Name: Lecure Section

Ma 221 Exam IIIB Solutions
1a (10 pts.)
0 if 0<t<3
f(t) = 5 if 3<t<7
0 if 7 <t

Use the definition of the Laplace transform to determine the Laplace transform of f(t).

Solution:

© 7
FG):IO€WGmt:j3%*Ht

eist 7 5(e—75 _ e—3S)
=58 e
_ 5(e—75 _ e—SS)
==
1b (15 pts.) Determine
0\6—1{ 55 +7
s2+4s+13
Solution:
5s+7 _ 5s+7 _ 5s+7
$2+45+13  (s+2)2+9  (5+2)%+32
__5(+2) N -3
(s+2)%+32  (s+2)%+32
__5+2) 3
(s+2)%+32  (s+2)%+32
Thus

;6—1{ 5s+7 = 51 (s+2) _ gt 3
s2 +4s + 13 (s+2)%+32 (s+2)° +32

= 5e~2cos3t — e2sin3t
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2a (15 pts.) Consider the initial value problem

y'+2y'+y =18 y(0) =6 y'(0) =-4
Let Y(s) = L{y}(s). Use Laplace transforms to show that

_ 18 6s 8
Y6 (s—2)(s+1)? +(s+1)2 +(s+1)2

Solution: Taking the Laplace transform of both sides of the DE we have
L")+ 2L{y' ) + Ly} = 18L4e*}

or letting Y(s) = £L{y}(s)

s2Y(s) —sy(0) —y'(0) + 2{Y(s) = y(0)} + Y(s) = _51_82
Using the given initial conditions we have
2 _ _fe_q_ _18
(s* =25+ 1)Y(s)—6s—-8 )
Thus
Y(s) = 18 L_6s . _ 8

o 5+2)(s-1)%  (s-1)% (s-1)

2b (15 pts.) Find the solution to the initial problem above, namely,

y'+2y' +y=18e% y(0) =16 y'(0) =4
by finding

ol o 18 6s 8
YO =LY = £ {(s_z)(s+1)2 e (S+1)2}

Solution: The last two fractions can be easily dealt with by a little algebra.
6s+8 _ B+1)+2 6 . 2

(s+1)? (s+1)? s+1  (s+1)2

In order to invert Y(s) we need to do a partial fractions breakup of
18
(s-2)(s+1)°
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We have
18 _ _A B C

(s-2)(s+1)* s-2 Tser” (s+1)?

Multipication by the common denominator gives
18 = A(s+1)?+B(s-2)(s+1) + C(s - 2)

Sets = -1
18 = -3C
S0C =-6. Sets =2
18 = 9A
Thus A = 2. Equate the coefficient of s? on each side of the equation.
0=A+B
B = —A = —-2. Now, combining everything, we have
Y(s) = 18 -+ 652+ 82
(s—2)(s+1) (s+1) (s+1)
- 332 " s_+21 - (5;61)2 * sfl " (3+21)2

2 4 —4
s-2 s+l (s+1)2

y(t) = L7HY(S)} = i_l{sgz * sfl " (s 141)2 }

= 2L s—%} +4£*1{Sil } _4;61{ (s +11)2 }

= 2e% +4e™ —4te™!
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3 (25 pts.) Find the first 5 nonzero terms of the power series solution about x = 0 for the DE:

y'—=3xy' =0
Be sure to give the recurrence relation.
Solution:

y = anx".

n=0

o)
y' = a,nxm?

n=1

and

"

an(n)(n — 1)x"2

NE

T
N

The differential equation =
D a(mn—1)x"2 -3 anx" =0
n=2 n=1
Shifting the first series by lettingn —2 = kor n = k+ 2 we have
D Aok +2)(k+ 1xk =3 anx" =0
k=0 n=1
Replacing n by k in the second series we have
D aca(k+2)(k+ 1xk = 3D akxk = 0
k=0 k=1
Since the first series has one more term, we have

28, + Y [k (k+2)(k+ 1) — 3ack]x* = 0
k=1
Thus
a, =0
and we have the recurrence relation
ak2(k+2)(k+1)—3akk =0 fork=1,2,3,...

or
k2 = mak fork =1,2,3,...
Therefore
%= 3
as = 3.2 a, =0

4.3
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3.3, (3*-3
=543 = 5 N
_ 3.4, _
35—6.534—0

. 3)*.5.3
a7:;’.ga5:—()7! ai

Thus

o 2 3
y(x) = D anx" :ao+a1[x+ 3?2x3+ (3)5!'3x5+ (3) 7'!5'3x7 +J
n=0

4 (25 pts.) Find all eigenvalues (1) and the corresponding eigenfunctions for the boundary value
problem

y'=3y+ay=0 y@0)=y'(2)=0

Be sure to consider all values of A.

Solution: This is an equation with constant coefficients. The characteristic equation is
rr-3+1=0
Thus
r=43-4

There are 3 cases to consider: 3—1>0,3-1=0,and3 -1 < 0.

Casel: 3—1 >0, thatisA < 3. Let3—A = u? # 0. We have the two roots r = v, and the solution
Y(X) = C18#5 + coe
y(0)=ci1+c2=0
so c; = —C2 and
Y(X) = Cafers —e )
Then
y'(X) = pci(e* +e )
y'(2) = uci (e +e2#) =0

Since e?* + e~2* = 0 this implies that ¢; = 0 and therefore ¢, = 0 and the only solution for 1 < 3 is the
trivial solution y = 0. Hence there are no eigenvalues if 4 < 3.
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Case Il: 2 =3. Thenr = 0 is a repeated root, and
Y(X) = C1 +CpX

y(0)=c1 =0
y'(x) = C2
y'(2)=c2=0

Therefore c; = 0 and A = 3 is not an eigenvalue.

Case lll. 3—A1 <0, thatisA > 3. Let3 -1 = —u? # 0. We have the complex roots r = +ui and
y(x) = [c1cos(ux) + C2sin(ux)]
y(0)=c1 =0
Thus
y'(X) = pc2 cos(ux)
y'(2) = pcacos(2p)
So, for a non-zero solution, we must have
cos(2u) =0
Thus 2 must be an odd multiple of 7.
2u = (2n+1)% n=0123,...
or
Un = (2n+1)% n=0,123,...
And finally
2
An=3+pu2=3+ ((2n+1)%) n=0123..

are the eigenvalues with corresponding eigenfunctions

y(X) = Cp sin(%nx).
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Table of Laplace Transforms

f(t) F(s) = £4f3(s) = ()

ﬁ SLH n>1/s>0
gat ﬁ s> a
sinbt 3 Ebz s>0
cos bt = ibz s>0
eaf(t) L{f}(s—a)

of) | D" e s)




