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Ma 221 Exam IA  Solutions
14F

Solve the following differential equations. Characterize your solution as explicit or implicit.
1[25pts. ]

dy -y 5
dx T+y_3

Solution: This is a Bernoulli equation. We rewrite it as

ay Y g3
X = Sy
sdy 1.4 _
Yoax T xY 5
Letv = y4. Thenv' = 4y3y’ and we may write the above DE as
1.,.1, _
ZV +7V =5
1,4, _
Vi+ v =20

This is first order linear in v. The integrating factor is
e_[PdX _ ej.%dx — g4Inx _ glnx* _ 44

Multiplying the DE by x* we have
x4V +4x3v = 20x4
or
d(x%v
aet) 20x*
dx

Integrating we have
x4 =4x° + ¢
Thus
c

v=y4:4x+x—4

This is an implicit solution.
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dy  —[2xcos(x® +y?) - 2sin(2x) ]

dx  [2ycos(x? +y?) - 3sin(3y)]

Solution: First, we must do some algebra to put the d.e. into a standard form. From the y2 term, we see
that it is not linear and it’s not separable. Let’s try exact. Rewrite as

[2ycos(x2 +y?) —3sin(3y)]dy = —[ 2xcos(x? +y?) — 2sin(2x) Jdx
[2xcos(x? +y?) — 2sin(2x) Jdx + [2ycos(x? +y?) — 3sin(3y)]dy = 0
If we let M = 2xcos(x? +y?2) — 2sin(2x) and N = 2ycos(x? +y2) - 3sin(3y), then

My = (=2x)(2y)sin(x? +y?) = Nx
Hence this equation is exact. Thus there exists f(x,y) such that

fx = M = 2xcos(x? +y?) — 2sin(2x) and fy = N = 2ycos(x? +y?) - 3sin(3y)
Integrating fx with respect to x leads to
f = sin(x? +y?) +cos(2x) + g(y)
Therefore
fy = 2ycos(x? +y?) +g'(y) = N = 2ycos(x? +y?) — 3sin(3y)
We see that
g'(y) = -3sin(3y)
so a choice for g(y) is
g(y) = cos(3y)
Hence
f = sin(x% +y2) + cos(2x) + cos(3y)
and the implicit solution is given by
f = sin(x? +y?) + cos(2x) + cos(3y) = C
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dy 2y .0 _
i — X +Xccosx  y(m) =2
Solution:We may rewrite the equation as
dy 2y _ 2
i %~ = X°COSX

This is a first order linear DE. The integrating factor is
e_[P(t)dX _ ej Sedx e-2Injx| — gIn(x?) _ -2
Multiplying the DE by x~2 we have
1dy 2

AL %2y cosx
2 ax 53

(;j—x (%y) = COSX

X%y =sinx+c¢

or

The explicit solution of the d.e. is

y = x2(c + sinx)
The initial condition y(z) = 2 implies

2 = n2(c+sinx)

o)
2
C = =
72
and the explicit solution is given by
y = xz(% - sinx)
T
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dy _ cos?x <£> _
dx Sinzy 4 4
Solution: This equation is separable, since it may be rewritten as
siny dy = cos?x dx
Integrating, using the integral table, we have
%y— %n— %sinZy = %x+ %sin2x+C
The initial condition implies
z_n_lgpgz -z 1lgyz
8 7 4sm2 8+4sm2+C
1 _ 1
£ 5-4+C
__r _ 1
€= 4 2
and the implicit solution is solution is
1y _1g 1y Lginox- 1
2y 7 sin2y 2x+ 7 sin2x 5



Lecturer

Lecture Section:

Table of Integrals

jsecztdt = tant+C

[tantdt = In(sect) + C

sec?t 4+ _
mdt = |n(tant) +C

[tedtdt = a%ea‘t(at -1)+C

[t2eqdt = a—lse""t<a2t2 ~2at+2) +C

[ cos?tdt = iy %sin 2t+C

2
[ cos3tdt = % cos?tsint + %

sint+C

s 2 1e 1 1

jsm tdt = —2t i sin2t+C
-3 . 1 . 3

jsm tdt = i cos 3t vy cost+C




