Name Lecturer

Ma 221 Final Exam Solutions 12/20/04
Print Name: ID:

Lecture Section:
I pledge my honor that I have abided by the Stevens Honor System.

This exam consists of 7 problems. The point value of each problem is indicated. The total number of
points is 175, which will be scaled to 200 points after grading.

If you need more work space, continue the problem you are doing on the other side of the page it is
on. Be sure that you do all problems.

You may not use a calculator, cell phone, or computer while taking this exam. All work must be shown
to obtain full credit. Credit will not be given for work not reasonably supported. When you finish, be
sure to sign the pledge.
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1. Solve the initial value problem
(a) (8 pts)
y +2ty = 4t, y(0) = 5

Solution: This is a first order linear DE with P(t) = 2t. The integrating factor is eJZtOIt =e'.

Multiplying the DE by et’ leads to
%(et2y> = 4tet’
Integrating we have
et’y = 2et’ + C
or
y(t) = 2+ Cet?
The initial condition implies
y(0)=2+C=5
soC =3and
y(t) = 2+ 3¢t
Alternative solution: This equation is also separable, since it can be written as
dy _ 4t-2ty = 2t(2-y)

dt

or
dy
= 2tdt
2-y)
o)
—In(2-y) = t2 +k

or

2y =egtk=cet
Thus

y=2+Cet

as before so that C = 3 and
y(t) = 2+ 3¢t
(b) (7 pts) Solve
1+y? +2(t+1)y% =0
Solution: We rewrite the equation at
(1+y2?)dt+2(t+1)ydy =0

TheM = 1+y2andN = 2(t+ 1)y so

My = Nt = 2y
and the equation is exact.

There exists a function f(x,y) such that
ft=M=1+y? and fy = N = 2(t+ 1)y

tZ
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Integrating ft with respect to t gives
f=(1+y>)t+g(y)

s0
fy = 2yt+g'(y) = 2ty + 2y
Thus
g(y) =y2+C
and

f=(+y?)t+y?+C
so the solution is given by
(L+y?)t+y2 =k
Alternative solution: The equation
1+y? +2(t+1)y% -0
may also be written as
2y(t+1)dy = —(1+y?)dt

Therefore it is also separable and we have

2ydy _dt
1+y?2 t+1
or
In(1+y?) =-In(t+1)+c
or
(L+y2)(L+1t) = kg
or

(L+y>)t+y? =k

1 (c) (10 pts) Solve the initial value problem
y"' —y' -2y = 20e*, y(0) =0, y'(0) = L.
Solution: The characteristic equation is
p(r)=r2—r-2=(r-2)(r-1) =0

o)

yh = c1e2l 4+ coet
Sincep(4) =42-4-2=10«0

_ Ke _ 20 .4t _ on4t
Yp 0(a) 10e 2e

Thus
Y =Yn+Yyp = c16%t+coet + 284
y' = 2c1e2t —coet + 8e?t
The initial conditions imply
y(0)=c1+c2+2=0
y'(0)=2c;1-c,+8=1
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or
C1+Cyr=-2
21 —Cy =—7
Thusci =-3andcy = 1s0
y = —3e2t et 4 2e#
y" —y' — 2y = 20e4
SNB check: y(0) =0 , Exact solution is: y(t) = 2e% — 3e2t + et
y'(0)=1
2. (a) (12 pts) Find a general solution of

y" +4y = t+cos2t

Solution: The characteristic equation is p(r) = r? + 4, sor = +2i and
Yh = C1Sin2t + cp cos 2t

The particular solution for y” + 4y = t s of the form Yp; = Ap + Azt. Differentiating and substituting
into the DE leads to

Ag +4At =t
s0Ag = 0,A1 = 4 and
Yp: = %t

To find a particular solution for cos 2t we consider the equation
y" + 4y = cos2t
and the companion equation
V' +4v = sin2t
Then multiplying the second equation by i and adding to the first and letting w = y + iv gives
W' + 4w = cos2t + isin2t = e?2it
Since p(r) = r2 +4and p(2i) = 0, p'(r) = 2rso p’(2i) = 4i # 0 we have

We — te2it _  it(cos2t +isin2t)
P A 4
Thus
Yp, = Rewp = %tsinZt
and a particular solution is
_ i L
Yp = 4t+ 4tsm2t
Thus
Y =Ynh+Yp =Yh = C1Sin2t+cpcos2t + %t+ %tsinZt

SNB check: y" + 4y = t + cos2t, Exact solution is: %t + 1—16 cos2t + C1c0s2t — CpSin2t + %tsin 2t,

Alternative method to find a particular solution for cos2t : Since cos 2t is a homogeneous solution, we
let
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Yp, = Atsin2t + Btcos?2t
Yp, = Asin2t + 2Atcos 2t + Bcos 2t — 2Btsin 2t
yp, = 4Acos2t — 4Atsin 2t — 4Bsin 2t — 4Btcos 2t

The DE implies
4Acos2t — 4Atsin2t — 4Bsin2t — 4Btcos 2t + 4Atsin 2t + 4Btcos2t = cos 2t
S0
4A-4B =1
B=0

so A = + and we get yp, = +tsin2t as before.

2(b) (13 pts) Find a general solution of

. et _ _eat_ t t

Note: f( ot )dt = —et-InEH) +Inl +et) +C.

Solution: We use the Method of Variation of Parameters. The homogeneous equation has the solution
Yh = cret + coe™

sowe letvy; = etandvy = et Then

let L yle—t —
viet+vyet =0

Iat _yla—t — 1
viet-vpett = =
0 et
1 _a—t =
V/ _ 1+et _ 1+et
! t ot -2
el e
ot ot
el 0
t 1 t
el L e
vl = Lret | Tuef
2= =
el et 2
Thus
vy = %[—e‘t —In(e) + In(1 +eh]
and
Vp = —% In(1 +et)
S0

yp = viet +vpet = —% — %et Inet + %etln(l +el) - %e‘tln(l +eb)



Name Lecturer

and
Y=Ynh+Yp = Clet+cze‘t—% —%etlnet %etln(1+e ) — ‘tln(1+et)
y' -y = t , Exact solution is: 3-Cyiet — 2-tet + Cppe™t + elln(et + 1) - F In(et+1) - >

3.(a) (10 pts) Let £y} = Y(s)Show that
£[ty' ] =-Y(s) —sY'(s)
Solution: Since
£ty ] = -LL[y®] = ~L[sY() - y(0)] = ~¥(s) - sY'(5)

(b i) (8 pts) Use Laplace transforms and the identity in 3. (a) to find a differential equation for
L4y} = Y(s), where y(t) is the solution of the initial value problem

y'+2ty' —4y=1 y(0) =y'(0) =0
Solution: Taking the Laplace transform of the DE implies
s2Lyyy —sy(0) —y'(0) + 2L[ty' ] - 4L{y} = £[1] = 5
Since
L{ty'y = -Y(s) —sY'(s)
and the initial conditions are both equal to 0 the equation above becomes
s2Y(s) — 2Y(s) — 2sY'(s) — 4Y(s) = %

(s2-6)Y(s)—2sY'(s) =
Thus we have the following first order DE for Y(s)

__i - __1
Y'(s) + 5 Y ",

(b ii) (7 pts.) Solve the differential equation you obtained in 3 (b i) to obtain an expression for Y(s). Do
not invert your expression for Y(s) = £{y}.

Solution: This is a first order linear DE for Y(s) and has the integrating factor
2
_[(———)ds _ @3Ins—=5 _ 3,5

Multiplying the DE for Y by this integrating factor yields

2 2
d (3= S e~
—-|s’e 2Y |=-2¢e 4
ds 2
SO
3_i g s _s2
s°e 4Y=—J‘?e 4ds=e 4 +cC

4. (a) (15 pts.) Find the eigenvalues and eigenfunctions for
xy"+xy'+2y =0 y'@Q)=y'(e)=0



Name Lecturer

Be sure to consider all possible values of A.
Solution: This is a Cauchy-Euler equation with p = 1,q = A. The indicial equation is

m2+@1-1)m+1=0
or
m=+J1
There are 3 cases to consider.
I.A >0, say A = a?, where @ = 0. Then
y =CiX* +cpx7¢
y'(x) = crax® 1 —acox—o1
Hence
y’(l) =Ccla—-Ca=0 =c¢C1=0C
y'(e) =cra(e*l-e*1) =0 =c;=0

Hence y = 0 and there are no eigenvalues for this case.

Il. A =0. Then

y =cC1+Colnx
and

y'(x) = caxc

The boundary conditions imply that c, = 0, so y(x) = ¢1 # 0 is an eigenfunction corresponding to
A=0.

[1I. 2 < 0. Let A = —32 where 8 = 0. Then m = +fi and
y = cqcos(fInx) + cosin(BInx)

y (x) = —cl(§> sin(BInx) + c2<g> cos(fInx)

y'(1) = ez =0
soco = 0.
Y€)= —c1( % )sin(p) = 0
Thus

The eigenvalues are therefore
A=-n?z2 n=12..
with corresponding eigenfunctions
yn(X) = Ancos(nzinx) n=1,2,...

One may include the case A = 0 by including n = 0. Thus all the eigenvalues and eigenfunctions are
given by

A =-n272  yn(x) = Apcos(nzinx) n=0,1,2, ...
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4(b) (10 pts.) Use separation of variables, u(x,t) = X(x)T(t), to find two ordinary differential
equations which X(x) and T(t) must satisfy to be a solution of

-2t (x+ (- 5)55;—;1 -0
Note: Do not solve these ordinary differential equations.
Solution:
—3AX' T+ (x+ 1)6(t-5)°XT" =0
or

3x2x __ (t-5)°T"
(x+1)6x t4T

where c is a constant. Thus
—3x2X' —c(x+1)6X =0

(t-5)°T" +ct*T =0
5. (a) (15 pts.) Find the first five nonzero terms of the Fourier cosine series for the function

0 0<x< L
f(x) =

Be sure to give the Fourier series with these terms in it. Note: jxcos bxdx = b%(cos bx + bxsinbx) + C
Solution:

f(x) = bg+ D _ bn cos(”—’l_rx)
n=1

_ 1t _ 2 L nzx _
bo = Tjof(x)dx bn = L J.Of(x)cos( 1 )dx n=12,...
Here L = 7 so

f(x) = bo + > bncos(nx)

n=1

bg = %J.Zf(x)dx = %J.t xdx = %n
2

bn = -2

L j;f(x)cos(n—?(>dx = %IZ xcosnxdx n =1,2,...
7

S0
bn = (%)(#)[cosnx+nxsinnx]’% - (é)[(—l)” —cos(%r) - (%’)sm(%’)} n=12,...
Thus
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- ($)(2-5)

by = (ﬁ)[ul} -1
o= ()[4 (%))
bs = (35 )11-11 -0

bs = (&7 )2~ ()]
and
f(x) = %n+ (%)(—1— %)cosx+ %c052x+ (%)[—1+ (%)}cossx+0 . COS4X + (%)[_1_ (%T)}

(b) (10 pts.) Sketch the graph of the function represented by the Fourier cosine series in 5 (2) on
- <X < 2rm.

0 OSXS%
00 =< Z - 1.5708

yast

6 (25 pts) Solve

PDE Uxx = Ut
BCs u(0,t)=0 u(rt)=0
ICs  u(x,0) = —17sin5x

You must derive the solution. Your solution should not have any arbitrary constants in it. Show all
steps.
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Solution: u(x,t) = X(x)T(t)

1"
X'"T =XT' = XT:T:"IZ

Therefore
X" +22X =0 X(0) = X(z) =0
X(X) = c1SinAX + C» COS AX
X(0)=0=c¢2=0, X(n) =cqsin(Ar) = 0s0
A=n n=123..
and
Xn(X) = cnsin(nx)
The equation for T is
T +22T =T +n2T = 0 = Tn(t) = ane "t

Un(x,t) = Xn()Tn(t) = Ansinnxe™"’t, n=1,2,...
S0

[e 0]
ux,t) = > Ansin nxe Nt
n=1

[oe]
u(x,0) = »_ Ansinnx = —17sin5x
n=1

Therefore Ag = -17,Ap = 0,n = 50
u(x,t) = —17sin5xe—2°t
7. (a) (15 pts) Find the power series solution to
y' —xy'+2y=0

near x = 0. Be sure to give the recurrence relation. Indicate the two linearly independent solutions
and give the first six nonzero terms of the solution.

Solution:
y) = D anx"
n=0
y'(x) =D an(n)x"?
n=1
y"'(x) =D _an(n)(n - 1)x"2
n=2
The DE implies
D an(m(n—1)x"2 = an(mx"+2) anx" =0
n=2 n=1 n=0
or

10
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[ 0] [oe]
2a9+ Y _an(mM(—1)x"2+ > an(2-n)x" = 0
n=2 n=1

We shift the second sum by lettingk —2 = nork = n+ 2 and get

2ag + Y an(M(-1x"2+ D ag p(2—k+2)xk2 =0
n=2 k=3

Replacing n and k by m and combining we have

2a0 ++(2)(Dag + _{am(m)(m - 1) + am_o(4 - m)}x™2 = 0

m=3
S0
280+ (2)()ap =0 = ax = —aqgp
am(m(m—-1)+am24—-m)=0 m=3/4,...
or
_(_4-m =
am = (m(m—l) )am_g m=3,4,...
Then
___1
as 3(2) ag
as =0
_ 1.1
4 = 5y = T5rdt
dg =
__3 _ 3
a1 = 76 % T Tt
Thus
[e 0]
y(x) = D anX" = ag +arx+ax? + -+ = ag[ 1 - x? +a1[x— %x3 - éx5 -
n=0

SNB Check: y" —xy’ +2y = 0, Series solution is: y(x) = y(0) + xy'(0) —
y(0)x% — 2 (003 = 7Y (0)x° — 725y (0)x7,
(b) (10 pts) Find a general solution of

y" —4y' +4y = 32+ 8
Solutions: The characteristic equation is

p(r)=r2—4r+4=(r-2)2=0
Thus r = 2 is a repeated root and the homogeneous solution is
yh = c1e2t + cpte?t
Since p(2) = p’(2) = 0 a particular solution for 3e2t is
20t

Yp1 = % = %tzem

By inspection we see that a particular solution for 8 is 2. Thus

11

3

7!

X7+...]
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Y=Y¥Yh+Ypr t¥Ypr = Cle2t + CztGZt + %tZeZt )

SNB Check: y" — 4y’ + 4y = 3e2t 4+ 8, Exact solution is: C1e2t + Cote?t + %tze2t +2

12
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Table of Laplace Transforms

f(t) F(s) = L{f}(s)
A n>1/s>0
(n-1nt | "
el 5 1 = s>a
; b
sinbt 7 . p? s>a
S
cos bt Y, s>a
edlf(t) | L{fi(s—a)
) | D" LE )

Table of Integrals

[sin2xdx = - %cosxsinx+ %x +C
[ cos?xdx = %cosxsinx + %x +C

[ xcosbxdx = biz(cos bx + bxsinbx) + C

[xsinbx = b—lz(sin bx — bxcosbx) + C

j( e )dtz —et—InEeH) +In(1+et) +C

1+et
[ xe®dx = a—lz(axeax —e¥) 4 C

13



