Name Instructor

Ma 221 Final Exam Solutions 12/12/02
Name: ID:

Lecture Section:
I pledge my honor that I have abided by the Stevens Honor System.

This exam is in two parts. On Part | you are to answer all 7 questions. In Part Il you are to choose one

of the two questions and answer it. The point value of each problem is indicated. If you need more
work space, continue the problem you are doing on the other side of the page it is on. You may not
use a calculator on this exam. You must show how you obtained any result that you give. Be sure that
you do all 8 problems.

A table of Laplace transforms and a table of integrals is given on the

last page of the exam.
Score on Problem #1

#2
#3
#4
#5
#06
#7
#8

#9

Total Score
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Part I: Answer all questions
1. Solve

(a) (8 pts)
y' =y y(1) =4
Solution: This equation is separable. Thus
dy

—2- = e~ Xdx
y2
Hence
- % =—-e*+C
The initial condition implies
- % =—el+C
o)
—_e1_1
C=e 7]
Thus
_1 _ 11
y e +e 7
or
_ 1
YT e et L

(b) (10 pts)
y" —4y' +53y =0 y(0) =7 y'(0) = 14
Solution: The characteristic equation is

r2—4r+53 =0
SO
+4 + /16 — 4(53) .
r= 5 =2+T7i
Thus

y(x) = C1e%¥cos 7x + Ce?*sin 7x
To satisfy the initial conditions we have

y(0)=Cy =7
)
y(x) = 7eZXcos7x + Coe2*sin7x
Then
y'(X) = 14e2Xcos7x — 7e2Xsin 7x + 2C2e2Xsin 7x + 7C,e2X cos 7x
y'(0)=14+7C, =14 =Cy =0
Therefore

y(x) = 7eZXcos 7x
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(c) (7 pts.)

y' = 3x2 - %
Solution: We write the equation as

y + %y = 3x2

1
This is a first order linear equation. The integrating factor is ej xdx X. Multiplying the DE by x we
have

xy' +y = () =3¢
SO
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2. (a) (15 pts.) Solve

y”+2y’—3y:3x2—13—4+8eX

Solution: First we find the homogeneous solution. The characteristic equation is
p(r)=r2+2r-3=(r+3)(r-1)=0=r=-3,1
Therefore
Yh = Clex + Cge_?’x
We have to find a particular solution for 3x2 — % and 8eX*. Since e* is a homogeneous solution, but
xeX is not, then

X X
_ 8xe? _ 8xe® _ oyex

ypl - p/(l) - 4

For the polynomial we assume
Yp,(X) = Ax? +Bx +C

Yp,(X) = 2Ax +B

Y|/o/2(x) =2A
The DE implies
2A + 4Ax + 2B — 3Ax? — 3Bx - 3C = 3x2_%
Hence
A=-1
4A—3B:O:>B=—%
JA+2B-3C=-14 o 3c-2+8_14 _g-oc-0
3 3 3
Yoo = X% = 3x
Thus
Yg(X) = C1eX + Cpe™3X 4 2xeX — x2 — %x

SNB check: y" + 2y — 3y = 3x2 — 21 + 8¢, Exact solution is:
y(x) = —2-eX(6e*x? + 8xe X — 12X+ 3)) + C1eX + Cpe~

2(b) (10 pts.) Find a general solution of
y" +y = tanx
Solution: We use Variation of Parameters.
yh = Cqsinx + Cpcosx
o)
Yp = V1SINX + V2 COSX

The equations for v} and v, are



Instructor

Name
I a: !
vysinx +vs;cosx = 0
v} cosx — v sinx = tanx
0 cosx
tanx —sinx .
Vi = = =SINX _ sinx
sinx  CosX
COSX —sinx
sinx 0
/ cosx tanx )
vy = = —tanxsinx
sinx  cosx
CosX —sinx
V1 = —COSX
Vo = —jtanxsinxdx = sinx — In(secx + tanx)
Therefore
Yp = —COSXSInX + cosxsinx — In(secx + tanx)
yg = Cpsinx+ Cpcosx — In(secx + tanx)

SNB check y" +y = tanx, Exact solution is:
y(X) = —cosxsinx + (sinx — In(secx + tanx)) cosx + C1 sinx + C» cosx
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3. (a) (10 pts) Find

i_l{ 35+2
s2 +4s + 29
Solution:
3542 _ _ 3s+2 _ 3(+2)-4
s2+4s+29  (5+2)°+25 (s+2)%+25
_ S+2 4 5
(s+2)2+25 O (5+2)2+25
Therefore

i_l{ 3s+4 _ 3;&—1 S+ 2 _ii—l 5
2 +4s + 29 (s+2)%+25 5 (s+2)%2+25

Using the shift theorem and the table at the end of the exam we have
£—1{23S—+4 = 3e~2tsin5t — 2ot cos5t
s2 + 4s + 29 5
(b) (15 pts) Use Laplace Transforms to solve:
y'-2y'-3y=¢el, y(0)=1, y'(0)=0
Solution:

"oyl _ -ty _ 1
L{y" -2y -3y} = £{™} = =5

Thus

(52 - 25-3)L4y} YO -2 -y @) = 15

2 _9e_ e 1 _ s2-35+3
(8% -25-3)L{y} =s-2+ =7 ==

_ s2 -3s+3
LY = o096+ D

2
§¢—35+3 - A ., B . C ___ 1 3 7

s-1)(s-3)(s+1) s-1 s-3 s+1 _4(5—1)+8(s—3)+8(s+1)
Thus

£7lgyy = —fet+ 3edt 4 Lot

y// _ 2y’ _3y = ot
ion is: — Lty 3,3t 74t
y(0) =1 , Exact solution is: y(t) = —=-e' + g€ + ze

8
y'(0)=0
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4. (a) (15 pts) Find the eigenvalues and eigenfunctions for
y'+2y =0 y(0)=y(r) =0
Be sure to consider the cases A < 0,4 = 0, and A > 0.

Solution:
Casel: 1 <0, let A = —a?,a # 0. The DE becomes

y' - azy -0
)

y(x) = C1e™ + Cpe ™
The boundary conditions imply
C1+4Cr =0
C1e9% + Coe™ @ =0
, Solution is: {C1 = 0,Cy = 0}. Thusy = 0, and there are no negative eigenvalues.
Case Il: A = 0. The DE becomes

y// — 0
soy = Ax+ B. The BCsimply A = B = 0, so 0 is not an eigenvalue.

Case lll: A > 0. Let A = 82 where 8 # 0. The DE becomes
y'+p%y =0
o)
y(x) = Cqsinpx + Co cos Bx
Therefore
y(0) =C2=0
y(r) = Cysinfr =0
For a nontrivial solution we must have g = n,n =1,2,... or
A=n?n=12,..
These are the eigenvalues. The eigenfuntions are
yn(X) = Dnsinnx
4(b) (10 pts) Compute the Wronskian for the solutions to the differential equation

y' =2y’ +2y=0
Solution: The characteristic equation is
r2—2r+2=0
S0

r_ 2+ /4-4(2)

2
Hence the solution is: y(x) = C1e*sinx + CoeXcosx

. eXsinx eXcosx
W[e*sinx,eX cosx] = _ _ — e
eXsinx + eXcosx eXcosx —eXsinx



Name

or

W[e*cosx,eXsinx] = —

Instructor

eXsinx eXcosx
eXsinx + eXcosx eXcosx —eXsinx

— p2X
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5. (a) (15 pts) Find the first five nonzero terms of the Fourier cosine series for the function

n
0 OSXS2

f(x) =

—<)(<7z'
5 =A=

Be sure to give the Fourier series with these terms in it.

Solution: L =~«

[o0]
f(x) = ag + Zan cos( ZX ) = ag + »_ ancosnx

n=1
Where
2 nzx _ 2| (7 T
an = 1 J. f(x)cos( )dx = £ [J. 0cosnxdx+'|.£( 4)cosnxdx}
= nfjr S|nnx| = n§r [smnn—sm(””)] 8 [sm”T”}
ag = TI fe)dx = - I (-4)dx = -2
Thus
0
f(x) = Zan cosnx = -2 + %cosx + 0cos2x — %COS3X + 0cos4x + %COS5X + 0cos6x — %cos?xm
n=1

(b) (10 pts) Sketch the graph of the function represented by the Fourier cosine series in 5 (a) on
- < X < 37.

v
OGO RN
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6. (25 pts) Solve

PDE Uxx = 4Utt
BCS ux(0,t) =0 ux(z,t) =0
ICs u(x,0) =0 ut(x,0) = -9cos(4x) + 16 cos(8x)

You must derive the solution. Your solution should not have any arbitrary constants in it.
Solution:
Let u(x,t) = X(x)T(t). Then differentiating and substituting in the PDE yields

X'T = axT"
=

X410
X = 4T

Using the argument that the left hand side is purely a function of x and the right hand side is purely a
function of t, and the only way that they can be equal is if they are equal to a constant, we get

X//
5= 41— =k k a constant

This yields the two ordinary differential equations

X"-kX=0 and T”—%kT:O

The boundary condition ux(0,t) = 0 implies, since ux(x,t) = X' (x)T(t) that
X'(0)T(t) = 0. We cannot have T(t) = 0, since this would imply that u(x,t) = 0. Thus X'(0) = 0.
Similarly, the boundary condition ux(z,t) = 0 leads to X'(z) = 0.

We now have the following boundary value problem for X(x) :
X"-kx=0 X' @©)=X'(z)=0

For k > 0,the only solution is X = 0. For k = 0 we have X = Ax + B. X'(x) = A, so the BCs imply that
X(x) =B, B+0
is a nontrivial solution corresponding to the eigenvalue k = 0.
Fork < 0, let—k = a2, where & = 0. Then we have the equation
X" +a?X =0

and

X(X) = cq1sinax + ¢ cosax

X'(x) = cracosax — coasinax

10
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X'(0)=cia =0
socq = 0.
X'(r) = —crasinar = 0
Thereforea = n, n = 1,2, ... and the solution is

k=-n2 Xp(X) =ancosnx n=1,23,...
The case k = 0 implies that the equation for T becomes T” = 0, so T = At + B. The initial condition
u(x,0) = 0 implies X(x)T(0) = 0sothat T(0) = 0. ThusB =0and T = Atfork = 0.
Substituting the values of k = —n? into the equation for T(t) leads to

2
T”+nTT=0

which has the solution

Tn(t) = anin%t + Cncos%t,

The initial condition u(x,0) = 0 implies X(x)T(0) = 0 so that T(0) = 0. Thuscn = 0.

n=123,...

We now have the solutions

un(x,t) = An cosnxsin”?t n=123,...

Upg(x,t) = Apt

Since the boundary conditions and the equation are linear and homogeneous, it follows that

[oe] o0
ux,t) = D un(x,t) = Agt+ > An cosnxsin%t
n=0 n=1

satisfies the PDE, the boundary conditions, and the first initial condition. Since

ut(x,t) = Ag + D_ An (%) COSNXCOS %t
n=1

the last initial condition leads to
ut(x,0) = —9cos(4x) + 16cos(8x) = Ag + ZAn (%) cosnx.
n=1
Matching the cosine terms on both sides of this equation leads to

11
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A4<%) = -9 sothat Ay = —% and Ag(%) = 16 so that Ag = 4. All of the other constants must be
Zero, since there are no cosine terms or constant terms on the left to match with. Thus

uix,t) = —% cos4xsin 2t + 4 cos 8xsin 4t

12
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7. (a) (15 pts) Find the power series solution to
y"+2xy' —4y =0

near x = 0. Be sure to give the recurrence relation. Indicate the two linearly independent solutions
and give the first six nonzero terms of the solution.

Solution:

y) = > anx"
n=0

y' () =D an(n)x"?
n=1

y'(x) = D an(n)(n - 1)x"2
n=2

Substituting into the DE we have
D an(m)(n-1x"2+2) an(n)x" -4 anx" = 0

n=2 n=1 n=0
o0 o0
D an(m)(n-1)x"2+> an(2n-4)x" —4ag = 0
n=2 n=1
We now shift the first summation in the last equation above by lettingk = n—-2orn =k + 2.

D Ak +2)(k+ 1)xK+ Y an(2n - 4)x" - 4ag = 0

k=0 n=1
We write the first term of the first sum separately and replace k and n by m to get
o0
Z[amz(m +2)(m+1)+am@m—-4)]xM -4ag+a»(2)(1) =0
m=1
Therefore
ap = 2ag

and the recurrence relation is
ame2M+2)(M+1)+am@m—-4)=0 m=1,2,...

or
. 22-m) _
amy2 = M=+ 2)(m+1) am m=12,...
m=1>
_21) 1
BBy T3
m=2=
ag =0
m=3=>
_ 2(-1) -2

BEHBH BT BmH@E) !

13
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m = 4 = ag = 0. In fact all of the even coefficients are zero except for ag and a,.

m=5=>=
o 29, Q@O
D® 5~ DEE@E)
y(x) = D anx" = ag +ayx+ax? +
n=0
1o, 2 5. QOO 4,
ao[L +2x] *al[“ "EOF T Hee@®E) < T J

(b) (10 pts) Solve
y" +2y' =3y = 5sin3t y(0) = —% y'(0) = -2

Solution: The homogeneous equation is

y'+2y' -3y =0
so the characteristic equation is

p(r) =r2+2r-3=(r+3)(r-1)=0
Thus r = 1,-3 and the homogeneous solution if
Yh(X) = Crel + Coe=3t

We present two methods for finding a particular solution for

y" + 2y’ — 3y = 5sin3t (%)
I. Complex Variable method: Consider a companion equation
v +2v' —3v = 5cos3t (x %)

Multiplying the (x) by i, adding the result to (x x) and letting w = v + iy we get
w'" + 2w’ — 3w = 5(cos 3t + isin3t) = 5e3it

Hence
_ Gedit Bit _ _5 (_1 \g3it
W = @30 - e s (24
—% % 2+' )(cos3t+ isin3t) = (20053t—sm3t+ i[cos 3t + 2sin3t])
Thus

Yp = —%[cos3t + 2sin3t]

1. Alternative Method:
Yp(t) = Acos3t + Bsin3t

Then
yp(t) = —3Asin3t + 3Bcos 3t
yp(t) = —9Acos 3t — 9Bsin3t
yp () +2yp(t) — 3yp(t) = —12Acos 3t — 12Bsin3t — 6Asin 3t + 6B cos 3t = 5sin 3t
Thus

14
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—-12A+6B =0
—-BbA-12B =5
. Solution is: {B = —%,A = —%} S0

Yp = —% cos 3t — %sinBt

as before. Therefore

yg(t) = Cret + Cpe 3t - %cos3t - %sinBt

Applying the initial conditions we have

= 1 _ 1
yg(0) =C1+C2 - % 5
¥g(0) = C1-3C,-1=-2
-1
C1+Cyp = 3
- 1
C1-3C; = 1
ion is: __lc.__5
, Solution is: {C3 = —%,Cy = -
Therefore
— Dty Lle3t_ 1 _ L
y(t) = —oret+-ge & Cos3t— -sin3t
y" +2y' =3y = 5sin3t
_ 1 o _
y(0) = -5 , Exact solution is: y(t) = -4 cos3t — +sin3t— et -
y'(0) = -2

15

le—3t

8
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Part 11: Choose only one question.
8. (a) (13 pts) Given that x and e* are solutions of the homogeneous equation associated with

A -x)y" +xy' —y = 2(x—1)%eX
use this fact to solve the nonhomogeneous equation.
Solution: We use Variation of Parameters to solve the equation. Therefore
y(x) = xvq + voeX
The two equations for v; and v5 are
XV] +Vv5eX =0
f(x)  2(x-1)%e™

/ I X _ _ _ B x
V1tV ax) *=1) 2(1-x)e
Then
0 eX
2(1-x)e™* eX Cop1
v = = 2(11 XQ = +2e7%
x eX (x-1)e
1 eX
X 0
1 2(1-x)e vax
Vh = _ 2 1x)e;( o
X eX (x-1)e
1 eX
Thus
V1 = —2e X 4+ Cl
Thus
y(x) = Cix+ CpeX —2xe™ + xe ™ + %e—x
=Cix+ Czex —_xe X4+ %e—x

SNB check (1 - x)y" +xy’ —y = 2(x — 1)2e~X, Exact solution is: y(x) = —%e‘x(Zx —1) + C1x + CpeX
8 (b) (i) (8 pts) Find the Fourier sine series for f(x) = xon0 < x < 7
Solution: L =«

f(x)

o0
Z an sinnx
n—1

2 (F, o 2 T T
An = 7.[0 xsinnxdx = & | ~xcosnx|3 +J.o cos nxdx

. T 2(-1 n+1l
= [ Cnmr e SIX | 2D no2

Thus

16
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® 1N+l
f(x) = x = Z#sinnx
n=1

8 (b) (ii) (4 pts) Given that

n=1
where the Ans are the Fourier coefficients in the expansion in 8 (b) (i) show that
o0
% _ 1
2
n=1 N

© _ayn+l 72 ©
gxzdx=EZ4[%:| S L

But jgxzdx - %n3 so we have

Which is the result.

17
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9. (a) (15 pts) Find the eigenvalues and eigenfunctions for
x2y" +xy' +2y =0 y(1) =y(e") =0
Be sure to consider the cases A < 0,4 = 0, and A > 0.

Solution:
Note that this is an Euler equation!! Since p = 1,q = 4 the indicial equation is

rPy(p-Lr+q=r2-1=0
I. 2 < 0. Let 2 = —a? where a = 0. Then the indicial equation is
r2—g2=0
som = +a. Thus
y = C1X* +Cox7®
The boundary conditions imply
C1+Cr =0
C1e¥ + e =0

This leadsto cq = c2 = 0, soy = 0 and there are no negative eigenvalues.

Il. 2 = 0. The DE for this case is

x2y" +xy' =0
or
xy" +y' =0
Letv =y’ so we have
xv' +v =0
(xv) =0

Thenv = CTl andy = c1Inx+ co. The BCs lead to
c1+Cr =0
ciIlne®+cy, =0
or
C1+Cr =0
mC1+Cr =0
Again we have ¢ = ¢c2 = 0, so 4 = 0 is not an eigenvalue.

I1I. A > 0. Let A = 2 where B # 0. The indicial equation is

r2+p2=0
o)
r=+pi
Thus
y = cqpcos(BInx) +cosin(BInx)
The BCs imply

18
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c1=0
Co is arbitrary
sin(Br) =0= pB=nforn=1,2,...

Eigenvalues:
An=p2=n2n=12,...

Eigenfunctions:
Yn = cnsin(ninx)

(b) (10 pts) Show that if the equation
2
(yT + 2yex>dx +(y+eXdy =0

is multiplied by e*, then the resulting equation is exact and then solve this equation.
Solution: Multiplying by e* we have

2aX
yce
(—2 + 2ye2x>dx + (yeX + e2X>dy =0

2aX
6(—y 2e - 2ye2x>
My = 5 = yeX +2e* = Ny

so the multiplied equation is now exact. Hence there exists f(x,y) such that

SO

~ o(yeX +e2X)
B OX

2aX

fy =M= L Ze + 2ye2X

fy = N = yeX + e
Starting with fy and integrating with respect to y we have

y2
fixy) = 5-e*+ yeZX 4+ g(x)
S0
2 2aX
fx = yTeX +2ye2 4 g'(x) = M = L 2e + 2ye

Thus g'(x) = 0s0 g(x) = k where k is a constant. Thus the solution is given by

2
yTeX +yeX = C

19
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Table of Laplace Transforms

A
f(t) f (s
tn—l 1
W=Dl oF n>1s>0
; a
sinax s>a
s2 +a?
s
cosax —_— s>a
s? +a?
A
e Pty f (s+b)
n _pynd" %
) (DS )
Table of Integrals
jtanxsinxdx = —sinx+ In(secx +tanx) + C
[xeXdx = xeX —eX +C
jxsinxdx = sinx—xcosx+C
[xcosxdx = cosx +xsinx +C
. . _ 1 oo _ 1 : 2 2
jsmaxsmbxdx = 2Cam) sin(—a + b)x 2 sinfa+b)x+C a< +b
[sinaxcosbxdx = — L Cos@hx | 1 cosabx o g2 4 2
2 at+b 2 —a+b
_ 1 i 1 2 2
jcosaxcosbxdx = 20 sin(-a+b)x + 2Gih) sin@a+b)x+C ac+b

[Inxdx = xInx - x+C

20



