MA 221 Homework Solutions
Due date: April 1, 2014

8.3p. 445 17,19, 21,25 27

17.) Find at least the first four nonzero terms in a power series expansion about x = 0 for a
general solution to a given differential equation.

"

W' —x2w'+w =0
W(X) = ap + aiX + ax? + agx® + -+

o0
= anx"
n=0
o0
W= Zanxn
n=0
o0
w' = an(nxm
n=1

w' = zz:an(n)(n —1)x"?

W' —x2w' +w =" anx" —x2) " an(n)x"?
+> " an(n)(n—-1)x"2 =0
Do sanx" =" an(n)x™!
+> ., an(n)(n—1)x"2 =0
k=n-2n=k+2;n=2k=0n-1=k+1
Do an(m(n—-1)x"2 =37 aka(k+2)(k+ 1)xK
K=n+1ln=k-1n=1k=2
Do an(mx™ =37 aka(k—1)xk
Z::o anX" = Z:;o akxX
Do ganx" =2 an(nx™ + 3> 7 an(n)(n - 1)x"2
=D o2k +2)(k+1)xk =7 aa(k—Dxk+ 37 axk
=0
(2)(Dax® + (3)(asx + 3, aksa(k + 2)(k + 1)x¥

> aka(k— Xk +agx® + arx + Y., axk =0



ao +2az + (6az + an)x+ ), [aka(k+2)(k+1) — (k- Daxs +axxk = 0

dp = Ao da; = a;
ao+2a2 =0 6&3+3.1 =0
— _40 — _a
a =-5 as = —
(k + 2)(k + 1)ak+2 - (k — 1)ak,1 +axk=0
_ (k=Day—ak
A2 = (05 keD)
dp = Ao
a; = ai
-0 - __ag
k=0: dy = — >
K=1:a; =2
_ 9. _ (@-Daj-ap _ a;—ap _ 2aitap
k =2 a4 = (2+1)(2+2) B @) B 24

W(X) = ao + aiX + ax? + asx® + asx* =

_ _ @2  a1,3 2a1+3g 4 _
= ag +aiX 2X 6X +—24 X

_ _A0y2 _ 8143, Ay4 . A g4 _
= dg + d1X 2X 6X +12X +24X

_ X2 x4 x3 x4
= ao(1—7+ﬁ)+a1(X—T+§

19.) Find a power-series expansion about x = 0 for a general solution of
y'—=2xy =0

Your answer should include a general formula for the coefficients.
y = anx"

n=0

o0

y' =D an(nx"t

n=1
so the DE leads to

o0 o0
D an(n)x™t —2) " ax™t =0
n=1 n=0

Shifting the first sum by lettingk+1 =n—-1o0rn = k + 2 we get

D aka(k+2)xkt =23 " ax™t = 0
k=—1 n=0

or after replacing the place keepers by m

a1+ Y _[ama(m+2) — 2anX™! = 0

m=0

Thus



Substituting values for m we get

_ 2
m—O:az—Zao
m=1:a3:%a1=0

2

m—2:>a4:%a2=§_a2
m=3=>a5=0

_ _ 2. _ 2%
m 43&6_6614_2-4-6

The pattern is therefore
2p 2P ao

ax = 577 -6---(2p) ao = 2P(1-2-3-p) o = ol
and

2 2
Yo =20 3 X
p=0

2L) y'—xy'+4y =0

y = i.o:anxn
n=0

= S
n=1

y = i an(n)(n — 1)x"2
n=2

Plugging into the DE, we have,

D an(m( = 1Dx"Z = x> an(mx" 1 +4D " ax" =0
n=2 n=1 n=0

D an(m( = 1x"? =D an(n)x" + Y 4anx" = 0
n=2 n=1 n=0

Now, shift the index of the first sum by letting k = n — 2, and we let k = n in the other two
power series.

D (k+2)(k+ Dawax — > an(k)xk + D daxk = 0
k=0 k=1 k=0
Now,

(2)(D)azx® + D (k+ 2)(K + Dax2xk — D an(k)x* + 4apx® + D _ 4ax* = 0

k=1 k=1 k=1



2az + 420 + Y _(K+2)(K+ Dax2x* — Y ax(k)xk + D _ daxk = 0
k=1 k=1 k=1

-
2a; +4ap + ) _[(k+2)(k + Dakz + (-k + 4)a]xk = 0
k=1
Now, setting each coefficient of the power series to zero, we see that,
2a; +4a0 = A, = —3% = —2ay,
k-4)

(k+2)(k+Dawz + (-k+dax = 0 = ap, = (k(+ k=1,
Thus we have:

_ _ 3a1 _ _ &
k=1= asz = —(2%(3) ( 22)( o

_ _ _—zap _ (=4)(=%)ao _ ap
o @ Epg

_ _ _—a3 _ (9o)ba; _ ai
kK=3=2 =G5 ~ Guse ~ ©
k=4 = ag =0

_ _ _as _ (DEHM®ar _ ag
k=5=ar= ) T MEGA@E)2) 560

— _ 6 —
k—6=>ag— ®0 =0
-

_ (-3)(1()...(2n-5)a;
2n+1)!

Substituting these expressions for the coefficients into the solution

dn+1l

0

y(x) = z:anxn = ao+aiX+ax?+asx3+ -

-0
y(X) = ao + aix — 2aox? —n %X?’ + %x"’ + 2—6x5 + -
N (—3)(—1)((21n)-+--1()2!n —9)a1 o1 .
= ao[l-2x2 + X%] +ai[x— x73 + ﬁ—g + (_3)(_1)((2?; .1()2!n —5)a1 on ]
= ao[l — 2x2 + XTA] +ai[x+ kzwl: (_3)(_1)((21n)l+l .1()2!n —Say X2+

In problems 25 and 27 find at least the first four non zero terms in a power series expansion

about x = 0 for a general solution to the given the Initial Value Problem.
25) w" +3xw' —w = 0; w(0) = 2, w'(0) =0



o0
W = Zanxn
n=0
o0
w' = an(nxm
n=1

w' = Zan(n)(n —1)xn2

n=2

w(0) = ag = 2, w'(@0)=a=0
Plugging into the DE we have

D an()(n = 1)x™2 +3x D an(mx™t - D" ax" =
n=2 n=1 n=0

D an(m(=1)X"2+ D 3an(n)x" - > anX" =
n=2 n=1 n=0

Now, shift the index of the first sum by letting k = n — 2, and shift the index of the second
sumto k = nand we let k = n in the last power series.

D (k+2)(k+ Daweoxk + Y 3ae(k)xk — Y " axk = 0
k=0 k=1 k=0

We can start all of the summations at the same point if we remove the first term in the first
and last power series from above. We then have:

(2a2 —a0) + D _[(k+2)(k + 1)a2 + 3kax — ax]xk = 0
k=1
By equating the coefficients we see all of the terms in the power series must be equal to

zero. Then:
ap
2

(kK +2)(k+1)awe + a3k —-1) = 0

2a2—ao=0:>a2=

 _a(Bk—1)
2= Gkl K=t

Thus we have,

_ __—a18-1)  2an _ a1
K=l=a=-G oG D -~ 6 ~ 3
do
k=2 = a; = —23(2)-1) _ 5ap =_5<7> __5ap
2+2)2+1) 12 12 24
di
k=3=as = —a3(3B3)-1) _ 8as _ _8(_T> _ 2a
B+2)(3+1) 20 20 15



Substituting these expressions for the coefficients into the solution

o0

Y(X) = D anX" = ag +aiX +ax? +asx® + -

n=0
yields
_ Qo2 8143 DAoy4, 28145,
y(X) = ap + a1X + 5 X 3x 54 X T 15x +
— X2 5 4 _ 1y, 25
= ao[l+ 5 TR +...] +ai[x 3x +15x...]
w(0) =ap =2
y'(0)=a:=0
_ 2_ 5 ya  1ly6 . .
y(x) = 2+X 1o X T 35X+

21) (x+1)y"-y=0; y0) =0 y(0)=1

y =D anx"
n=0

y' =D an(nxmt
n=1

y" =D anm(n - Lx"?
n=2
Plugging into the DE we have
(x+1)D_an(mn-1x"2 =D ax" =0

n=2 n=0

i an(n)(n —1)x"2 + i an(n)(n—1)x"* - i anx"=0
n=2 n=2 n=0

Now, shift the index of the first sum by letting k = n — 2, and shift the index of the second
sum to k=n-1 and we let k=n in the last power series.

D aka(k+2)(k+ DX+ D akak + D)(K)xk =D axk =0
k=0 k=1 k=0

a2(2)(X° + D _ aria(k +2)(k+ 1x* + D a(k) (k= 1)xL —aox® — > " apxk = 0
k=1 k=1 k=0

2a; —ap + ) _[akz(k+2)(K+1) + aa(k+1)(k) —ak]x* = 0

k=1



Ao
2

ak2(k+2)(k+1) +aka(k+1)(k)—ax =0

20 —a90=0= ap =

-
_ ak—amk+DHE | o
2= ke Kot
Thus we have,
_ _ai—a(2) _ ar—ag
k=1=as = B0
_ _a-a®)2) 7 -aita
k=2=a="0G ~ = 1
_ 3%_3'1 _ 3ap — 2a;
12 24
_ _am-a@@) _ e - yata
k=3=a="5u - 120
_ a1—ap—9p+6a; _ 7a;—10a
120 120

Substituting these expressions for the coefficients into the solution

o0

y(x) = Zanxn =ag+aiXx+axx?+asx3+ -

n=0
yields
_ Q.2 , Q1—ao,3, 38 —2a1,4_ faa—10a0,5_ .
y(x)—ao+a1x+2x+ 5 X + 57 X* + 150 X> +
y(0)=a0(1)=0:>a0=0
y(0) =ar=1
YX) = X+ £x3 - Lxt 4 —L_x54 ...

6 12 120
SNB check (x+1)y"” —y = 0, Series solution is:
{30) +x7'(0) + $x3y(0) = x*(£y(0) - £y'(0)) +x* (£¥(0) = £Y'(©)) ~x* (Y0 - &



