Ma 221 Final Exam Solutions 18
May 2015

Print Name: Lecture Section:

Lecturer

1.Solve the following initial value problems.
(@) (10 pts)
wav _ 144v2 v(1) = 0,

dx 4v
Solution: The d.e. is separable. We rewrite and integrate.
Ldv — ldx
1+ 4v2 X
4v (1
J 15402 dV—J 3 ax

% In(1+4v2) = Inx+c¢
From the initial condition, we obtain ¢ = 0. So the implicit solution can be written in vaious
ways according to taste. Here are a few.
% In(1 +4v?) = Inx
In(1 + 4v2) = 2Inx = In(x?)
(1+4v?) =x?
(b) (10 pts)

dy _ _
O + 4xy = 8X, y(0) =0

Solution: This d.e. is linear. The integrating factor is u = exp(j4xdx> = exp(2x?). We
multiply by the integrating factor, gather terms and integrate.

g2 (% + 4xy) — 8xe2<*

d (a2x2,) _ qyp2x?
W@ X y) = 8xe<X
o2y = J8xe2"2dx =22 4 ¢

Applying the initial condition gives0 = 2 +c¢, soc = —2. The explicit solution is
y =222
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1 (c) (10 pts)
(2xy — 3x2)dx + (xz -~ y%)dy =0, y(1)

=1

Solution. The equation is not separable. The terms if x2 and y2 show that it is not linear in

either variable. We test for an exact d.e.

M = (2xy — 3x?) % = 2x

_(y2_2 ) ON _
N—(x y3> o 2X

The cross partial deerivatives are equal, so the d.e. is exact. We look for F(x,y) such that

Fx = Mand Fy = N. We start with the first equation.
Fx = M = 2xy — 3x2

F= j(zxy — 3x2)dx

= X%y = x> +g(y)
Now, for this F, we match the second condition.

g -n- (- 2)

y

2

g'(y) =N=—%

y3
9y) = 2
y2

F(x,y) = x2y —x3 + %
y

Hence the solution to the differential equation is F(x,y) = x2y — x3 +

conditionyieldsc = -1 -1+ 1 = —-1. Hence, the implicit solution is
x2y —x3 + y% = 1.

L =c. Theinitial
y
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2. (a) (8 pts) Find a general solution of

d%y ., dy _
W+2&+1Oy—0, for —0 < X < 0.

Solution: This is a homogeneous linear equation with constnt coefficients. The characteristic
equation is

r2+2r+10=0
(r2+2r+1)+9=0
(r+1)% =-9
r+1==3i
r=-1+3i

A general solution is
y = e7*(c1 c0S3X + C2Sin3X).
2(b) (8 pts.) Find a general solution of

2
t2%+3t%+5y=0, fort > 0.

Solution: This homogeneous linear equation is of the Cauchy-Euler (equidimensional) type.
The indicial equation is

rr—-1)+3r+5=0
rP+2r+5=0

(r2+2r+1)+4=0

(r+1)% = -4
r+1==2i
r=-1+2i

Since x 1+2 = x-1x2 = x-1(gInx)? = x-1(g2ilnx) " \we may write a general solution as

y = %[cl cos(2Inx) + casin(2Inx)].
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2(c) (14 pts.) Use the method of undetermined coefficients to find a general solution of
Lyl =y" +5y' +4y = et + 4te 2,

Solution: First, we check the homogeneous equation. The characteristic equation is
p(r) =r2+5r+4 = (r+4)(r+1) = 1. Rootsare -1 and —4, soy, = cie™# +coet. Since
p(-1) = 0, the solution to L[y] = e tis

1 —t 1. .t
Yp = ————te7 = Ste™.
top(-1) 3

Now, for L[y] = 4te=?', we set yp, = (At+ B)e~?! and substitute into the d.e.
y = (At+B)e 2
y = Ae 2 —2(At+B)e 2 = [-2At + (A - 2B)]e &
y" = —2Ae 2 — 2Ae 2 + 4(At + B)e™2 = [4At + (4B — 4A)Je A
L[y] = {[4At + (4B — 4A)] + 5[-2At + (A — 2B)] + 4(At + B)}e~2
= [-2At + (A —2B)]e~2t = 4te2
-2A=4 = A=-2
A-2B=0 =>B=-1
Yp, = (-2t - 1)6_2t
Fianlly, we combine everything to obtain a general solution.
Y=YhtYp: +Yp,
=cie M+ cret+ %te—t —(2t+1)e 2,

3 (a) (15 pts.) Consider the differential equation

2
L[y] = tZ% +4t‘;—>t’ L2y =4int,  for t> 1.

Solutions to the homogeneous equation are y1(t) = % and yo(t) = tiz

(i) Use the Wronskian, W[y1,y2](t), to verify thaty; and y, are linearly independent
solutions on the interval t > 1.

Solution:
Vi y 1l 1
1 Y2 t 2
Wlynya]=| 7, 7 |=| , 5, |nthe

Y1 y2 t_2 i3

— (l =2 \_(1 )=
t t3 t2 t2

_ —2+1 _ -1

R

Since the Wronskian is never zero on the interval (0, ), the functions are linearly
independent.
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(if) Find a particular solution, yp(t) satisfying

2
L[y] = tZ% +4t% +2y = 4Int.

We use the method of variation of parameters to seek a solution of the formy = viy1 + vay2
using the given solutions.

/ /
yivy +Yyavp =

!,/ /., /
Y1V +YoVy = Vi + t—Vz =

Multiply the first equation by t and the second equation by t2.
Vi + %v’z =0
V] + _Tzv’z = 4Int

Add these and the rest is straight forward.
-1

TV/Z = 4Int

v, = —4tInt
_ 4Lt 142
Vo = 4(2tlnt 4t>+02

V1 —%v’z = 4Int

vy = 4(tInt—-t) +c1

_ _tyl 4l 12 L
Yp = 4(tInt- 1)+ 4(2t|nt i)

(iii) Find a general solution to the equation.
Solution:

y = [ +4tint -]+ + [co - 4( L2t - 112) LLZ
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3 (b) (15 pts.) Classify each of the following differential equations as linear or nonlinear. If
nonlinear, identify all terms that make the equation nonlinear. (In all cases, consider y to be
the dependent variable and t the independent variable.) Solution:

Equation Linear/nonlinear | Nonlinear terms

(i) |y"+3y' +4sin(y) =0 | nonlinear sin(y)

(ii) |y" +3y +4y = cos(4t) | linear

(iii) | t2y" —ty' +y = In(t)/t linear

(iv) | e7tdy + (t2y —sint)dt = 0 | linear

(v) |y +2yy' +4y =0 nonlinear yy’

(vi) | ty’ +t3y2 = 4t2 nonlinear y?2

4. (a) (9 pts.) Find the inverse Laplace transform for

2s+1
F(s) = S5+
(s) (s+2)°
Solution:
25 +1 2(s+2)-3 2 -3
F(s) = = = +
(s) (s+2)° (s+2)° (s+2)°  (5+2)°
LUF)y = 1 —2 4y ply =3
{ ()} {(S+2)2} {(S+2)3
_ o4t 3 42,2t
= 2te 2t e
4 (b) (6pts.) Determine the Laplace transform for f(t) = tsin(3t) .
Solution:
L£{sin3t} = 3
{ ’ s2+9
A A( 3 )_ gy ()25
L4tsin3t} = (-1 = (-3
wsin3t = (i (275) = s o7
_ 6S
(s2 +9)°
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4 (c) (15 pts.) Solve using Laplace Transforms:
Lly] =y" +2y' +5y =te 2, y(0) =0, y'(0) = 1.

Solution:
L£4y" +2y' + 5y} = L{te "2}
s2Y —sy(0) —y'(0) +2[sY — y(0)] + 5Y = —L—
(s+2)
s2+2s+5)Y-1=—1
( ) (s+2)?
1 1

T2 22 1112251 2)2

The first fraction on the right side is simple. We apply the partial fractions technique to the
second.

[6+1)2+22](s+2)2 (5+2) T s+2)? | (s+1)2+22

Multiplication by the common denominator gives
1=AGs+2)[(s+1)?+22]+B[(s+1)?+22] +[C(s+ 1) + 2D](s + 2)2.

Setting s = -2 gives B.

1 A B +C(S+l)+2D

1 = B[1 +4] :B:%
The coefficient of s2 is easy to see.
0=A+C =C=-A
Two more equations can be obtained from s = 0 (the constant term) and s = —1.
1=A(2)(5)+B((B)+(C+2D)4)
1=A(1)4)+B(4)+2D()
B is known and C can be replaced by —A, so these become

6A+8D =0
_ 1
4A + 2D = E
e A 2 _ 1 __2 __.23
The solutionisA = =, B= ¢, C=-5, D=-4;.
So
y- 1 2 y2 1 1 1 _ 2 s+1 _ 3 2
2 (5+1)2+22 25 (s+2) S (s+2)2 25 (s+1)2+422 50 (54+1)%2+22
_ At 2 2t Lot 2 ot _ 3 -t
y = 2e sin2t + 25e +5te 25e cos 2t 50e sin 2t.
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5. (a) (15 pts.) Find the first five non-zero terms of the Fourier cosine series for the function

0, O0<x«< %
f(x) = L
X, 5 <X< 1
Solution:
f(x) ~ % + Zan cos(nT”x)
an = T J. f(x)cos( x)dx
We have L = 1.

ap =2 J.l f(x)dx = Z(I;/Z Odx + Ii/z xdx)

el (o) -2

1
an ZJ. xcos(nzx)dx = —2 5 [CosnzX + nzxsin n7x|1,
1/2 (nn)

_ (n72z)2 [(cosnn—nnsinnn)— (cos 2” nZ” sin ”T”H
a = %[cow—cos% —%sin%} = %[—1—%}
ar) = #[cosZn—cosw— 27”smn} = ﬁ
az = #[00337: Ccos 32” —37”sin37”} = #[—14-37”}
ag = 1627[2 |:COS47T—C08271— 47”sin27r =0
ag = 2527[2 |:C0$57Z’—COS 52” 57”sin57”} = 252712 [—1— 57”}

Finally, we can present, the requested terms of the series.

f(x) ~ % + (%[—1 -z D cos(rx) + ( 7[1 )Cos(an) 4 (#[—1 + 37” D cos(37x)

’ ( 252772 [-1- ST”DCOS(snx) T

5(b) (10 pts.) To what value does the Fourier series of 5a converge at each of the following
points?

Mx=-3 2 ()x=00 (i)x=1 L (vyx=11 vx=3 1
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6 (25 pts.) Consider the following initial-boundary value problem for the heat equation.

PDE Ut = 3Uxx, O<x<m t>0 1)
BC1  u(0,t) = 0, t>0

BC2 ux(m,t) = 0, t>0 #
IC u(x,0)=35in§—sin%+7sin%, O<x<m

6 (a) Let the solution be u(x,t) = X(x)T(t).. Use the method of separation of variables and
the boundary conditions to obtain an eigenvalue problem for X(x) and a differential equation
for T(t).
Separation of Variables:
ux,t) = X(X)T(t)
X)T' (1) = 3X"(x)T(t)
I /

Two ordinary differential equations result.

X"+2AX =0

T +3AT =0
The boundary conditions lead to boundary conditions on X.

u(0,t) = X(0)T(t) =0 = X(0) =0
ux(m,t) = X'(7)Tt) =0 = X'(z) =0

6 (b) Solve the eigenvalue problem.

Solution: The differential equation and boundary conditions for X(x) in part (a) are the
eigenvalue problem. The characteristic equation gives r = +,/-1. We look at the
discriminant being positve, zero or negative.

Casel. -A>0 —A=p2
X = c1e% + cpeHX
X' = p(c1e™ —coe™)
X(0)=(c1+c2)=0

C1 = —C2
X'(m) = ucy(e™ +e ™) =0
cp1=C2=0

Case2 -4A=0
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X =C1 +C2X

X' =r¢y
X(0)=c1 =0
X'(mr)y=c=0

So A = 0 is not an eigenvalue.

10
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Case3 -1 <0 —1=—p?
X = €1COS uX + C2 Sin ux
X' = pu(—cq Sin ux + ¢, cos ux)
X@0)=c1 =0
X'(m) = cpcos(zu) = 0
So, non-zero solutions require cos(zu) = 0. We have

= @n+1) % Nn=0123,...

un:% n=123,...
_/2n+1)\? _

Ap = (—2 ) n=123 ..

Xn = cnsin(zn—;lx> n=123,...

6 (c) For each eigenvalue, solve the corresponding differential equation for T(t). For each
eigenvalue give the corresponding solution to the heat equation.

Solution: The d.e. for T.
T +3AT =0

T+ 3(20EL >2T -0

Th = An exp(—3(%)2t)

11
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6 (d) Give the formal series solution to the initial-boundary value problem. Apply the initial
condition to determine the coefficients of the series. Give the final solution to the problem.

Solution:We combine the results.
Un(X,t) = Xn(X)Tn(t)

= AnCn exp(—3(%)2t) sin(%x)

A formal solution is obtained by summing. (The two constants are combined in this step.)

ux,t) = Z Un(X,t)

n=0
_ S _af2n+1 2\ win/2n+1
= gbnexp( 3( 5 ) t) sm(—2 x)
To find the coefficients, we use the initial condition.

u(x,0) = > bn sin(%x)
n=0
— 3sin X —sin 41X | 75in 19X

2 2 2

Matching terms leads to by = 3, bs = —1and bg = 7.. All the rest are zero. With this, the
solution is

u(x,t) = 3exp( 3( ) )Slni —exp( 3( 11) )sin% +7exp(—3(%>2 )sm 1529X

12
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7 (a) (15 pts.) Find the power series solution to the initial value problem
y"+2xy' =3y =0, y@0) =1, y()=0.

Be sure to give the recurrence relation for the coefficients of the power series. Give the first
five nonzero terms of the solution.

Solution:

0 0 o0
y = Zanx”, y' = Z nanx"1 y’ = Z n(n — 1)anx"2
n=0 n=1

n=2
We substitute into the differential equation.

Z n(n — 1anx"2 + 2 Z nanx" — 3 Z anx" =0
n=2 n=1 n=0

To combine the series, we adjust the indices. In the first, let k = n— 2. For the others, replace
n by k.

D Ak + 2 (k+ Dagaxk +2 D kaxk =3 " axk =0
k=0 k=1 k=0
The middle series does not have a constant term. We split that out and combine the rest.

(2a2 —30) + O _[{k+ 2} (k + 1agsz + (2k — 3)si]xk = 0
k=1

From the initial conditions,
ag =y(0)-1. a1 =Yy'(0)=0.

Then

2a —3ag =0 :aZZ%aOZ%

{k+23(k+Dago + (2k—3)sk = 0, k=1,2,3,+-
This can be written as the recurrence relation.

_ 3.2
U2 = o (k+ 1)

We observe that each coefficient comes from that which is two earlier, so all the odd terms are
zero. We need three more non-zero terms.

ak! k:112131'°'

U= 3o3e s g
% = 55 G
% = gL7% - g
The series solution is
y=1+%x2—%x4+%x6—%x8+---

13
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14
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7 (b) (15 pts.) Find the eigenvalues and eigenfunctions for
y" + 2y =0, 0<x<5
y'(0) =0
y() =0
Be sure to consider the cases A < 0,4 = 0, and 4 > 0.

Solution: The characteristic equation isr2 + 2 = 0. Thusr = +J/-1. We consider the three
cases of the quantity under the radical being positive, zero or negative.

Case 1. -4 > 0. We write —A = p2. The solution to the d.e is
y = c1eMX + coe™HX
y' = p(cie* —coe ™)
From the boundary conditions,1
y'(0) = u(c1—c2) = 0

C1 =0C2
y(5) = cl(e5l‘ + e%ﬂ) -0
cp=¢C2=0
There is no non-zero solution in this case.
Case2 -4 =0 The solution to the d.e is
Yy = C1 + C2X
y' = c2
From the boundary conditions,
y'(0) =c2 =0
y(6)=c1 =0

Again, there is no non-zero solution.

15
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Case3. -1 <0 Wewrite—A——-u2. r=+/-u? =+ui. The solution to the d.e. is
y = C1COS uX + C2Sin ux
y' = p(—Cqsin ux + ¢ cOS ux)
From the boundary conditions,
y'(0) = pucz =0
co=0
y(5) = c1cos5u
For a non-zero solution, we must have
cosS5u =0
Sun=(2n+1)% n=0,12,..

yn=(2n+1)li0 n=0,1,2,...
So the eigenvalues (1n) and corresponding eigenfunctions (yn) are
2
An = pd = [(2n+1)1”—0} n=012,...

Yn = CnCOS %m) n=0,12,...

16
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Table of Laplace Transforms

f(t) F(s) = £{f}(s) = T(s)

1 % s>0

tn Sqﬁ n>1s>0

eat S } 5 s>a

sinbt b s>0
s2 4+ p2

cos bt S s>0
s2 4+ p2

gattn n—'l n>1/s>a
(S _ a)n+

edtsinbt + s>a
(s—a)* +Db?

edfcosht | —3=8— s>a
(s—a)? +Db?

edf(t) L£{f}(s-a)

) D" s)

Properties of Laplace Transforms

L4+ g} = LLF) + LS}

L£{cf} = cLdf}

;e{f ’}(s) = s£{fi(s) — f(0)

;C{f ”}(s) = s2.£4f}(s) - sf(0) — f'(0)

17
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Table of Integrals

[sin?xdx = — %cosxsinx+ %x +C

jcoszxdx = %cosxsinx + %x+ C

jxcos bxdx = ﬁ(cosbx + bxsinbx) + C

[ xsinbxdx = b—lz(sin bx — bxcoshx) + C

jsecxdx = In|secx + tanx| + C

[Intdt = tint—t+C

— 142 1+2
[tintdt = 12Int- 112+ C

[t?Intdt = 2t2Int— L3+ C

[tin?tdt = 2t22In*t—2Int+ 1)+ C

Int 4+ — 1 n2
[tdt = Ln?t+C

18




