:
X(X) = €1COSUX + Cp SINUX
and
X'(X) = —Cc1USinUX + C2UCOSUX
B.C.= X(1) = cycosu+czsinu=0 and X'(0) =cou=0
= Cc2 = 0 thus cicosu =0

= Up = 5 n—1,2,
— 12,2
:kn__(Zn Dn ~12.
4
SO
Xn(X) = CnCOS (Zn_l)”x =1,2,...

The other cases for k, namely k = 0 and k > 0 yield only the trivial solution since
k=0 = X" =0 which has the solution: X(x) = c1x+cz and X'(x) = ¢1
BC.= X(1)=c1+c;=0and X(0)=c1=0=¢,=0
thus X(x) = 0 is the trivial solution.
k>0 let k=u% u>0
X" —u2X = 0 has the solution: X(x) = c1e% + cpe ¥
and X'(x) = ciue™ — coue™
B.C.= X'(0) =ciu—-cou=0= ¢y =C;
and X(1) =cie¥+ce¥ =0 = cie'+ci1e¥=0=c1(e'+e1) =0
= €1 =C2 =0 thus X(x) = 0 is the trivial solution.
Using the non-trivial solution

1322 _
kn = _% Xn(X) = Cn coswx, n=12
the equation
_ky =
T 9 T=0
becomes
;o @n-1)?%g%
T + a5 T=0

solving by separating
T _  (@2n-1)°x? T _ [ (@n-1)x?
T :’I T ~ I 36

36
—_ 2 2 n-1)2r2
— InT = —%t+c — To(t) = che 3t
Therefore
Vn(X,t) = Xa(X)Tn(t)
_ ncos LN DIAX e
2
so we let
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2n — Drx _enn?,
- e 36

V(x,t) = D cncos ( 5
n=1

Using 1.C. to compute coefficients we have

V(x,0) = chcosM = —300577

2
n=1

by equating coefficients: ¢; = 0,¢c2 = 0,¢c3 = 0,c4 = -3,¢c4 =0,...

49;

2
L3
36t

v(x,t) = —3¢0s % e

is the solution.

iii) Now use the results of b) i) and ii) to find u(x, t).
Solution to iii)

u(x,t) = v(x.t) + 2
S0

uex,t) = —SCOS%e*%‘ +2

X
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