Name Instructor

Ma 221 Final Exam Solutions 12/22/03
Print Name: ID:

Lecture Section:
I pledge my honor that I have abided by the Stevens Honor System.

This exam consists of 7 problems. The point value of each problem is indicated. The total number of
points is 175, which will be scaled to 200 points after grading.

If you need more work space, continue the problem you are doing on the other side of the page it is
on. Be sure that you do all problems.

You may not use a calculator, cell phone, or computer while taking this exam. All work must be shown
to obtain full credit. Credit will not be given for work not reasonably supported. When you finish, be
sure to sign the pledge.
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1. Solve the initial value problem
(a) (8 pts)
y' —4x = =2xy, y(0) = 4
Solution: We write the equation as the first order linear DE
y' +2xy = 4x
Then an integrating factor is
e_[Zxdx . exz

Multipying the DE by this yields
y'e? 4+ 2xeX’ = %(exzﬁ = axeX’
Integrating we have
eX’y = 2¢¥° +C
or
y(x) = 2+ Ce™*
The initial condition implies

y0)=2+C=14
so C = 2. Thus
y(x) = 2 + 267X
"+ 2xy = 4x .
SNB check: yorexy , Exact solution is: y(x) = 2 + 26X
y(0) =4
(b) (7 pts) Solve
2
y' = A
Solution: This equation is separable and can be written as
ydy = x2dx
SO
2
- 1ls.c

2 3
1 (c) (10 pts) Solve the initial value problem
x2y" +xy' —4y =0, y(1) =3, y/(1) =10 x>0
Solution: This is an Euler equation with p = 1 and g = —4. The indicial equation is
rP+(p-Lr+q=r2-4=0
sor =+2and
y(X) = c1x2 + Cox 2
and
y' (X) = 2c1X — 2Cox 3
The inital conditions imply
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C1+Cr =3
2c1 —2cp =10
sothatcy = 4,¢co = -1and
y(x) = 4x2 —x72

2. (a) (15 pts) Find a general solution of

y"" =3y’ +2y = 3eX — 10cos 3x
Solution: The characteristic equation is
p(r)=r2—-3r+2=(r-2)(r-1)=0

Thusr = 1,2 and y,, = c1e2* + coeX. We must find a particular solution for each term on the right
hand side.

For 3e* we have
Yo, = ke®* _ 3eX _ 3e* _ 1.«
ple)  p(-1) 6 2
For —10cos 3x we consider the equations
y" =3y’ +2y = —10cos3x

v —3v/ +2v = —10sin 3x
Multiplying the second equation by i, adding the two equations together and letting w = y + iv we get
w' — 3w’ + 2w = —10(cos 3x + isin3x) = —10e3iX
Thus

Wo — _1093ix _ 1063ix
P~ "p@i) — -7-09i

The particular solution we are looking for is the real part of wp. Thus

W — 10e3ix y 7—9i) ~10(7 - 9i)(cos3x +isin3x) (7 —9i)(cos3x + isin3x)
P74 7-9i/) 49 + 81 - 13
S0
_ I 9
Yp2 = 73 COoS3X + 13 sin 3x
Hence
Y(X) = Yh +Yp; +Yp, = C18% +CoeX + %e‘x + 1—73c033x + %sin3x

SNB Check: y" — 3y’ + 2y = 3e= — 10cos 3x, Exact solution is:

X4 1 9 i 1 2x
Cise* + 13 C0s 3X + 13 Sin3x + TS + C16e

2(b) (10 pts) Find a general solution of

y//+2y/+y: eT

Solution: We use Variation of parameters. The characteristic equation isp(r) = r2 +2r+1 = (r + 1)2.
Thus y, = c1e7* + coxe %, We let
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Yp = Vi(X)e™* +va(x)xe ™
The equations for v; and v}, are
vie X +vh(xe™) =0

—X
—vie X vhe X —xeX) = &~

Then
0 xe X
e* —X —X
, X €T oxe e—2x
Vi = - -1
eX xe X e
- X —xe™
eX 0
-x e -2
) e 3 eXX 1
Va = - X
g X xe X e
—e X e X_xeX
Hence
Vi =X
Vo = Inx

Yp = Vi(X)e X+ vo(x)xe > = —xe X + xe X Inx
Since xe ™ is a homogeneous solution, we may ignore the —xe ™ in yp and
Y =Yh+Yp = cie X +coxe ™™ + xeXInx

SNB check: y" + 2y’ +y = €% Exact solution is: Czge™ — 2+ Cogxe ™ + XIQ—XX

3. (a) (10 pts) Find

;6—1{ s-2
s2 +8s+20

Solution:
s—2 _ s—2 _ s+4 n —6
$24+85+20 (s+4)2+4  (5+4)%+4 (s+4)%2+4
Therefore
21 {ZS;Z = e~#cos2t — 3e~4tsin 2t
s +8s+20

(b) (15 pts) Use Laplace Transforms to solve:
y' —y = —2cost, y(0) =1
Solution: Taking the Laplace transform of both sides we have
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SLLYY - Y(0) ~ £y} = -2

+1
or
(s-DLfyy = ——25—+1
sc+1

so that

2s 1

L = - +
Y= @iye-1 51

To invert s we use partial fractions.

(s2+1)(s-1)
_23 . .

We may separate GEheD) by writing it as
=25 _As+B _C

(s?+1)(s-1) s2+1 s-1

-25 _ s 1

(s2+1)(s-1) s2+1 sl
Again C = —1. Letting s = 0 we have
0=B+1=>B=-1

Letting s = —1 we have

2 _A-1_-1
2(-2) 2 -2
or
_1_A_1_1
2 2 2 2
so A = 1. Thus
—25 - s-1, -
(s?+1)(s-1) s?+1 s-1
and we have
2s 1 S 1
£ = — + = -
v (s?+1)(s-1) s-1 s2+1 s2+1
and
y(x) = cost —sint
Another Approach:
—2s _ —2 -_A ., B __C
(s2+1)(s-1) (s+i(s-i)(s-1) s+i s—i s-1
_ =2 _ _ 2i _ 1 | R |
ThenC = o7 =-L A= Ci-)(-i-1) (i+1)’B_ (+)(-1) (-1
Now
__1 i-1) _—(@-1)
A=T+D “CD) T 2
1 i+1) (i+1)
B=0"D “+n 2
So
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<32+1_)2(s—1)_ 1><s+|> <I+l><s—|
Hence

I{y}:_<sz+12>(s—1) s_1: 1><s+|> (Hl)(s—l +sil

245+ (1) (5)
R R DS S e

_ 1—| Sty 1= it
= et 4 5 e
= (1 )(cost |smt)+(1 )(cost+|smt)
= cost —sint
/
—y = -2cost
SNB check: y io) , Exact solution is: cost — sint
y =

4. (a) (15 pts) Find the eigenvalues and eigenfunctions for

y'+2y'+(1+2)y=0 y0)=y1d)=0
Be sure to consider all possible values of A.
Solution:
The characteristic equation is r2 + 2r + 1 + 2 = 0 and has solutions
-2+ J4-4(1+A
LI At LS
Thus there are 3 cases to consider: 1 > 0,4 = 0, and 4 < 0. We deal with each separately.
I.1<0. Let—a? = A, wherea = 0, sothatr = -1 + ¢ and

The boundary conditions imply
y(0) =c1+c2=0
y(1) = creC1He) 4 cre—(1+a)

sothatc; = ¢o = 0. Therefore y = 0 and there are no eigenvalues for 4 > 0.

Il. 2 = 0. There is only one repeated root r = -1 andy = c1e X + coxe . Theny(0) = ¢; = 0 and
y(1) = coe 1 =0, socy = 0, and y = 0. Again there are not eigenvalues for this case.

I. A>0. Letp2=A1>0. Thenr=-1+ifand
y(x) = cpe7*sin Bx + coe X cos Bx
The boundary conditions then yield
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y(0) =c2=0
y(1) = cielsing =0
=
sinf=0 or B=nz, n=1,2,...
Then

A=-p2=-n?72 n=1.2,..
are the eigenvalues, and the eigenfunctions are
yn(X) = ane~*sinnzx

4(b) (10 pts) Use separation of variables, u(x,t) = X(x)T(t), to find two ordinary differential
equations which X(x) and T(t) must satisfy to be a solution of

_ay43.0%u 5(_2y3.0U _
ALY+ x+6)%(t-2)° G ~0.

Note: Do not solve these ordinary differential equations.

Solution:
A - X' 0T
A - X"0T()
% = XOOT' (1)

So the DE implies
= 343X T + (x + 6)°(t—2)3XT =0

or

X! _ (=231 _

(X + 6)°X t37

where K is a constant. The two DEs are

IXAX" —k(x+6)°X =0

(t-2)3T - k3T =0

5. (a) (15 pts) Find the first five nonzero terms of the Fourier sine series for the function

-2 0§x§%
f(x) = . . _a
Z<X_?

Be sure to give the Fourier series with these terms in it.

Solution: L = %

f(x) = zlzan sin(n—fx = zlzan sin(2nx)

and
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an = 2 j f00) sin (22X Ylx — %jo? f)sin(nx)dx n =1,2,3, ...

N
an = %I (=2)sin(2nx)dx = +%[cos(”7”) —coso} = i[cos(%’) - 1] n=1,23,...

nr

Therefore
o= 4fon(5)-1]--
az=ic05n 1]=2_§:_%
ag = 3 co<3”> 1]:_%
ag = ﬁ[cos(Zn) -1]1=0
as = % cos(%f) _1] _ _%
ag = %[005(371) ~1] = _%
Thus

f(x) = Zan sin(2nx) = asin2x +asin4x + ---
1

= (=4 ) sin2x + (=3 ) sinax + (=2 )sin6x + 0sin8x + (—-2 )sin10x + (-2 Vsin12x + ---
T V3 3 5r 3r

(b) (10 pts) Sketch the graph of the function represented by the Fourier cosine series in 5 (a) on
- < X< 7.
Z - 0.78540,Z =1.5708 3L — 2 3562

(0,-2,.78,-2)
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6 (25 pts) Solve

PDE Uxx = 9Ut
BCs u(0,)=0 ux(zmt) =0

ICs  u(x,0) = 12sin( % ) - 3sin( &)

You must derive the solution. Your solution should not have any arbitrary constants in it.
Solution: Let u(x,t) = X(x)T(t). Then the PDE implies

X'T = oXT’
or

" !
XT - 9TT — k, a constant

For a nontrivial solution we set k = —A2 where A = 0 and get
X"+22X =0, X0)=X'(x)=0

T+322T=0

The solution to the X equation is
X(X) = €1 SiNAX + C COSAX
The condtion x(0) = 0 = ¢c» = 0. Also
X'(x) = c1Acos Ax

SO
X'(r) = c1AcosAzr = 0
Therefore
An = w n=0,12,...
or
a=atLl n-o012..
and

Xn(x) = ansin<%>x n=0,12,...

ROICORN

For t(t) we have

S0
Th(t) = bne‘(%)(zrl;lyt
and
un(x,t) = Dnsin<%>xe_<%><2n4ﬂ>zt n=0,1,2,...
We let
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ux,t) = ZUn(X,t) = Z Dn Sin<%>xe—<%><2n4+1 >2t
n=0 n=0
Then
u(x0) = nZZ;Dn Sin(%)x = 123in<%> —3sin<%>x

Hence Dg = 12,D4 = -3 and D = 0 n + 0,4. The final solution is therefore
_ X \a— 1 Lt_ cOX o 1) 8Ly
uix,t) = 125|n<2 )e <9>16 3sm< > )e (9)15

7. (a) (15 pts) Find the power series solution to
x2+1)y" +xy' -y =0

near x = 0. Be sure to give the recurrence relation. Indicate the two linearly independent solutions
and give the first six nonzero terms of the solution.

Solution:
y) = D anx"
n=0
y' () =D an(n)x"?
n=1
y"'(x) = D an(n)(n— 1)x"2
n=2
The DE implies
D an(m)(n—1x"+ D an(n)(n - 1x"2 + D an(n)x" - D_anx" =0
n=2 n=2 n=1 n=0

Combining the there sums that have x" in them, and shifting the sum with x"2 in it by letting k = n — 2
orn = k+ 2 we have

—ap—agX+ax+ Y agk+2)(k+ DxK+ D an[(n)(n—1) +n—-1]x" = 0
k=0 n=2

Or after replacing k and n by the "dummy" place keeper m

—ap +a2(2)(1) +azB)@)x + >_{ama(m+2)(m+1) +am(m? - 1) }x™ = 0

m=2
Thus

-1
ay = 28.0
az =0

2

_ _ m<—1 __m-1 _

A2 = Ty meD) M T Tmezam M=23.

10
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m:23a4:—%a2:—%a0
m=3=>a5=0
m:4:>a5:—%a4=+%ao
m=5=a7;=0
_ __5, ___5
m=6 = ag 8a6 8(16)a0
All of the odd coefficients aj,; = 0 forj > 1. Therefore
0
y =Y anx" = ag+aix+ax?+ -
n=0
- 1y 1.4, 1,6 __5 8, .
—a0[1+ 2x 8x + 16x 128x + ]+a1x

SNB Check: (x2 +1)y" +xy' —y = 0, Series solution is:
YO = Y(0) +Y' 0%+ (F(0))x2 + (=5y(0))x* + ({5y(0) )x + (-5 () )x8 + 0 (x°)

11
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(b) (10 pts) Solve
y'+2y'+y=t2+1-et  y0)=0y'(0)=2
Solution: The charactieristic equation is p(r) = r2 +2r+1 = (r+1)2 = 0 so
yh = c1e L+ cotet
Since p(1) = 4 + 0 a particular solution for —et is
Yp1 = _Tet
To find a particular solution for the polynomial t2 + 1, we let
Yp, = At? +Bt+C
Yp, = 2At+B
Yp, = 2A
and
2A + 4At+ 2B + At? + Bt+ C = t? + 1
Hence A=1, 4A+B=00rB=-4, and2A+2B+C =1s0C = 7 and
Yp, = t2 —4t+7

Therefore

= —cqet t_e' 2
y(t) = yn +Yp; +Yp, = C1€7 +Cote 4+t At +7

t
y'(t) = —cret+coet—cotet— £ 4 2t —4

4

The initial conditions imply

y(0)=c1—%+7=o:c1:_%

Y@ =-ci+ca-1-4-2=204c- 2180 25, -2-10

- = . _ 3
Solution is: {cy = -3}
s0
t
y(©) = -Zlet- Tt - &2 —at47
y' +2y +y=t2+1-¢l

SNB check™ y(0) =0 ,

y'(0) =2
Exact solution is: y(t) = +-et(4t%e™t —16e't+28et — 1) — Zle ! - Lelt

12

10 _

1
2
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Table of Laplace Transforms

A

f(t) f(s)

n-1

ﬁ SLn n>1 s> 0

H a

Sinax S>a
s?2 +a?

S

cosax —_— S>a

s?2 +a?

e PUf(t) ? (s+b)
gn_ 2
tNf(t) (—1)nds—n f (s)

13



