Name Lecturer

Ma 221 Final Exam Solutions 12/20/05

Print Name:

Lecture Section:
I pledge my honor that I have abided by the Stevens Honor System.

This exam consists of 8 problems. You are to solve all of these problems. The point value of each
problem is indicated. The total number of points is 200.

If you need more work space, continue the problem you are doing on the other side of the page it is
on. Be sure that you do all problems.

You may not use a calculator, cell phone, or computer while taking this exam. All work must be shown
to obtain full credit. Credit will not be given for work not reasonably supported. When you finish, be
sure to sign the pledge.

There are tables giving Laplace transforms and integrals at the end of the exam.

Score on Problem #1
#2
#3
#4
#5
#6
#7
#8

Total Score
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1. Solve the initial value problem

(a) (8 pts)
dy 3xsecy T
=) _ 9A%MY 0)=ZXL
" YO
Solution:  We can separate the variables to obtain:
dy _ _ 3xdx
XY 1o
W:{ 3xdx
A N g

In the right side, letu = 1 — x2 so du = —2xdx. We then obtain:

_[cosydy = I 53—\/%“

= siny = -3y1-x%2 +C
Applying the initial condition:
1=-3+C
= C =4,
So,

siny = -3y1-x2 +4
=y = arcsin(-=3y1 - x2 +4)
(b) (7 pts) Solve

(3x?siny — 5x3)dx + (x3cosy + 5e¥ )dy = 0
Solution:  With M(x,y) = 3x2siny —5x3 and N(x,y) = x3cosy + 5eY,

oM _ 4,2 _ ON
: 3x“cosy ey
So the above DE is exact.
A avZeiny Ev3
> - M = 3x<siny — bx

= f(x,y) = x3siny — %x“ +9(@y)

%f/ = x3cosy +9'(y) = N = x3cosy + 5eY

= g'(y) = 5¢Y
= g(y) =5e¥+C
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f(x,y) = x3siny — %x“ +5eY+C

So the solution is:

x3siny — %x“ +5eY = K
1 (c) (10 pts) Find a general solution of

y" +10y' + 25y = 14e~
Solution: First we solve the corresponding homogeneous DE:

y" +10y' +25y = 0
p(r) =r2+10r+25 =0

= r = -5 s a repeated root.

So,
Yh = c167°t + cote ™
With a = -5, p(-5) =0. Alsop'(r) = 2r+10 = p'(-5) = 0.
So,
_ 14t2e75t 14127t 40t

yp - p//(_5) - 2

The general solution, therefore, is:
yg = c1e72 + cote ™t + 7120t
2. (a) (12 pts) Find a general solution of

y" —4y’ =t—3sin2t
First we solve the corresponding homogeneous DE:

y//_4y/:O
p(r)=r2—4r=0
=r=04

Yh = C1 + Cpe™t

Consider
y// _ 4y/ —t
Yp; = t(At+B) = At? + Bt
Yp, = 2At+B
ygl =2A

Substituting into the DE gives:

2A-8At—-4B =t
So,
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—8A=1=>A=—%
_4B = __1
2A-48=0= B =%

= Yp1 = _%t2_1_16

Consider:
y" —4y' = —3sin2t
Approach 1: (with complex variables)
w' — 4w’ = 32t
p(2i) = (21)2 —4(2i) = -4-8i =0

So,
_ =3¢t
Wp = =35
e _ =3eB _asgi  (12-24De”" (3 6i)e™
P™ —4-8i —4+8i 80 20
Wp = 32_—06i(c032t+ isin2t)
So then,
Yp, = Im(wp) = 2—30sin2t— 1—%0032t

Approach 2: (without complex variables)

Yp, = Asin2t + Bcos2t
Yp, = 2Acos2t — 2Bsin2t

Yp, = —4Asin2t — 4Bcos2t
Substituting into the DE:
— 4Asin 2t — 4B cos 2t — 8Acos 2t + 8Bsin2t = —3sin 2t
We get two equations
-4A+8B = -3
-8A-4B =0
Multiplying the second equation by 2 and adding to the first equation gives us:

_ S -3
20A=-3=A 20

Substituting,
24 _ g —p-_24__3

20 80 10
So,
Yp, = %Sin 2t — %O cos 2t
Therefore,
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12 _ 1ty 3 sin2t— -3 cos2t

P8 16 " 20 10
and the general solution is:

_ 4_ 142 1 3 einot_ 3
Yg = C1 +Cpe 8t 16t+ 20sm2t 1ocosZt

2(b) (13 pts.) Find a general solution of

X2y +xy' -9y = 4
X

Solution: First solving the corresponding homogeneous DE:
x2y" +xy' =9y =0
This is Euler’s equation. The indicial equation is:
pm)=m2-9=0
= m=-3,3

yh = c1x3 +cox~3
We will use Variation of Parameters:

Lety; = x3andy, = x~3. Then
yp = V1x3 +vox 3
We have the following two equations for v and v5.
vix3 +vhox3 =0

4
3vix? = 3vox4 = S CR
a~ 7,2 =5

The Wronskian with y; = x3 and y, = x3 is:

WIy1,¥2] = Y15 — Yay; = X3(=3x74) —x3(3x?) = —6x 7!

Then
0 x3
4 3 _4
N - _x® 247
! Wly1,Y2] —-6x1 3
x3 0
3x2 4 4
v = x° X2 2
2 WIy1,y2] _6x1 3x

Or using the formulas in the book,

yaf) g _ —I X dx = [ Zx7dx = -1

I W[y1,y2]a(x)
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y1f(x) x3(4x73) 2 2
—dx —— 2 dx = dx =
I W[y1,y2]a(x) j I
Therefore,

~_1y3_24-3
yp = —gX 3X Inx

Note that since x =3 is a homogeneous solution, we need not include —%x‘3 in the particular solution,
although doing so is not wrong.
The general solution is:

yg = C1x3 +cox 3 — %x‘:” - %x‘3 Inx

or just
yg = c1x3 +cox73 - %x‘3 Inx

211 I _gu— 4 imiee J G2 1 3
SNB check x<y” + xy' — 9y R Exact solution is: NI (6Inx+ 1)+ C3x }
3. (a) (15 pts.) Find:

I_l S+ 3
(s +1)(s%-1)

Solution: Approach 1:

g = s+3 _ s+3 __A , B ,GCs+D

(2+1)(s2-1) (s+DG-1)(2+1) s+l s-1 " s241

=5+3=AG-1)(2+1)+B(G+1)(52+1)+Cs(s+1)(s—1) +D(s+ 1)(s— 1)

s=1=
B=1
s=-1=
__1
A=-3
Thus
s+3 - _2 ,_1 _GCs+D
(s+1)(s-1)(s2+1) s+1 s-1 241
s=0=>
3 __1_
=] 5 1+D
SO
__3
D=-3
and
1 3
5+3 s N T i
(s+1)(s-1)(s2+1) s+1 s-1 241
§s=2=
2c- 32
5 __Lli1y4 2
3(1)(5) 6 5
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or multiplying by 30
10=-5+30+12C-9

0]
__1
C= 2
So then,
1.1 R it
__1 2 2
V= osyT 51t 2.1
Therefore,

y =Ly} = —%e‘t +el— %cost— %sint

Approach 2 (using complex variables):
g = s+3 - s+3 __A , B . C . D
(s +1)(s2-1) S+D(s-1D(s+i)s—1) s+1 s—-1 s+i s-—i

=5+3=AGC-D(E+D6E-D)+BE+16E+D)—)+C6E+1)(s-1)(s-1)+D(s+1)(s=1)(s+1)

s=1=
= (1 —i -2 @ _
4=21+1)(1-1)B=B a+Da-n 1
s=-1=
_ o SNea _ -1 :_l
2=-2-1+D)(-1-NDA=A A — 5
S=—-=
3-i=1-D)-1-)(-2)C = 3-i=4iC
_3—-i__1_3;
=C=-7 45"
S=i=
3+i=0+D)1+)2i))D = 3+i=-4iD
_3+i __1 , 3;
= D= T 4-|—4I
So then,
11 1 21 _3y.1 1 351
Ly M-y il G Ml W S Wy
Therefore,
_ -1 _ Attt 3ty 1 3 ait
y =LY} = 2e +et+ ( 7 4|)e +( 4+4|)e
__l —t t _l_i. i _l i ..
=y= 2e +et+( 7] 4|)(cost isint) + ( 4+4|)(cost+|smt)
S P N S Licint_ 3 _3int_ 1 _ L 3; _ 3
=y=-5e"+e 4cost+4|smt 4|cost 4smt 4cost 4|smt+4|cost 4smt
1ttt 1 _ 3 g
=>y= 2e +e 2cost 2smt

(b) (10 pts.) Solve using Laplace Transforms:
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y'+2y'+5y=0 y(0) =1, y(0)=2
Solution: Let
Ly =9
L{y'y =sy-1
Ly =52y -s-2
Substituting into the DE:
29 —-5—2+25§—-2+59 =0

s+4 s+4
ey = =
y s2+25+5 s242s+1+4
_ sS+4 _ s+1 + 3

G+ D2+4  (5+1)2+4  (s+1)2+4
So then the solution is:
y = £ 19} — etcos2t + %e‘tsin 2t

4.)  Assume that the problem

PDE : ug =uUxx+2ux; O<x<m t>0

B.C.: u(0,t) =0, u(rt)=0
has a solution of the form u(x,t) = X(X)T(t).

a.) (10 pts.) Use separation of variables to derive the following eigenvalue problem for X(x) :

X" +2X '+ AX =0; X(@0) =0, X(x)=0
Solution: u(x,t) = XX)T() so, ux = X'T, uxx = X"T, and ug = XT"
Substituting into the PDE gives

XT" = X"T+2X'T
Separating the variables yields:
T _xre2x o,

T X
= X"+2X"+AX =0
From the B.C.:
u(0,t) = X(0)T(t) =0 = X(0) = 0

u(r,t) = X()T() =0 = X(z) =0

b.) (15 pts.) Find the eigenvalues A and the corresponding eigenfunctions for the problem given
above in part a.).
The characteristic equation is:

p(r)=r2+2r+1=0
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oo 2EAC i
There are three cases:
Casel: 1-1=0
= r = —1is a repeated root.
= X =c1e7X + coxe X
0=X(0)=cy
0=X(r)=come™ = ¢y =0

= X =0 (trivial)
Therefore A = 1 is not an eigenvalue.

Case2: 1-1>0, Let1-21=k2?wherek 0.
r=-1+k
= X = c1e(1HOX 4 cre(-1-k)X
0=X0)=cqg+cCo

= C2 = —C1

SO
X = Cle(—1+k)x _ Cle(—1—k)x

0 = X(rr) = c1eC1HR7 _ ¢ e-1-K)m
0 = ¢q[eC-1H07T _ g(-1-K)m]
=C1=0=10c=0= X=0 (trivial)
Therefore there are no eigenvalues if A < 1.
Case3: 1-1<0. Let1—1 =—k? where k=0

=r=-1=xKi

= X = c1e7%coskx + coe Xsinkx
0=X(0)=cy

0 = X(7r) = cpe "sinkr
sinkt =0=kr=nt=k=n n=123,...
1—2An =-n?
= The eigenvalues are: An =1+ n2 wheren = 1,2,3,...

and the eigenfunctions are: Xn = cne Xsin(nx)
5. (a) (15 pts.) Find the first five nonzero terms of the Fourier sine series for the function
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-2 0<x<Z%
f(x) =
®) 0 L <x<r
2
Be sure to give the Fourier series with these terms in it.
Solution:
f(x) = Zan sm( nzX
where
_ 2 nzx
an = 1 j f(x)sm( )dx
Here L = 7 so
o0
f(x) = D_ ansin(nx)
n=1
where
s . T i I .
an = %|:J.02 (=2)sin(nx)dx + Il 0. sm(nx)dx:| = —% .[02 sin(nx)dx
= %cosnx 7 = %[cos( n”) }
Therefore
__4
a; = -
ay = —%
__ 4
a3 = "3y
ag =0
__4
i,
8 __4
a6 =~y 3r
Thus
_4 _4- _4 indx — -2 sin5x — 2_si
f(x) = smx sin2x 3 sin3x + 0sin4x 3 sin5x T Sin6x +

(b) (10 pts.) Sketch the graph of the function represented by the Fourier sine series in 5 (a) on
- <X < 3.

10
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6 (25 pts.)
PDE Uxx = 9Utt
BCs u(0,t) =0 ux(1,t) =0

ICs u(x,0) =0 ut(x,0) = %sin %

You must derive the solution. Your solution should not have any arbitrary constants in it. Show all
steps.

Solution: We use separation of variables.
u(x, t) = X()T(t)

Uxx(X,t) = X”T
ug = XT"
The PDE implies
X'T = oxT”
or
1l 1
XT 9l -2 2+0
so we have the two ODEs
X" +12X =0
T+ $22T=0

We have the boundary conditions
u(0,t) = X(0)T(t) =0 = X(0)=0
ux(1,t) = X' (Tt =0 = X'(1)=0
The solution of the ODE for X is
X(x) = asin Ax + bcos Ax

11
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X(0) =b =0and X(x) = asinAx
X'(x) = alcosAx so X'(1) = alcosA =0
Thus
= (2n+1)% n=0,12,...

and

Xn(x) = Aﬁih(M) n=0,1,2,...

The equation for T(t) becomes

"+ @+ 1)%}2T -0

0]
Tn(t) = CnSiI’I(M) + Dmos(%) n=0,1,2,...
Now
ux,0) = X(x)T(0) =0 =>T0O)=0=Dp=0
and
Tn(t) = cnsin<w> n=012..
Thus
Un(X,t) = Xn(X)Tn(t) = Bn sin( [2n +21]”X )sin( [2n J%l]”t> n=20,12,...

Then

u(x,t) = isnsir(M)Sm(w)

ut(x,t) = Z Bn< [2n+ 1w )sin(—[zn +21]ﬂx >C03<_[2n zl]m )

and therefore

ut(x,0) = ZBn( (2n+1)x )sin(M) = %sin(%)

Therefore
Bh=0 forn+3

_ 1
B; = 7
and
— Lin( IzX\gjn( 1=t
u(x,t) = 7sm( 2 )sm( 5 )
7. (a) (15 pts.) Find the power series solution to

y// _ X2y =0
near x = 0. Be sure to give the recurrence relation. Indicate the two linearly independent solutions
and give the first six nonzero terms of the solution.
Solution:

12
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y) = D anx"
n=0

y'(x) = D an(nx"?
n=1

y" () = an(n)(n - 1)x"2
n=2
The DE implies
D an(m)(n-1)x"2 - " anx™2 = 0
n=2 n=0

We shift the second series by lettingk—2 =n+2orn = k—4. Then since k = 4 whenn = 0, we
have

0 o0
D an(m)(n-1)x"2 =D aaxk2 =0
k=4

n=2
or replacing k and n by m,

a2(2)(L)x% +a3(3)(2)x + Y @m(M)(m — 1) — &y 4)x™2

m=4
Hence a; = a3 = 0 and the recurrence relation is
am(m)(m—-1)-am4 =0 m=456,...

or
_ 1 _
am = —m(m—l) am—sa M =456,...
Therefore
_ 1
_ 1
ag =0
a7 =0
_ 1 _ 1
B3 M T DHBHE) O
_ 1 _ 1
=58 T @E@ !
SO

_ 1 4 1 8 1 5 1 9
y(x)_ao[1+ 4(?))x + 8(7)(4)(3)X + }+a1[x+ 5(4)x + 9(8)(5)(4)X + J

(b) (10 pts.) Solve

y'+y=1t° y(0)=2
Solution: This is a Bernoulli equation. We rewrite the equation as
yy2+y? =t
and letv = y=2 so that v/ = —2y~3y’ and the above DE becomes

13
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v —2v = -2t
This is first order liner with P = -2 so ejpOIt = e,

d(ve2t
view2t _ pye2t = —< i ) = —2te~2t

S0
-2t _ 1 -2 -2
ve t_—(Z)Z(—Zte t—e ) +C
Thus
-1 _ 1 2t
V= y2 <t+ 2>+Ce
Sincey(0) = 2
1_1 -1
7] 5 +C =>C 7
and

1 _ 1y _ 12
¥ (tr3)-%¢
8 (a) (15 pts.)The functions y1 (t) = tand y»(t) = el are known to be solutions of

y"+p®y +qt)y =0
Determine the two functions p(t) and q(t).
Solution: Substituting y1 and y, into the DE we have

p(t) +tq(t) = 0
el + p(tet + q(t)et = 0
or
p(t) +tq(t) = 0
pt) +q(t) = -1 = q(t) = —(p(t) +1)
so from the first equation

PO ~tp®) =t = p(t) = 7L+ and gV :_(1t_t +1) :_ﬁ

(e - (ke -0

(b) (10 pts.) Let {®n(x)}, n = 1,2,... be a set of orthonormal functions on [a.b], that is,

The the DE is

b 0Of
< Op, Oy >= J‘ q)n(X)q)m(X)dX = orn=m
a 1 forn=m
Let
f(x) = D_ an®n(x)
n=1
Show that
i b
> [ail? = | Tfex)]%dx
i—1 a
Solution:

14
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< f(x),f(x) >= j Z[f(x)]zdx

However, we also have

b 0] o0
I [f(x)]2dx =< f(x),f(X) >=< D>_ an®n(x), >_ an®n(x) >=< a1 @1 +a,®y + --+,a1P1 +ay®p + -+ >
a n=1 n=1
=< a1?,a1P1+ardPor+ - >+ <ar®r,a1®1 +arxdy+ - > +---
=[a1]? < ®1,Dq1 > +a1a2 < 1, D9 > +-+- + a1 < g, D1 > +[a2]% < Oy, Dy > +--

o]

= [a1]° + [a2)? + - = D [ai]?
i=1
The last step comes from the fact that the set {®n(x)}, n = 1,2,... is orthonormal functions on [a.b].

15



Name

Lecturer

Table of Laplace Transforms

f(t) F(s) = L{f}(s)
A n>1/s>0
(n-1t | "
el 5 1 = s>a
; b
sinbt 7 . p? s>a
S
cos bt Y, s>a
edlf(t) | L{fi(s-a)
i) D" LE )

Table of Integrals

[sin?xdx = — %cosxsinx+ %x +C

[ cos?xdx = % coSXsinX + %x +C

fxcos bxdx = b—lz(cos bx + bxsinbx) + C

[xsinbx = biz(sin bx — bxcosbx) + C

j( et )dt: —et_Inet) +In(L+et) +C

1+et
[ xe®dx = %(axeax —e¥) 4+ C

16



