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Chapter 2 - Special Methods for First Order Equations

Consider the equation

M(x,y) + N(x,y)y' =0 (1)

This equation is first order and first degree. The functions M(x,y) and N(x,y) are given.
Often we write this as

M(x,y)dx + N(x,y)dy = 0 (2)

Separation of Variables

Equation (2) takes a simple form in the special case when
M(x,y) = A(x) and N(x,y) = B(y).

A(X)dx + B(y)dy = 0
That is the variables separate.
If we Integrate =

jA(x)dx + I B(y)dy = c.

Example x%dx+ydy = 0=
Ixzdx+jydy = C.
Which leads to

Now consider the I.V.P.
D.E. A(x)dx + B(y)dy = 0
1.C. y(Xo) = Yo
Integrating from (Xo ,Yo ) = (X,y) =

j A+ [ ; B(y)dy = 0



Example D.E.cosx dx+y2dy =0 I.C.y(x) =0

j:cosxdx+IZy2 dy=0 = sinx|* +VT3 |2 =0

. . 3 . 3
or sinx—singt+ % =0 =sinx+%-=0 =

y3 = -3sinx
Example Solve xdy +ydx = 0 This equation is not separable as is.
Divide by xy =
% + % =0
=Inx+Iny=corlnxy|=c=| xy |=k
> xy=12k =
y = % vx # 0.

Example Solve

(2y —siny)y' +t =sint y(0) =1
Solution: We rewrite the equation as

(2y —siny)dy + (t —sint)dt = 0
which is separable. Integrating we have

y2 + Ccosy + % +cost =c¢
The initial condition implies
l+cosl+l=c

SO

y2+cosy+% +cost =2+cosl

Example This example is a video slide show. Slide Example

You will need Real Player to view this. To get it click on Real Player.

First Order linear differential equations

Clearly not all equations are as simple as the equation A(x)dx + B(y)dy = 0. Consider the equation
dy _
a(x)ﬁ +b(X)y = c(x).

Assuming a(x) + 0 we divide by a(x) =
y' +PXy = Q) (1)

or
dy + (P(x)y — Q(x))dx = 0.



We want to solve (1). Consider first the homogeneous problem

y' +P(X)y = 0.

% +P(x)dx =0
which is separable.

= Inly| +fP(X)dx —c >|y|= eC*J.P(X)dx

Hence

y _ ieceff P(x)dx _ ke—J. P(x)dx

is the homogeneous solution.
Non-homogeneous case:

L1 PRy = Q.

We shall use variation of parameters. Note that any constant times e_I P®% s also a solution of the
homogeneous equation (1).

To solve the nonhomogeneous equation we shall try a function times e_I o

y _ V(X)e_f P(x)dx
=

y/ _ V/ei-[ P(x)dx n vefJ. P(X)dx(—P(X)),
Now the D.E. =
v/efJ PO vefj. PO CPx)) + P(x)Ve’J PO _ o

=

v = Qe-[ P(x)dx
=

P(x)d
V=IQe-[ o +C.

Therefore the solution is
y _ Vei-[ P(x)dx _ Cei". P(x)dx + (J‘ Qe_[P(x)dx) e—_[ P(x))
homogeneous solution + particular solution

Example: y' +

Y _ 2 _ _ y2
X =X P_HQ_X'

+1
y _ dy dx _ _ _
1 =0= v T x4 1 =0 orinyx+1)|=c =y =k(x+1).

Consider y' + ”



Using the formula for the homogeneous solution, we have

y = kef-[ Pood _ kefj‘% — ke-Inowl) — k

We now solve the nonhomogeneous equation. Sincey = vefI POOd _ ” J\: 1
=
y/ _ v o v
X+1  (x+1)2
The D.E. >
Vi vV LV e
X+1  (x+1)%2 (x+1)2
=
V =x2(x+1) =x3+x?
Thus
_oxt X
V=g tgtc
and therefore
xt X
y—_C . 4 3
x+1 Xx+1

Remark: The variation of parameters method works because the assumptiony = ve_I "™ Jeads to v/

= erpdx. Sincev =y eIPdX
C?_X(yej de) _ er Pdx

ej Pdx [y, + Py] _ QeJ.de.

Therefore if we multiply the original equation by eI P we get an integrable form right away.

I Y _ 2 ;
Example vy T = X (Again)

1 Pdx
Xx+1 ej

dx
P= =eIW=e'”(X+1)=x+1:>

X+1y +y=x3(x+1)
or

%[(x +1)y] = x?(x + 1)



x+1y = XT4+X3—3+C
as before.

Summary:
To solve y' +Py = Q multiply both sides by the integrating factor | = ef "™ Then the L.H.S. becomes

d Pdx _ Pdx
(1)1

and the solution is found by integrating both sides. This is called the Method of the Integrating Factor.

We can use the above to solve the I.V.P.
D.E.y + P(X)y = Q(x)
I.C. y(Xo0) = Yo

Use the integrating factor

X
P(t)dt
| = ej Xo

and integrate both sides from xo to x.

Example Solve
ty +4y =6t> y(1)=3t>0
Solution: This equation is first order linear and may be written as
y + %y’ = 6t

We multiply the DE by ej PO® ej T _ gaint _ 4 ang get
ty' + 4t%y = 6t°

or
A 14y — /5
it (t%y) = 6t
Hence
t'y =t +¢
and
y=1t2+ t%

The initial condition yields
3=14corc=2
o)
y=1t2+ t%
Example Solve
y =2tt+eV y1)=0
Solution: Rewrite the equation as



evy' — %ey =1

Letz = Y. Thenz' = eYy' and the DE becomes
7' - %z =1

This is first order linear in z. Multiply the DE by e_I T g2mt _ 2 g get
t2z2-2t3%z = t2

or
(t22) =12
Hence
t2z=-tt+c
or

z=2¢=-t+ct?
The initial condition implies
l=-1+corc=2
o)
ey = —t+2t2
or
y = In(2t? —t)

Example Here are two video slide show examples. Slide Example 1~ Slide Example 2

You will need Real Player to view this. To get it click on Real Player.
Example The equation

% + P(x)y = Q(x)y" n any real number

is known as Bernoulli’s equation.

We shall suppose thatn + 0 or 1, since we already know how to solve the equation for these two
cases. Multiplying by y™ yields

yy' + Py ™ = Q(x)
Let z=y™ Thenz = (-n+1y™"y =

12_ ~ +P()z = Q).

This is a linear differential equation for z which can be solved. For example, consider the equation

ay s
Xge TV =X



=
LY
yly' + 5 =1
Letz=y> =7 =5yYy'>
z 7 _
F—i_Y_l
=
., 5, _
z+72—5

Thus the integrating factor is eI ¥ _ g8 — x5 50 we have

A 59y — Ey5
dX(xz) 5x

=
x5z = 5X L ¢
6
=
_EX 5
Z=5% +cx
6
Since z=y°=>
y* =5% +ox®

Example Solve
y' +xy = xe ¥y
This is a Bernoulli equation. Multiply both sides by y2 to get
y3y' +xy* = xe¥
Letz = y* so that z/ = 4y3y'. The DE may then be written as
5

L yxz=xe*
4

or
7'+ 4xz = dxe™™

This equation is a first order linear DE inz. Then | = ej P _ e-[4de = e2’, Multiplying the DE by this
integrating factor yields

2'e? + 4xe? = 4xeX
or
d(ze®
% — 4xeX2
Integrating we have
762" = 2e¥* 4+ C
Since z = y* the solution is



y4 = 2e* 4+ Ce ™
Example Solve

X2y +xy = -y 2
Solution: This is a Bernoulli Equation.
5
o ly__ 13 sdy 1.5 __ 1
y +7Y——7y 2 :>y2—x+7y2 i
Now we let
)
V=yln =yl thH =y 2
Then
dv _5,3dy _ 2dv _ 30y
ax ~ 277 dx T 5ax YT ax
Substituting, the equation becomes
24dv 1, _ =2
Eax T XV =X
Y
av , 5, _ _5,-
ax T axY 2%

This is a linear equation in v. The integrating factor is

o 2 2
Izedex:eIZde:ezlnx:X

N

Multiplying the DE by | gives
or

= I%(x%v)dx = J‘—%x%dx



Exact Differential Equations
Definition: The differential expression
M(x,y)dx + N(x,y)dy
is called exact < 3 a function f(x,y) that is differentiable in some region R of the x,y-plane, i.e.

exist and are continuous in R and such that

of of
&—M a—y—N V(X,y)ER.

Remark: Since df(x,y) = 5-dx + 5-dy = Mdx + Ndy is exact < df(x,y) = Mdx + Ndy.

oA o
ox ' ooy

Definition: The differential equation
M(x,y)dx + N(x,y)dy =0 (1)
is called an exact differential equation if the left hand side is an exact differential.

Remark: When the differential equation (1) is exact

df(x,y) = Mdx+Ndy =0  (2).

Using this we may solve the differential equation. For if y(x) is the solution, then (2) may be integrated
with respect to x to yield

fxy)=c ).

Conversely if (3) defines y as a differential function of x, then this y(x) is a solution of the differential
equation. For (3) >

df _o_ ot dtdy
x 0 %t dy dx
by the chain rule. =
M+ Nd—y = 0.
dx
Example: xdy + ydx = 0 Here M =yand N = x

Consider f(x,y) = xy
df(x,y) = xdy + ydx
Since fy =yand f, = x

df = fy dx+fy, dy = ydx+xdy = 0
Therefore

fx,y) =xy=c
determines the solution. =

y=x



Check % = -5 Oy =-7 dx.=xdy+ydx = x (—-5dx) + dx = 0.

x2

Thus if we know that a certain differential equation is exact we can solve it.

Question: When is a differential equation exact? The answer is given by following theorem.
Theorem If M(x,y) and N(x,Yy) are continuous functions and have continuous partial
derivatives in some region R of the x,y-plane, then the expression

M(x,y)dx + N(x,y)dy
is an exact differential
My = Ny
throughout R.

Example: ydx +xdy Here M =yand N = x so that My = 0 = Ny and we see that this equation is
exact.

Example: e*cosydx = e*sinydy
We rewrite the equation as
e*cosydx — e*sinydy = 0.
Thus
M = e*cosy and N = —e*siny and therefore My = —e*siny and Ny = —e*siny. Therefore this
equation is exact. = 3 f(x,y) such that fy = M f, = N, i.e,,
of

— = e*cos
OX y

f(x,y) = Iexcosy dx +g(y) = e*cosy + g(y).
g(y) =? We must have

of ‘o
6_y = N = —e*siny.
Now
o _ —eXsiny + g'(y) = —€*siny
oy

= g'(y) = 0= g = const = ¢ Therefore
f(x,y) = e*cosy +c¢
= solution is f(x,y) =k, i.e.
excosy = c+k =k
Example Solve
1+y2+2(t+ 1)y% =0, y0)=1

Solution: We write the equation as

10



Q+y>)dt+2(t+1)ydy =0
TheM =1+y2and N = 2(t + 1)y and
My =2y = N;
Hence the equation is exact and there exists a function f(t,y) such that
fi=M andf, =N

So
fi=1+y? = f=t+ty?+9(y)
Also
fy=2ty+g'(y) =N =2ty +2y
Therefore
g(y) =y>+C
and

f=t+ty?+y?+C
and the solution is given by

t+ty? +y? =k

y(0) = 1 implies
1=k

Thus

t+ty?+y? =1
or

_ |1t
Y =17t

Example Here is a video slide show example. Slide Example

You will need Real Player to view this. To get it click on Real Player.

Integrating factors

Recall: M(x,y)dx + N(x,y)dy = 0 is exact < My = Ny. When the equation is exact, = 3 f(x,y) such that
fx = Mand f, = Nand df = Mdx + Ndy = 0. = f(X,y) = ¢ gives the solution to the equation.

Clearly not every differential equation is exact.

Question: Can we make Mdx + Ndy = 0 exact when it is not?
We want to find a function u(x,y) such that when we multiply the differential equation by u(x,y), then
uMdx + uNdy = 0

is exact. u(x,y) is called an integrating factor.
Example ydx + (y? —x)dy = 0
M=y N=y?2-x

11



My =1 Ny = -1 Thus the equation is not exact.
We multiply by a function u so that

uydx + u(y? —x)dy = 0

is exact.
g

[uy]y = [u(y? = x)]x

Uyy + U = Uy (Y2 —X) —u.

This last equation is harder to solve in general than the original. However, we do not need the general
solution. We need any u which when multiplied times the equation makes it exact. If we assume

ux = 0, then u = u(y), i.e. uis only a function of y and our partial differential equation for u becomes
the ordinary differential equation

du -
y dy +2u=0
which has the solution u = y% Multiplying the original equation by this u yields

¥y dx+(1—yi2) dy =0

y
Since now M = % and N = (1 - %) =>My = —y% = Ny = this new equation is exact.
=
-1

fy = y

=
- X
f=5+aly.

Hence

f=—Jr TgW =35 +1

=g'(y)=1=g=y+c
Therefore
f(x,y) = % +y+cC
and the solution is 3 +y = k.
Example -ydx+xdy =0
N=Xx M=-y= My=-1and Ny, =1 Clearly this equation is not exact.
Multiply by u and get
—u(y)dx + u(x)dy = 0.
Then
My = u+yuy and Ny = —U — UxX.
U+ YUy = —U — UxX
Setting uy = Oyieldsu = = =

—%dx+%dy=0

12



This new equation is exact.
=

= solution is

y

= —? and fy —?
f= L +h

- —% +h'(X) = —%
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