MA 221 Homework Solutions
Due date: February 25, 2014

Section 4.5 pg. 187-188 1, 2b, 2b, 6, 8, 17, 21, 23, 27, 29
(Underlined Problems are to be handed in)

1.) Giventhaty;(t) = (1/4)sin2tis a solution to y" + 2y’ + 4y = cos2t and that
y2(t) = t/4 — 1/8 is a solution to y" + 2y’ + 4y = t, use the superposition principle to find
soltuions of
(b) y" +2y' +4y = 2t — 3cos2t
Since the right hand side of this last equation is twice the right hand side of the second equation
given plus —3 times the right hand side of the first equation given a particular solution for (b) is

2y, —3y1 = % e %sinZt
2b) Given that y;(t) = costisasolutiontoy” —y' +y = sint and that y,(t) = e?*/3 is a
solutiontoy” —y' +y = e, use the superposition principle to find a solutions of

y'—y +y =sint - 3e%

yp = cost —e?

In problems 6 & 8 a nonhomogeneous equation and a particular solution are given. Find a
general solution for the equation.

6.) 0"—-6'-20=1-2t Op(t) =t-1

The homogeneous equation is

0" -0'-20=0
Thusr?—r-2=(r-2)(r+1)=0sor = 2,-1
yh = C1e% + cpet

Therefore by the superposition principle:
Yy=0nh+0p =t—1+cie?+coe™

8.) y' =2y —y+2eX yp(x) = x%eX

The homogeneous equation is

yH _ 2y/ + y _ 0

Thusr2—2r+1 = (r—1)> =0sor = 1is a repeated root and
Yh = C1€* + Ccoxe*

Therefore

Y = Yh +Yp = C18* + CoXe* + x2e*

17)y" -y = -11t+1
The indicial equationisr?> -1 =0sor = +1 and

Yh = C1et + coet
Let



Yp = A
Yp =0
The DE implies
—At-B =-11t+1

soA=11,B = -1and
yp =11t-1

Thus
Yy=VYn+Yyp =Cret+coet+11t-1

In problem 21, find a general solution to the differential equation.
21.) y"(0) +2y'(0) + 2y(9) = e’ cosf

Letp(r) =r>+2r+2=0

r=-1+i

yh(0) = c1e7?cos0 + ce7?sind = (c1cos0 + cpsinf)e?

We now find a particular solution.

Method 1:
yp(0) = 6(Acos6 + Bsinf)e?
yp(0) = (Acos@ + Bsinf)e? + 6[(Acosb + Bsinf)e ]’
Yp(0) = 2[(Acosd + Bsinf)e™]' + 6[(Acos6 + Bsinf)e™]" = 2[(B — A)cos6 — (B + A)sind]
Yo +2Yp + 2yp = 2[(B—A)cos — (B + A)sinfle? + 2(Acosd + Bsinf)e™? = 2(Bcosd — Asin
A =0,B =1/2, s0yy(0) = (1/2)0e?sing
Method 2: Consider a companion v'(0) + 2v'(0) + 2v(0) = e~?sind. Multiply this equation
by i and add it to the original equation. Letting w = y + iv, we have

W' +2w' + 2w = e?(cosd + isin@) = e %el? = g(-1)0

Thenp(i—-1) = (i-1)?+2(i—-1)+2=-2i+2i-1+2=0. p'(r) =2r+2so
p(i—-1)=2(i-1)+2 = 2i

Therefore
- » ..
Wy = — gel-10 _ Oe (c030_+ 1sinf) _ —lee*’(icose—sine)
2 2i 2
Thus
Yp = Rewp = %Oe“’sine
Therefore

Y =Yn+Yp =cC1e9c0s0 + coe?sinf + %He*"sine

23)y'-y=1,y(0) =0



This is a first order linear equation. Multiply by eIde = e~*. The DE becomes
l —X — p—X
ey =e

SO
ey =-e*+c
or
y = -1+ce*
Then
y0)=-1+c=0
andc =1

y=-1+¢*

In problems 27 and 29, find the solution to the Initital VValue Problem.

27.) y'(X) —y'(x) — 2y(X) = cosx — sin2x; y(0) = -7/20, y'(0) = 1/5
p(r)=r’-r-2=0=(r-2)(r+1)=>r=-1r=2

yn(X) = cre™ + coe

Method 1:
To find a particular solution for cosx we consider the two equations
y" —y' =2y = cosx

v —v' —2v = sinx

Multiply the second equation by i and add it to the first eqaution and let w = y + iv to get
W' —w' —2w = cosf +isinfd = e

Sincep(i) = -1-i-2=-3-1i = 0we have that

_ ke‘w _ ei9 . 1 (3_|) N
Wp = p(a) 3-1  3+i (3-1i) (cos@ + isind)

_i-3 o
=10 (cosO +1isinB)

Therefore y,, =real part of w, = —(3/10) cosx — (1/10) sinx
To find a particular solution for —sin2x we consider the two equations
"—y' -2y = —sin2x
v —v' —2v = —cos2x
Multiply the second equation by i and add it to the first eqaution and let w = v + iy to get
W' —W' — 2w = —c0s2x — isin2x = —e2X
Since p(2i) = -4 - 2i— 2 = —6 — 2i + 0 we have that

Wy = g?;‘; _ _geji;i _ GJ}Zi Eg:;:; (COs 2X + isin2x)
= Z(i—ai)(COSZX + 1sin2x)
Therefore yp, =imaginary part of w, = —(1/20) cos 2x + (3/20) sin2x
Y =VYh+Yp, +VYp, = C1€7% +Co0% — 3 CosX — Lo SinX — —k COS2X + —3= sin2x
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Method 2:
For the equation y” —y' — 2y = cosx
Yp1(X) = Acosx + Bsinx
y" —y' =2y = (-Acosx — Bsinx) — (-Asinx + Bcosx) — 2(AcosXx + Bsinx)
= (—3A-B)cosx + (A —3B)sinx = cosx
A = -3/10;B = -1/10
S0, yp, (X) = —(3/10) cosx — (1/10) sinx
For the equationy” —y' — 2y = —sin2x
Yp,(X) = Acos2x + Bsin2x
y" —y' =2y = (-4Acos2x — 4Bsin2x) — (—2Asin2x + 2B cos 2x) — 2(Acos 2x + Bsin 2x)

= (—6A — 2B) cos 2x + (2A — 6B)sin2x = —sin2x
A = -1/20;B = +3/20
S0, yp,(X) = —(1/20) cos 2x + (3/20) sin 2x
S0 again we have

1 3

_ _ —X 2X _ i _ L i I 9 _qj
Y =Yh+Yp +Yp, = C1€7* +C2€ 10 CosX 10 sinx 20 COS2X + 20 sin2x
I~ _pipX %, 3 ciny_ L 1 G 3
y' = —C1e7* + 2ce + 10 sinx 10 COSX + 10 sin2x + 10 C0S 2X
Next, we find ¢, and ¢, such that the initial conditions are satisfied.
y'(0) =—c1+2c2—1—10+13—0 - %
Thus
Ci1+C>=0
—C1+2c2=0

Hencecy =¢c, =0
With these constants the solution is,
1 1 3

__i 1 o 1 3 o
y(x) = 10 COSX — 55 SINX — 55 COS 2X + 20 sin2x

29.) y"(6) —y(0) =sin6—e* y(0) =1, y'(0) = -1
The characteristic equationisp(r) = r>—-1 =0, sor = 1l and y, = c1e? +ce™.

Method 1:

To find a particular solution for siné we consider the two equations

v —v = cosf

y" —y =sinf

Multiply the second equation by i and add it to the first eqaution and let w = v + iy to get
W' —w = cos@ +isind = e

"



Since p(i) = —2 # 0 we have that

wp = E?ai = £ = —L(cosf +ising)

Therefore y,, =imaginary part of w, = —% sinf

To find a particular solution for —e? note that p(2) = (2)2-1 = 3s0
Yp, = %20

A general solution is then

Y = Yn+Yp +Yp, = C18% + o™ — %Sine— £

Method 2:

For the equationy” —y = sinf

Yp1 = Acos6 + Bsing

(—Acosf — Bsin@) — (Acosf + Bsing) = —2Acosf — 2Bsinf = sinf
-2A =0

-2B=1

A=0B=-1/2

So, yp1 = —(1/2)sin6

For the equationy" —y = e?

Y2 = Ae?

3Ae? =e? = A =1/3

Yp2 = (1/3)e?

Y = Yh+Yp, +Yp, = C16% +Coe70 — Lsing - £
The initial conditions imply since y’ = c1e — c2e™¥ — 2 cosd — Ze?
y(O) =C1+C2—% =1

y@0) =ci-co-+-%£=-1

Ci1+Co =

Ci1—Co =
Hencec; = 2, ¢z = -5 Thus

y=2e’+Le?— 1sing-
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