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Ma 221 Final Exam Solutions 12/20/05

Print Name:

Lecture Section: _________
I pledge my honor that I have abided by the Stevens Honor System.

_____________________________________________
This exam consists of 8 problems. You are to solve all of these problems. The point value of each
problem is indicated. The total number of points is 200.

If you need more work space, continue the problem you are doing on the other side of the page it is
on. Be sure that you do all problems.

You may not use a calculator, cell phone, or computer while taking this exam. All work must be shown
to obtain full credit. Credit will not be given for work not reasonably supported. When you finish, be
sure to sign the pledge.

There are tables giving Laplace transforms and integrals at the end of the exam.

Score on Problem #1 ________

#2 ________

#3 ________

#4 ________

#5 ________

#6 ________

#7 ________

#8 ________

Total Score ________
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1. Solve the initial value problem
(a) (8 pts)

dy
dx

 3x secy

1 − x2
, y0  

2

Solution: We can separate the variables to obtain:

dy
secy  3xdx

1 − x2

 dy
secy   3xdx

1 − x2

In the right side, let u  1 − x2 so du  −2xdx. We then obtain:

 cosydy   −3du
2 u

 siny  −3 1 − x2  C

Applying the initial condition:

1  −3  C

 C  4.

So,

siny  −3 1 − x2  4

 y  arcsin−3 1 − x2  4

(b) (7 pts) Solve

3x2 siny − 5x3 dx  x3 cosy  5ey dy  0

Solution: With Mx,y  3x2 siny − 5x3 and Nx,y  x3 cosy  5ey,

∂M
∂y  3x2 cosy  ∂N∂x

So the above DE is exact.

∂f
∂x  M  3x2 siny − 5x3

 fx,y  x3 siny − 5
4

x4  gy

∂f
∂y  x3 cosy  g′y  N  x3 cosy  5ey

 g′y  5ey

 gy  5ey  C

2
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fx,y  x3 siny − 5
4

x4  5ey  C

So the solution is:

x3 siny − 5
4

x4  5ey  K

1 (c) (10 pts) Find a general solution of

y′′  10y′  25y  14e−5t

Solution: First we solve the corresponding homogeneous DE:

y′′  10y′  25y  0

pr  r2  10r  25  0

 r  −5 is a repeated root.

So,

yh  c1e−5t  c2te−5t

With   −5, p−5  0. Also p′r  2r  10  p′−5  0.
So,

yp  14t2e−5t

p′′−5
 14t2e−5t

2
 7t2e−5t

The general solution, therefore, is:

yg  c1e−5t  c2te−5t  7t2e−5t

2. (a) (12 pts) Find a general solution of

y′′ − 4y′  t − 3sin2t

First we solve the corresponding homogeneous DE:

y′′ − 4y′  0

pr  r2 − 4r  0

 r  0,4

yh  c1  c2e4t

Consider

y′′ − 4y′  t

yp1  tAt  B  At2  Bt

yp1
′  2At  B

yp1
′′  2A

Substituting into the DE gives:

2A − 8At − 4B  t

So,
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− 8A  1  A  − 1
8

2A − 4B  0  B  − 1
16

 yp1  −
1
8

t2 − 1
16

t

Consider:

y′′ − 4y′  −3sin2t

Approach 1: (with complex variables)

w′′ − 4w′  −3e2it

p2i  2i2 − 42i  −4 − 8i ≠ 0
So,

wp  −3e2it

−4 − 8i

 wp  −3e2it

−4 − 8i
−4  8i
−4  8i

 12 − 24ie2it

80
 3 − 6ie2it

20

wp  3 − 6i
20

cos2t  i sin2t

So then,

yp2  Imwp  3
20

sin2t − 3
10

cos2t

Approach 2: (without complex variables)

yp2  A sin2t  Bcos2t

yp2
′  2Acos2t − 2B sin2t

yp2
′′  −4A sin2t − 4Bcos2t

Substituting into the DE:

− 4A sin2t − 4Bcos2t − 8Acos2t  8B sin2t  −3sin2t

We get two equations

− 4A  8B  −3

− 8A − 4B  0

Multiplying the second equation by 2 and adding to the first equation gives us:

− 20A  −3  A  3
20

Substituting,

− 24
20

 4B  B  − 24
80

 − 3
10

So,

yp2 
3
20

sin2t − 3
10

cos2t

Therefore,
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yp  − 1
8

t2 − 1
16

t  3
20

sin2t − 3
10

cos2t

and the general solution is:

yg  c1  c2e4t − 1
8

t2 − 1
16

t  3
20

sin2t − 3
10

cos2t

2(b) (13 pts.) Find a general solution of

x2y′′  xy′ − 9y  4
x3

Solution: First solving the corresponding homogeneous DE:

x2y′′  xy′ − 9y  0

This is Euler’s equation. The indicial equation is:

pm  m2 − 9  0

 m  −3,3

yh  c1x3  c2x−3

We will use Variation of Parameters:

Let y1  x3 and y2  x−3. Then

yp  v1x3  v2x−3

We have the following two equations for v1
′ and v2

′ .

v1
′ x3  v2

′ x−3  0

3v1
′ x2 − 3v2

′ x−4  f
a 

4
x3

x2
 4

x5

The Wronskian with y1  x3 and y2  x−3 is:

Wy1,y2  y1y2
′ − y2y1

′  x3−3x−4 − x−33x2  −6x−1

Then

v1
′ 

0 x−3

4
x5 −3x−4

Wy1,y2

− 4

x8

−6x−1
 2

3
x−7

v2
′ 

x3 0

3x2 4
x5

Wy1,y2


4
x2

−6x−1
 − 2

3x

Or using the formulas in the book,

v1  − y2fx
Wy1,y2ax

dx  − x−34x−3
−6x−1x2

dx   2
3

x−7dx  − 1
9

x−6
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v2   y1fx
Wy1,y2ax

dx   x34x−3
−6x−1x2

dx   − 2
3x

dx  − 2
3

lnx

Therefore,

yp  − 1
9

x−3 − 2
3

x−3 lnx

Note that since x−3 is a homogeneous solution, we need not include − 1
9

x−3 in the particular solution,
although doing so is not wrong.
The general solution is:

yg  c1x3  c2x−3 − 1
9

x−3 − 2
3

x−3 lnx

or just

yg  c1x3  c2x−3 − 2
3

x−3 lnx

SNB check x2y′′  xy′ − 9y  4
x3 , Exact solution is: C2

x3 −
1

9x3 6 lnx  1  C3x3

3. (a) (15 pts.) Find:

ℒ−1 s  3
s2  1s2 − 1

Solution: Approach 1:
y  s  3

s2  1s2 − 1
 s  3
s  1s − 1s2  1

 A
s  1

 B
s − 1

 Cs  D
s2  1

 s  3  As − 1s2  1  Bs  1s2  1  Css  1s − 1  Ds  1s − 1

s  1 

B  1

s  −1 

A  − 1
2

Thus

s  3
s  1s − 1s2  1


− 1

2
s  1

 1
s − 1

 Cs  D
s2  1

s  0 
3
−1  − 1

2
− 1  D

so

D  − 3
2

and

s  3
s  1s − 1s2  1


− 1

2
s  1

 1
s − 1


Cs − 3

2

s2  1

s  2 

5
315

 − 1
6
 1 

2C − 3
2

5
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or multiplying by 30

10  −5  30  12C − 9

so

C  − 1
2

So then,

y  − 1
2

1
s  1

 1
s − 1


− 1

2
s − 3

2

s2  1

Therefore,

y  ℒ−1y  − 1
2

e−t  et − 1
2

cos t − 3
2

sin t

Approach 2 (using complex variables):
y  s  3

s2  1s2 − 1
 s  3
s  1s − 1s  is − i

 A
s  1

 B
s − 1

 C
s  i

 D
s − i

 s  3  As − 1s  is − i  Bs  1s  is − i  Cs  1s − 1s − i  Ds  1s − 1s  i

s  1 

4  21  i1 − iB  B  2
1  i1 − i

 1

s  −1 

2  −2−1  i−1 − iA  A  −1
−1  i−1 − i

 − 1
2

s  −i 
3 − i  1 − i−1 − i−2iC  3 − i  4iC

 C  3 − i
4i

 − 1
4
− 3

4
i

s  i 

3  i  1  i−1  i2iD  3  i  −4iD

 D  3  i
−4i

 − 1
4
 3

4
i

So then,
y  − 1

2
1

s  1
 1

s − 1
 − 1

4
− 3

4
i 1

s  i
 − 1

4
 3

4
i 1

s − i

Therefore,

y  ℒ−1y  − 1
2

e−t  et  − 1
4
− 3

4
ie−it  − 1

4
 3

4
ieit

 y  − 1
2

e−t  et  − 1
4
− 3

4
icos t − i sin t  − 1

4
 3

4
icos t  i sin t

 y  − 1
2

e−t  et − 1
4

cos t  1
4

i sin t − 3
4

icos t − 3
4

sin t − 1
4

cos t − 1
4

i sin t  3
4

icos t − 3
4

sin t

 y  − 1
2

e−t  et − 1
2

cos t − 3
2

sin t

(b) (10 pts.) Solve using Laplace Transforms:
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y′′  2y′  5y  0 y0  1, y′0  2

Solution: Let

ℒy  y

ℒy′  sy − 1

ℒy′′ s2y − s − 2

Substituting into the DE:

s2y − s − 2  2sy − 2  5y  0

 y  s  4
s2  2s  5

 s  4
s2  2s  1  4

 s  4
s  12  4

 s  1
s  12  4

 3
s  12  4

So then the solution is:

y  ℒ−1y  e−t cos2t  3
2

e−t sin2t

4.) Assume that the problem

PDE : utt  uxx  2ux; 0  x  , t  0

B.C. : u0, t  0, u, t  0

has a solution of the form ux, t  XxTt.
a.) (10 pts.) Use separation of variables to derive the following eigenvalue problem for Xx :

X′′  2X′  X  0; X0  0, X  0

Solution: ux, t  XxTt so, ux  X′T, uxx  X′′T, and utt  XT′′

Substituting into the PDE gives

XT′′  X′′T  2X′T

Separating the variables yields:

T′′
T

 X′′  2X′
X

 −

 X′′  2X′  X  0

From the B.C.:

u0, t  X0Tt  0  X0  0

u, t  XTt  0  X  0

b.) (15 pts.) Find the eigenvalues  and the corresponding eigenfunctions for the problem given
above in part a.).

The characteristic equation is:

pr  r2  2r    0
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 r  −2  4 − 4
2

 −1  1 − 

There are three cases:
Case 1: 1 −   0

 r  −1 is a repeated root.

 X  c1e−x  c2xe−x

0  X0  c1

0  X  c2e−  c2  0

 X ≡ 0 (trivial)

Therefore   1 is not an eigenvalue.
Case 2: 1 −   0, Let 1 −   k2 where k ≠ 0.

r  −1  k

 X  c1e−1kx  c2e−1−kx

0  X0  c1  c2

 c2  −c1

so

X  c1e−1kx − c1e−1−kx

0  X  c1e−1k − c1e−1−k

0  c1e−1k − e−1−k

 c1  0  c2  0  X ≡ 0 (trivial)

Therefore there are no eigenvalues if   1.
Case 3: 1 −   0. Let 1 −   −k2 where k ≠ 0

 r  −1  ki

 X  c1e−x coskx  c2e−x sinkx

0  X0  c1

0  X  c2e− sink

sink  0  k  n  k  n, n  1,2,3, . . .

1 − n  −n2

 The eigenvalues are: n  1  n2 where n  1,2,3, . . .

and the eigenfunctions are: Xn  cne−x sinnx

5. (a) (15 pts.) Find the first five nonzero terms of the Fourier sine series for the function
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fx 
−2 0 ≤ x ≤ 

2

0 
2
 x ≤ 

Be sure to give the Fourier series with these terms in it.
Solution:

fx ∑
n1


an sin nx

L

where

an  2
L 0

L
fx sin nx

L
dx

Here L   so

fx ∑
n1


an sinnx

where

an  2
 0


2 −2 sinnxdx   

2


0  sinnxdx  − 4

 0

2 sinnxdx

 4
n cosnx

0


2  4

n cos n
2

− 1

Therefore

a1  − 4


a2  − 4


a3  − 4
3

a4  0

a5  − 4
5

a6  − 8
6  − 4

3
Thus

fx  − 4
 sinx − 4

 sin2x − 4
3 sin3x  0sin4x − 4

5 sin5x − 4
3 sin6x 

(b) (10 pts.) Sketch the graph of the function represented by the Fourier sine series in 5 (a) on
− ≤ x ≤ 3.
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-3 -2 -1 1 2 3 4 5 6 7 8 9

-2

-1

1

2

x

y

6 (25 pts.)

PDE uxx  9utt

BCs u0, t  0 ux1, t  0

ICs ux, 0  0 utx, 0  
6

sin 7x
2

You must derive the solution. Your solution should not have any arbitrary constants in it. Show all
steps.
Solution: We use separation of variables.

ux, t  XxTt

uxxx, t  X′′T

utt  XT′′

The PDE implies

X′′T  9XT′′

or

X′′
X

 9 T′′
T

 −2  ≠ 0

so we have the two ODEs

X′′  2X  0

T′′  1
9
2T  0

We have the boundary conditions

u0, t  X0Tt  0  X0  0

ux1, t  X′1Tt  0  X′1  0

The solution of the ODE for X is

Xx  a sinx  bcosx
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X0  b  0 and Xx  a sinx

X′x  acosx so X′1  acos  0

Thus

  2n  1 
2

n  0,1,2,…

and

Xnx  An sin
2n  1x

2
n  0,1,2,…

The equation for Tt becomes

T′′  2n  1 
6

2
T  0

so

Tnt  Cn sin
2n  1t

6
 Dn cos

2n  1t
6

n  0,1,2,…

Now

ux, 0  XxT0  0  T0  0  Dn  0

and

Tnt  Cn sin
2n  1t

6
n  0,1,2,…

Thus

unx, t  XnxTnt  Bn sin
2n  1x

2
sin

2n  1t
6

n  0,1,2,…

Then

ux, t ∑
n0


Bn sin

2n  1x
2

sin
2n  1t

6

utx, t ∑
n0


Bn

2n  1
6

sin
2n  1x

2
cos

2n  1t
6

and therefore

utx, 0 ∑
n0


Bn

2n  1
6

sin
2n  1x

2
 

6
sin 7x

2

Therefore

Bn  0 for n ≠ 3

B3  1
7

and

ux, t  1
7

sin 7x
2

sin 7t
6

7. (a) (15 pts.) Find the power series solution to

y′′ − x2y  0

near x  0. Be sure to give the recurrence relation. Indicate the two linearly independent solutions
and give the first six nonzero terms of the solution.
Solution:
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yx ∑
n0


anxn

y′x ∑
n1


annxn−1

y′′x ∑
n2


annn − 1xn−2

The DE implies

∑
n2


annn − 1xn−2 −∑

n0


anxn2  0

We shift the second series by letting k − 2  n  2 or n  k − 4. Then since k  4 when n  0, we
have

∑
n2


annn − 1xn−2 −∑

k4


ak−4xk−2  0

or replacing k and n by m,

a221x0  a332x ∑
m4


ammm − 1 − am−4xm−2

Hence a2  a3  0 and the recurrence relation is

ammm − 1 − am−4  0 m  4,5,6,…
or

am  1
mm − 1

am−4 m  4,5,6,…

Therefore

a4  1
43

a0

a5  1
54

a1

a6  0

a7  0

a8  1
87

a4  1
8743

a0

a9  1
98

a5  1
9854

a1

so

yx  a0 1  1
43

x4  1
8743

x8   a1 x  1
54

x5  1
9854

x9 

(b) (10 pts.) Solve

y′  y  ty3 y0  2

Solution: This is a Bernoulli equation. We rewrite the equation as

y′y−3  y−2  t

and let v  y−2 so that v′  −2y−3y′ and the above DE becomes
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v′ − 2v  −2t

This is first order liner with P  −2 so e
Pdt

 e−2t.

v′e−2t − 2ve−2t 
d ve−2t

dt
 −2te−2t

so

ve−2t  −2 1
4
−2te−2t − e−2x  C

Thus

v  1
y2

 t  1
2

 Ce2t

Since y0  2
1
4
 1

2
 C  C  − 1

4
and

1
y2

 t  1
2
− 1

4
e2t

8 (a) (15 pts.)The functions y1t  t and y2t  et are known to be solutions of

y′′  pty′  qty  0

Determine the two functions pt and qt.
Solution: Substituting y1 and y2 into the DE we have

pt  tqt  0

et  ptet  qtet  0

or

pt  tqt  0

pt  qt  −1  qt  −pt  1
so from the first equation

pt − tpt  t  pt  t
1 − t

and qt  − t
1 − t

 1  − 1
1 − t

The the DE is

y′′  t
1 − t

y′ − 1
1 − t

y  0

(b) (10 pts.) Let nx, n  1,2,… be a set of orthonormal functions on a.b, that is,

 n,m  
a

b
nxmxdx 

0 for n ≠ m

1 for n  m

Let

fx ∑
n1


annx

Show that

∑
i1


ai 2  

a

b
fx2dx

Solution:
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 fx, fx  
a

b
fx2dx

However, we also have


a

b
fx2dx   fx, fx ∑

n1


annx,∑

n1


annx  a11  a22 ,a11  a22  

  a11,a11  a22     a22,a11  a22   

 a1 2  1,1  a1a2  1,2    a2a1  2,1  a2 2  2,2  

 a1 2  a2 2  ∑
i1


ai 2

The last step comes from the fact that the set nx, n  1,2,… is orthonormal functions on a.b.
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Table of Laplace Transforms

ft Fs  ℒfs

tn−1
n − 1!

1
s n n ≥ 1 s  0

eat 1
s − a s  a

sinbt b
s2  b2

s  a

cosbt s
s2  b2

s  a

eatft ℒfs − a

tnft −1n dn

dsn ℒfs

Table of Integrals

 sin2xdx  − 1
2

cosx sinx  1
2

x  C

 cos2xdx  1
2

cosx sinx  1
2

x  C

 xcosbxdx  1
b2 cosbx  bx sinbx  C

 x sinbx  1
b2 sinbx − bxcosbx  C

 e−t

1et dt  − e−t − lnet  ln1  et  C

 xeaxdx  1
a2 axeax − eax  C
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