MA 221 Homework Solutions
Due date: April 8, 2014

Page 655 - 656 Section 11.2
Problems 15, 17 and 19
(Underlined problems are to be handed in)

In Problems 15, 17 and 19 find all the real eigenvalues and eigenfunctions for the given eigenvalue
problem.

13) y" + 2y = 0;

y(0 =0, y'(1)=0

The auxiliary equation for this problem is: r2 + 1 = 0.

To find eigenvalues that yield nontrivial solutions we will consider the three cases
A<0

A=0

A>0

Case 1: A < 0 Let A = —a?, where a # 0. The DE becomes
y// _ azy -0

In this case, the roots to the auxiliary equation are +a Therefore, a general solution to the differential
equation is given by:

y(x) = c1e™ +cpe™™
By applying the BC’s:
y(0)=cy+c2 =0 = Cy = —C1
Thus

y(x) = c1(e® —e™*)

In order to apply the second BC, we need to find y’(x). Thus we have:

y'(X) = cra(e® +e~X)
Plugging in the second BC y'(1) = 0

y'(1) = cra(e®+e™) =0

Since e% + e% =+ 0, the only way the equation above can be true is for c; = 0. So in this case we have
only the trivial solution. Thus, there are no eigenvalues for A < 0.

Case2: 1 =0

In this case we are solving the differential equation y’’ = 0. This equation has a general solution given
by:

yoo=cr+ex = y=c

By applying the boundary conditions, we obtain

y(0) =c1 =0;

y'(1)=c2=0



Thus, c1 = ¢c2 = 0, and zero is not an eigenvalue

Case 3: A > 0 Let A = B2 where g # 0. The DE becomes
y"+pB%y =0
In this case the roots to the associated auxiliary equation are r = +pi
Therefore, the general solution is given by
y(X) = €1CO0S X + Cp sin BX
By applying the first boundary condition, we obtain
y@0=c1=0 =
y(X) = Ccpsinfx
In order to apply the second BC we need to find y'(x). Thus,
y'(x) = caffcos fix
Pluging in the BC
y'(1) = coBcosp =0
Therefore, in order to obtain a solution other that the trivial solution, we must have
cosp =0 = ﬁ=<n+%>n, n=0,1,2...

2
— An=p2 = (n+ %) 72, withn=0,1,2...
For these eigenvalues An, we have the corresponding eigenfunctions,
_ i 1 i _
yn(X) = cnsmKn + 5 )nx} with n =0,1,2.....

where ¢, is an arbitrary nonzero constant.

15) y" +3y+ Ay = 0;

y'© =0 y@=0

The auxiliary equation for this problem is: r2 + (A +3) = 0andr = + /-(3+ 1)

To find the eigenvalues which yield nontrivial solutions, three cases must be considered:
A+3<0

A+3=0

A+3>0

Casel: A+3 <OLetA+3 =—-a?wherea # 0

In this case the roots to the auxiliary equation are the real numbers + /—(1 + 3)

The general solution to y” — a2y = 0isy(x) = c1e® + coe~

By applying the first boundary condition, we obtain:

y'(X) = Crae®™ — Cpae™® = g(c eV MIX _ eV =(AHIX)

y’(O) =a(C1—Cy))=0=c1-cr=0=c¢C1=0Cy

y' (1) = a(c1e? —c1e ") = gcq(e% —e %) = 0; since e # 0and %™ —e %7 0 = ¢y =Cp =0
In this case, we have only the trivial solution. There are no eigenvalues for A + 3 < 0.
Case2:1+3=0

In this case we are solving the differential equation y’ = 0. This equation has a general solution given
by:



y(x) = €1 +Cax

y'(x) = ¢z

By applying the boundary conditions, we obtain
y'(0) =c2 = 0;

y'(mr) =cy =0

Thus, c1 is arbitary and zero is an eigenvalue with eigenfunction y(x) = C, C any constant.
Case3:1+3>0 LetA+3 = B2 where g =0
The DE becomes

y'+p%y=0
Therefore, the general solution is given by

y(X) = €1CO0S X + Cp sin BX

By applying the first boundary condition, we obtain
y'(X) = B(=c1 sin X + ¢ cos BX)
y'(0) = fcy = 0= ¢z = 0 = y'(x) = B(-c15inpx)
y'(r) = B(-cqsin(pr) = 0, Since  # 0 and we want
c120=>pf=n=1+3=p2=n2=1=n2-3
= An=n2-3  withn=0,1,2...
For these eigenvalues An, we have the corresponding eigenfunctions,
yn(X) = cpcosnx  withn=0,1,2..... where ¢, is an arbitrary nonzero constant.

17) y'+2y=0  2y(0)+y'(0)=0 y(x) =0

The find the eigenvalues which yield nontrivial solutions, three cases must be considered:
A <0

A=0

A>0

Casel: 1 <0
A=-u? p>0andthe DEisy” — u2y = 0

y(X) = c1eHX + coe HX
For convenience we introduce the hyperbolic sine and cosine

cosh(ux) = e”Xsz—e_”X
sinh(ux) = M

and write the solution above in terms of these functions. Then
y(x) = c1(cosh(ux) + sinh(ux)) + cp(cosh(ux) — sinh(ux))
= (€1 + Cp)cosh(ux) + (c1 — €2)sinh(ux)
Let
ki =(c1+c2) kz=(c1—-C2)
then:
y(X) = c1eMX + coe X = kq cosh(ux) + ko sinh(ux)



y'(X) = ukq sinh(ux) + pko cosh(ux)

_ =2k

2y(0) +y'(0) = 2kq + ukp = 0 = ko T

SO
y(x) = kg (cosh(yx) - (%)sinh(;m))

y(r) = k1<cosh(;m) - (%) sinh(wr)> -0

Since we want k1 # 0. then we must have
]

5 = tanh(ur)
o)
u = 2tanh(ur) = A = —p? = —Atanh?(ur)
and
y(x) = k1<cosh(,ux) - (%) sinh(ux)>
Case2: 1 =0

The DE becomesy”’(x) = 0, soy(x) =ax+b y'(x)=a
2y(0)+y'(0)=2b+a=0 y@x)=ar+b=0
Thus a = b = 0 and we have only the trivial solution.

Case 3: 1 > 0 Let 2 = u2, where u # 0. Then the DE becomesy” + u2y = 0 and
y(X) = €1 Sin ux + C2 COS ux
y'(X) = CLuCOS uX — Cousinx
2y(0) +y'(0) = 2cp + ucy = 0

y(r) = cySinur +cocosur =0

Then:
Cy = %cl
and
cl(sin;m - %cos;m> =0
o)
tanh ur = % = u = 2tanun
and

y = c(sinux - % cosm)

19) ) +axt=0 y'(0=0 yE")=0
By the Cauchy-Euler equation
xy) +axt =x2y" +xy' +2y=0 x>0



Substituting y = x" gives r2 + A = 0 as the auxiliary equation for x2y” +xy’ + Ay = 0
Case1: A <0 :LetAd =—pu?foru > 0. Therootsarer = +u

The general solution is: y(x) = c{X* + Cox™H

and y'(x) = cyuxH — Coux L = pu(cyxH — coxH1)

Substituting into the first boundary condition gives

y'(1) = p(c1-c2) =0

Sinceu >0

c1—-C2 =0 = C1 =C2 = y(X) = c1(X* + x7H)

Substituting this into the second condition yields:

y(e") = ci(e” +e7H7) =0

Since e#™ + e7HT + 0 the only way equation cq (e#" + e ™) = 0 can be true is forc; = 0.
In this case, we only have trivial solutions.

Case2: 1 =0
In this case we are solving the differential equation (xy’)’ = 0. This equation can be solved as follows:
x'=c1 =y =5 = y(X) = €2 +¢q Inx

By applying the boundary conditions, we obtain

y(1)=c1 =0 yE")=co+ciIne®) =co+cir =0

Solving these equations simultaneously yields c1 = ¢co = 0. This, we again find only the trivial
solution. Therefore, A = 0 is not an eigenvalue.

Case3:1 >0

Let A = u? for u > 0. The roots of the auxiliary equation are r + ui

The general solution is:

y(x) = cqcos(ulInx) + cosin(ulnx)

y' (X) = —c1 (&) sin(uInx) + co (&) cos(uInx)

By applying the first boundary condition, we obtain

yM) =cou=0 ©¢c3=0

Applying the second boundary condition, we obtain

y(e™) = cpcos(uln(e™)) =cqcos(ur) =0

Therefore, in order to obtain a solution other than the trivial solution, we must have
cos(umr) =0 = ur=(M+4)r n=012....

=u=n+< =An=0+4)2 n=012....

Corresponding to the eigenvalues, An’s, we have the eigenfunctions:

yn(x) = cncos[ (n+ 3)Inx]  n=0,12......

Where cp, is an arbitrary nonzero constant.



