Ma 221 Final Exam Review

Problems on Fourier Series, Boundary Value Problems and

Separation of Variables

Ma 227 Final Exam 95S

Problem 1

Find the first four nonzero terms of the Fourier sine series of

f(x){ 0 O<x<rm

2 T <X<21

Solution:
If f(x) is a function defined on [0, L], then its Fourier sine expansion is given by

d L
f(x) = D ansin( VX ) where a, = 2 " §(x) sin D2 gy
5~ 75) 2 [{osin
_ _ N )
Here L = 2z so that f(x) = >, ansm(7> and
_ 1% i DX
an = ﬁJ‘O f(X)Sln de

Hence a, = %UZOsin %dx+]iﬂ(—2)sin %dx} =

_ cos(L
%(4)[ coS TN rC108( L) J

Evaluating this last expression for n = 1,2,3,4,5 we get
n=1 a;= %[—1]

n= a, = 2[1]
4 4
n= as=[-3]= -4
n=4 as =0
n=5 as=gl-t]=-¢-
Thus f(x) = —%sin% +%sinx—%sin%+03in2x—%sin%+



b) (8 points)
Sketch the graph of the function to which the Fourier sine series of the function

0 0<x
) = <X<r
-2 T <X<2r
converges on -2z < X < 4.

Solution
The graph of the given function is below.

2

Since we were asked to find the Fourier sine expansion of f(x), this means that we are
seeking an odd expansion of f. Hence the graph above is reflected first across the
y — axis, and then across the x — axis to get an odd function. The result is given below.



The Fourier sine series generates an odd function with period 2L. Here L = 2x, so the
function generated by the Fourier series has period 2(27) = 4x. Since the last graph
above given the function on the interval [-2r,2x], i.e., on an interval of length 4z, we

may move this graph either to the left or the right to get the function anywhere. Thus
we have

L]
—2x _x x " 3x Ax

—2

c) (9 points)
Find the eigenvalues and eigenfunctions for the problem

y'+4y =0, y'(0)=y'(1) =0
Be sure to checkthecases 1 <0, A =0, and A1 > 0.

Solution
|. Consider the case 1 < 0 first. Let A = —a? where o + 0. The DE becomes



y" —a?y = 0.

The general solution of this equation is y(x) = c1e + c2e™. Thus
y'(x) = croe™ — coae™
y'(0) = cia —C2a = 0 and y'(1) = ciae” —cae™* = 0.

The first equation implies that ¢1 = c,. Thus the second equation becomes
ci(e* —e®) = 0. Thus c; = 0, this tells us that c; = 0 also. Therefore y = 0 is the only
solution if A < 0.

Il. Suppose A = 0. The DE becomes y” = 0 which has the solutiony = ¢c1x + ¢c,. The
boundary conditions imply ¢; = 0, so thaty = ¢,. Thusy = ¢, where ¢; # 0is an
eigenfunction corresponding to the eigenvalue A = 0.

Ill. Suppose A > 0. Let A = B2 where B +# 0. The DE becomes

y" +p?y = 0.

The general solution of this equation is y(x) = c1sin Bx + ¢z cos fx. Thus
y'(X) = c1cos Bx — caBsin Bx

Now y'(0) = c;8 = 0 Since B + 0, we must have ¢; = 0. Thus y(x) = c,cos Sx. Now
y'(x) = —c2Bsinpx and y'(1) = —czBsin B = 0. For a nontrivial solution we must have
c2 # 0. This means thatsing =0or g8 =nx, n=1,2,3,... The eigenvalues are
therefore 2 = B2 = n?z? and the corresponding eigenfunctions are y, = a,cosnzrx,
n=123,...

We may also include the eigenfunction found in Il above by allowing n to equal 0.
Hence all of the eigenfunctions are given by y, = aycosnzx, n = 0,1,2,3,... with
corresponding eigenvalues A = n’z?, n=0,1,2,3,...

Problem 2

a) (10 points)

Use separation of variables, u(x,t) = X(X)T(t) , to find ordinary differential equations
which X(x) and T(t) must satisfy if u(x,t) is to be a solution of

11t2X9UXX - (t — 3)(X + 2)Um =0

Solution:



ux = X'T, U = X'T, ug = XT', etc.
Thus the given equation becomes
1162x9X"'T = (t—= 3)(x + 2)XT" = 0

X _ o3Il —k ok tant
X X+ 2)X ( )tZT : a constan

This yields the two ODEs

11x9X" —k(x+2)X =0
(t-3)T" -kt’T =0
b) (15 points)
Solve:
P.D.E.: ux—4uy =0

B.C’s: u(0,) =0  ux(m,t) =0

I.Cs: u(x,0)=0 ut(x,0) = —8cos(4x) + 17 cos(8x)
Solution:

Let u(x,t) = X(x)T(t). Then differentiating and substituting in the PDE vyields

X'T = 4XT"
X', T
= X —4T

Using the argument that the left hand side is purely a function of x and the right hand
side is purely a function of t, and the only way that they can be equal is if they are
equal to a constant, we get

XTH - 41" _k  kaconstant
This yields the two ordinary differential equations

X"—kX=0 and T”—%szO

The boundary condition uy(0,t) = 0 implies, since ux(x,t) = X'(x)T(t) that



X'(0)T(t) = 0. We cannot have T(t) = 0, since this would imply that u(x,t) = 0. Thus
X'(0) = 0. Similarly, the boundary condition ux(r,t) = 0 leads to X'(x) = 0.

We now have the following boundary value problem for X(x) :
X"—kX=0 X(@0)=X'(r)=0

This boundary value problem is very similar to the one given in Problem 1(c) above.
(Its solution was discussed in the slide show Eigenvalues and Eigenfunctions for
Boundary Value Problems.) The solution is

k=-n2 Xu(x) =ajcosnx n=1,23,...

Substituting the values of k into the equation for T(t) leads to

T+ LT =0

which has the solution T,(t) = b,sin n?t + Cn COS n?t n=123,...

The initial condition u(x,0) = 0 implies X(x)T(0) = 0 so that T(0) = 0. Thus ¢, = 0.
We now have the solutions

Un(X,t) = Ancosnxsin%t n=123,...

Since the boundary conditions and the equation are linear and homogeneous, it
follows that

uxt) = D ua(xt) = DA, cosnxsin%t

n=1 n=1

satisfies the PDE, the boundary conditions, and the first initial condition. Since

u(x,t) = 3 An( ) cosnxcos AL
{ ; ”(2) 2

The last initial condition leads to



Ut(x,0) = —8¢0s(4x) + 17 cos(8X) = ZA,(%) COSNX.
n=1

Matching the cosine terms on both sides of this equation leads to

A4(%> = -8 sothat A, = -4 and Ag(%) =17 so that Ag = % All of the other

constants must be zero, since there are no cosine terms on the left to match with.
Thus

4t |, 17 cos8xsin 8L = —4cosaxsin2t + L cos8xsin4t

u(x,t) = —4cos4xsin 5 A > = A
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1. a) Find the first four non-zero terms on the Fourier cosine series of

3 O0<x<1
) = <X <
0 l<x<?2

Cosine Formula:  f(x) = a° +Zan cos ¢
n=1

L
= 2 [f(x) cos 22 dx
0

ag = 1[I:de+fi0dx:| _3

1 2 1
_ nmXx nmx _ 6 H NnTX _ 6 H nmr
an = joscos 2 dx + lecos 2 dx = 7 Sin 2% o =TT sin -

n-1
A — 2 (-1 n odd
0 n even

6 iz . 6(-1)" g (b
Thus f(x) = Zn— n - cos A2% Z(Zn—l)n S

computing the flrst few terms
f(x) = 2 + £ cos Tax— £ cos 3 ax + 2 €OS 27X — == COS L-7X + -2 COS 27X

1. b) Sketch the graph of f(x) on -4 < x < 6



<o |

1+

1. c) Solve the boundary value problem:

y'o)-yx)=x,  y0)=0; y'(1)=1
homogeneous solution:  y"(x) —y(x) =0
characteristic equation: r>-1=0=r = %1
y(X) = c1e*¥ + coe7*

y(x) = Ax+B
particular solution: y'(x) = A = A=-1=yKX) =X
y'(x) =0

general solution: y(X) = ci1e* +ce* —x then y'(X) =cieX—ce>* -1
B.C. = y(0) =c1e%+¢c2e?-0=0 = c; = -
and y'(1) =ciel—cet-1=1=cie—crel =
Ci1 =-C2 L B 9 o
, Solution is : {c; = 27,1 = —27 },

cie—coel=2 ete

So

2 X 2 —x
X) = ex — eX —X
Yo e+et e+et

2.a) Use separation of variables, u(r,0) = R(r)T(6), to find ordinary differential
equations which R(r) and T(0) must satisfy if u(r,6) is to be a solution of

Urr + %Ur + r—12U99 - O

Do not solve these equations.

Solution: Let u(r,0) = R(r)T(0) then

ur =R'(NTO) ur =R"(NTO) ug =RI)T"(O)
and Urr + +Ur + —-Ug = 0 becomes



R'(NTO) + LR'(NT(O) + r%R(r)T”(G) -0
r’R"(NTO) + rR'(NT(®) = -R(NT"(0)

rPR'(r)+rR'(r)  T'0O)
—R(r) - TO)

k

since R and T are independent
resulting in the equations
r’R"(r) + rR'(r) + kR(r) = 0
and
T"'(0) —kT(®) =0

2. b)Consider the non-homogeneous problem
PDE uXx = QUt
B.C.’s: ux(0,t) =0 u(L,t) =2

I.C.: u(x,0) = -3cos Ex +2
i) (5 points)
Let v(x,t) = u(x,t) — 2 and show that v(x,t) satisfies the
homogeneous problem
P.D.E.: vix = 9vq
B.C.. w(0,t)=0 v(l,t) =0
I.C.:  v(x,0) = —3cos Z=x
Solution to i) U (X, 1) = Vix(X, 1) Ux(X,t) = vx(X,1)
U (X, 1) = vi(X, 1) ue(X,t) = vi(x,t)
u(d,t) = 2and u(x,t) —2 = v(x,t) = v(1,t) =0
ux(0,t) =0 = vx(0,t) =0
u(x,0) = -3cosZ +2 and u(x,t) -2 = v(x,t) = v(x,0) = -3cos &

2. b) ii) (10 points)
Solve the above problem for v(x,t).
Solution to ii) Let v(x,t) = X(X)T(t)
then X'T =0XT' = X~ =9L =k

resulting in the ordinary differential equations:

X"-kX=0 and T'-£T=0
Boundary Conditions become: X'(0)T(t) =0 and X(1)T(t) =0

= X'(0) =0 and X(1) =1



Solving the differential equation X" — kX = 0 consider all values of k
k<0 let k=-u? u>0
X" +u2X = 0 has the solution: X(x) = ¢1COSUX + C2Sinux
and X'(x) = —ciusinux + c2UCoSUx
B.C. = X(1) = cicosu+czsinu=0 and X'(0) =cu=0
= ¢, =0 thus cicosu=0= up= & n=12 .

_1V2,.2
et g

SO Xp(X) = cpC0S X
k=0 = X"=0 which has the solution: X(x) = ciXx+Cz and X'(x) = ¢;
B.C.= X(1)=c1+c;=0 and X'(0)=c;=0=1c¢,=0
thus X(x) = 0 is the trivial solution.
k>0 let k=u? u>0
X" —u?X = 0 has the solution: X(x) = c1e"™ + ce™
and X'(x) = ciue™ — coue
B.C.= X'(0)=ciu—-cou=0=1c¢1 =¢C>
and X(1) =cie¥+ceV =0 = cie¥+c1e"=0=cy(e¥+e!)=0
= €1 =C2 =0 thus X(x) = 0 is the trivial solution.
Using the non-trivial solution k, = —M Xn(X) = cpCOS

the equation T'— €T = 0 becomes T' + en- 1) “T-0

= kn =
(2n- l)n

(2n- 1)7:

X,

/ 2 f 2
solving by separatlng T o IT S
)22
= InT = 2D oo To(t) —coem
Therefore vn(x,t) = Xn(X)Th(t)
)22
Vn(X,t) = cncos(zr‘*ﬂe——(2 Bt
)22
SO V(x,t) = chcos Cn-Lime oSt
n=1
Using 1.C. to compute coefficients:
N (2n—Lmx _ 7nx
V(x,0) = Zlcncos 5 ~3c0s 2%

by equating coefficients: ¢; = 0,c; = 0,c3 = -3,¢4 =0,...

v(x,t) = —3cos 772”‘ e %t

is the solution.
2. b)iii) (2 points)

Now use the results of b) i) and ii) to find u(x, t).
Solution to iii)

10



u(x,t) = —SCOS%e*%‘ +2
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Problem 1
a) (8 points)
Find the first four nonzero terms of the Fourier cosine series of

-1 0<x<%

f(x) =

0 §<x<n

Solution
If f(x) is a function defined on [0, L], then its Fourier cosine expansion is given by

f(x) = X7 an cos(”—f‘)

where ag = %f;f(x)dx and a, = %j;f(x)cos n—fxdx n=1,23...

Here L = x so that f(x) = Y_ a,cos(nx),ao = %jgf(x)dx and a, = % fgf(x)cosnxdx.

Thus ao = & [7(-1)dx+ £ [7(0)dx = - Also,

2
an = %jf(—l)cosnxdx = —%[Sin nx]o% = —%[sin%{}
Therefore
a=—%, a=0, a=-+i, -0 as--gF, a=0 a-+=
Hence . ) ) , ,
f(x) = —%5 — 7 COSX+ 0 - cos2x + §0053x+ 0 - cos4dx — §0035x+ 0 - cos6bx + ﬁcos7x

b) (8 points)
Sketch the graph of the function to which the Fourier series in (a) converges
on —2x < X < 3.

11



2x ~“l -x g nf2 X 32 2x  S5xf2 3x

c) (9 points)
Find the eigenvalues and eigenfunctions for the problem

y'+2y=0; y@0)=0; y@2)=0

Be sure to check the cases 4 < 0, A = 0,and A > 0.
|. Consider the case 1 < 0 first. Let A = —a? where o + 0. The DE becomes

y// _ azy —0.
The general solution of this equation is y(x) = c1e* + c,e . Thus
y(0) =c1+C2 =0 and y(2) = c1e2* + coe2 = 0,

The first equation implies that ¢c; = —c,. Thus the second equation becomes
c1(e?* +e72%) = 0. Thus c; = 0; this tells us that ¢, = 0 also. Therefore y = 0 is the only
solution if A < 0. Hence there are no negative eigenvalues.

Il. Suppose A = 0. The DE becomes y” = 0 which has the solutiony = ¢1x + ¢c,. The
boundary conditions imply y(0) = ¢; = 0, so thaty = c¢,. Buty(2) = ¢, = 0 so that
y = 0. Hence there is no eigenfunction corresponding to the eigenvalue A = 0.

lll. Suppose A > 0. Let A = B2 where B + 0. The DE becomes

12



y"+p%y = 0.
The general solution of this equation is y(x) = c1sin Bx + ¢z cos fx. Thus

Now y(0) = c2 = 0 Thus y(x) = czsinpBx. Now y(2) = czsin2 = 0. For a nontrivial
solution we must have c; # 0. This means that sin2 =0or g = =, n=1,2,3,... The
eigenvalues are therefore A = p? = # and the corresponding eigenfunctions are

Yn = ansin&rx, n =1,2,3, ...

Problem 2

a) (10 points)

Use separation of variables, u(x,t) = X(x)T(t), to find ordinary differential equations
which X(x) and T(t) must satisfy if u(x,t) is to be a solution of

5X°t2U¢ + (t+ 3)°(X + 5)?%Uy = 0

Do not solve these equations.
Solution:
ux = X'T, U = X'T, Ug = XT', ug = XT"

Thus the given equation becomes
15t25XT" + (t+ 3)°(x + 5)*X"T = 0

= 15x5m - —(t+ 3)5# =k, kaconstant

This yields the two ODEs
15x5X — k(x + 5)2X" = 0

(t+3)°T+kt?T" =0
b) (15 points)
Solve:

PDE. LIXX = 4ut
B.C.s: u(0,t) =u(2,t) =0

I.C.: u(x,0) = —35in”TX + 23sinzx — 4sin 27X

Let u(x,t) = X(x)T(t). Then differentiating and substituting in the PDE vyields

X'T = 4XT'

13



- XL _ T

X T
Using the argument that the left hand side is purely a function of x and the right hand
side is purely a function of t, and the only way that they can be equal is if they are
equal to a constant, we get

XL _ T
X 4 = k  kaconstant
This yields the two ordinary differential equations

X"—kX=0 and T’—%kT:O

The boundary condition u(0,t) = 0 implies that X(0)T(t) = 0. We cannot have T(t) = 0,
since this would imply that u(x,t) = 0. Thus X(0) = 0. Similarly, the boundary condition
u(2,t) = 0 leads to X(2) = 0.

We now have the following boundary value problem for X(x) :
X"'—kX=0 X(0)=X2)=0

This boundary value problem is the one given in Problem 1(c) above with k = —A. The
solution is

2
_ _( nhx _ in N _
k = (—2 ) Xn(X) = ansin 5 X n=123,...

Substituting the values of k into the equation for T(t) leads to

T+ LET -0

which has the solution T,(t) = cne*%, n=123,...

We now have the solutions

n2r2t
6

Un(X,t) = Ansin nT”xe‘ i n=1,23,...

14



Since the boundary conditions and the equation are linear and homogeneous, it
follows that

2

o0 o0 nz,[
uX,t) = D un(x,t) = D Agsin nT”xe‘T
n=1 n=1

satisfies the PDE and the boundary conditions. Since

— _3sin X i _Agj — in N7
u(x,0) = =3sin 5 + 23sinzXx — 4sin27zx gAnsm 5 X.

Matching the cosine terms on both sides of this equation leads to

AL =-3 A, = 23 and A, = —4. All of the other constants must be zero, since there
are no sine terms on the left to match with them. Thus

- 7[2 - 7[2 -
u(x,t) = —3sin %Xe‘ﬁt +23sinzxe 7' — 4sin27xe "t
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