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Ma 221 Exam Il A Solutions 15S
1. (30 pts. total) Consider the differential equation

Lly] = y" + 4y’ + 4y = 12e2X + 8x2

1a (6 pts.) Find the solution of the corresponding homogeneous equation L[y] = O.
Solution: The characteristic equation is
p(r) =r2+4r+4=(r+2)> =0.
Thusr = -2,4 and
Yh = 172X + coxe %X,
1 b (20 pts.) Find a particular solution of this equation.
Solution: We first find yp, for 12e72X. Since p(-2) = 4 — 8 + 4 = 0 we must go a bit further.

p'(ry=2r+4
p'(-2)=-4+4=0
p'(r)=2+0

So, we have

202
Yo, = 12x2e X _ gx2e—2X.

To find yp, corresponding to 8x2 we let
Yp, = Ax? + Bx+C
Then
Yp, = 2Ax+B
Yp, = 2A
Plugging into the DE we have
2A+4(2Ax +B) + 4(Ax? + Bx + C) = 8x?

4A = 8
8A+4B =0
2A+4B+4C =0
, Solutionis: [A = 2,B = —4,C = 3]
Thus
Yp, = 2X% —4x + 3
Yp = ¥Yp1 +Yp2
= 6x2e™2X 4 2x2 —4x + 3

1c (4 pts.) Give ageneral solution of the equation
Lly] = y" + 4y’ + 4y = 12672 + 8x?

Solution:
_ _ —2X —2X 2a—2X 2
Y =Yh+Ypy +Yp, = C1877 +CoXe™" + 6X°€77 4+ 2X° — 4X + 3
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2 (25 pts) Find a particular solution of the differential equation
Lly] =y" -y’ -2y = 36tet
Solution: First, we check the homogeneous solution.
p(r) =r2—r—2=(r-2)(r+1)
yh = c1e2t + coet
Hence, we look for a solution in the form
yp(t) = t(At+B)et
= At2e~t 4+ Btet
yp(t) = —At?e !+ 2Atet — Bte ! + Be
yp(t) = At?e™t - 2Ate™t - 2Ate ! + 2Ae ! + Bte ! — Be ™t - Be
Substituting into the DE yields
Llyp] = [A+A—2A]t%e ' + [(~4A + B) + (-2A + B) — 2B]Jte ' + [(2A - 2B) - Ble™*
= [-6At + (2A - 3B)]e~t = 36tet
We equate coefficients.
tet: —6A =36
et 2A-3B =0

So A = -6, B = —4 and the solution is
yp = [-6t2 —4t]et.

3 (25pts.)  Solve the equation

y”—2y’+y=%eX X>0
Solution: We first find the homogeneous solution. The characteristic equation is

r2-2r+l1=(r-12=0
Thusr = 1 is adouble root so

Yh = c18X + coxeX

To find a particular solution we use the Method of Variation of Parameters and lety, = eX and
y2 = xe*

Yp = VieX + voxeX

Then the two equations for v; and v5 ,
y1Vy +Yavy =0

!,/ !,/
yivi +¥oVo = 7
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become
eXv] +xeXv, = 0
Xy, Xy — L ax
etvy + (x+1)etvy = e
or

V] XV, =
Vi + (X +1)vh =
Subtract the first equation from the second to obtain
1
X
Vo = Inx+c¢y

vy =

Then from the first equation we have
Vi+x-+ =0
vi =-1
Vi = —X+C1
o)
y = eXvy +xeXvy = (—x +cq)eX + (Inx + co)xeX.
4 (20pts.) Solve
x2y" +5xy' +5y = 0
SP[ution: This is a Cauchy-Euler equation. The indicial (auxiliary) equation for a solution of the form
x"is

r(r—1)+5r+5=r2+4r+5=0
rP+4r+4+1=0
r+2)2=-1
r+2=+i
So the rootsarer = -2 +i. Thus, since
x—2H — =2y _ -2 <elnx>'
— x—2gilnx
= x~2[cos(Inx) + isin(Inx)],
the solution is
y = c1x~2cos(Inx) + cox2sin(Inx).
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Table of Integrals

[Intdt = t(Int—1)+C
Y 142
[tint = 2t2Int— 22+ C
fant)2dt = t(Int—2Int+2) + C
Int 4t — 1 n2
[13tdt = ZIn%t+C

jsecudu = In(secu +tanu) + C

sin
[tanudu = [S4-du = —In(cosu) + C
[ sin2udu = %u - %sin 2u+C
[ cosudu = %u + %sin 2u+C

jusinudu = sinu—ucosu+C

fucosudu = cosu +usinu+C

An Identity
) 2
; _ Sin“u _ 1-cos“u _ _
sinutanu = 555 = ~cosu = Secu — cosu




