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1. Solve
(a) (8 pts)

2y2x − 2y3 dx  4y3 − 6y2x  2yx2 dy  0

Solution: M  2y2x − 2y3 and N  4y3 − 6y2x  2yx2. Therefore My  4yx − 6y2  Nx so this
equation is exact. Thus, there exists fx,y such that

fx  M  2y2x − 2y3 and fy  N  4y3 − 6y2x  2yx2

Integrating the expression for fx with respect to x, holding y fixed, yields

f  x2y2 − 2xy3  hy
Therefore

fy  2x2y − 6xy2  h′y  N  4y3 − 6y2x  2yx2

h′y  4y3  hy  y4  C

Thus

f  x2y2 − 2xy3  y4  C

and the solution is given by

x2y2 − 2xy3  y4  k

(b) (7 pts) Solve

xy′ − 2y  2
3

x5 y1  2
9

Solution: We rewrite the DE as

y′ − 2
x y  2

3
x4

This is a first order linear DE. The integrating factor is e
− 2

x dx
 e−2 lnx  1

x2 . Multiplying the DE by

this we get
1
x2

y′ − 2
x3

y  2
3

x2

or

d
dx

1
x2

y  2
3

x2

so
1
x2

y  2
9

x3  C

or

y  2
9

x5  Cx2

The initial condition implies that

C  0

so

yx  2
9

x5

1 (c) (10 pts) Find a general solution of

y′′ − y′ − 2y  e−5t  3e2t

Solution: pr  r2 − r − 2  r − 2r  1. So r  −1,2 are roots of the characteristic equation.
Therefore
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yh  c1e−t  c2e2t

Since e−5t is not a homogeneous solution we have

yp1 
ket

p
 e−5t

p−5
 e−5t

28

Since e2t is a homogeneous solution, but 2 is not a repeated root, we have

yp2 
ktet

p′
 3te2t

p′2
 3te2t

3
 te2t

Thus

y  yh  yp1  yp2  c1e−t  c2e2t  e−5t

28
 te2t

SNB check: y′′ − y′ − 2y  e−5t  3e2t, Exact solution is:
C4e−t  C5e2t  1

84e5t 84te7t − 28e7t  3

2. (a) (12 pts) Find a general solution of

y′′  2y′ − 3y  5sin3t − 3  3t2

Solution: pr  r2  2r − 3  r  3r − 1, so r  1,−3. Thus

yh  c1et  c2e−3t

We find a particular solution for 5 sin3t now.
Method 1 using complex variables.
Consider the companion equation

v′′  2v′ − 3v  5cos3t

Multiplying this equation by i and adding it to the original equation and letting w  iy  v leads to

w′′  2w′ − 3w  5i sin3t  5cos3t  5e3it

Since p3i  −9  6i − 3  −12  6i  −62 − i ≠ 0

wp  − 1
6

5e3it

2 − i
 2  i

2  i
 − 52  i

65
cos3t  i sin3t

Since yp1  Imwp1

yp1  −
1
6

cos3t − 1
3

sin3t

We let yp2  A0  A1t  A2t2 to find a particular solution for −3  3t2 . Then substituting into the DE
leads to

2A2  2A1  4A2t − 3A0 − 3A1t − 3A2t2  −3  3t2

Therefore

A2  −1

4A2 − 3A1  0  A1  − 4
3

2A2  2A1 − 3A0  −3
Thus

− 2 − 8
3
− 3A0  −3  A0  − 5

9

yp2  −
5
9
− 4

3
t − t2
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and finally

y  yh  yp1  yp2  c1et  c2e−3t − 1
6

cos3t − 1
3

sin3t − 5
9
− 4

3
t − t2

SNB check: y′′  2y′ − 3y  5sin3t −3  3t2, Exact solution is:
C47e−3t − 1

6
cos3t − 1

3
sin3t − 4

3
t  C46et − t2 − 5

9

2(b) (13 pts.) Find a general solution of

y′′ − 2y′  y  ex
x

Solution: We use the Method of Variation of Parameters. The characteristic equation is
pr  r2 − 2r  1  r − 12 so r  1 is a repeated root and

yh  c1ex  c2xex

Let

yp  v1ex  v2xex

The two equations for v1
′ ,v2

′ are

v1
′ ex  v2

′ xex  0

v1
′ ex  v2

′ ex  xex  ex
x

Wex,xex  
ex xex

ex ex  xex
 e2x

Therefore

v1
′ 

0 xex

ex

x ex  xex

e2x
 −1  v1  −x

v2
′ 

ex 0

ex ex

x

e2x
 1

x  v2  lnx

Thus

yp  v1ex  v2xex  −xex  x lnxex

Since xex is a homogeneous solution we need not include it in yp and we have

y  yh  yp  c1ex  c2xex  x lnxex

SNB check: y′′ − 2y′  y  ex

x , Exact solution is: C57ex − xex  C58xex  xex lnx
3. (a) (10 pts.) Let

gt 

1 for 0 ≤ t ≤ 1

0 for t ≥ 1

Use the definition of the Laplace transform to find ℒgt
Solution:
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ℒgt  
0


gte−stdt

 
0

1
1  e−stdt  

1


0  e−stdt

 − 1
s e−st |0

1  − 1
s e

−st − 1  1
s −

e−st
s

(b) (15 pts.) Solve using Laplace Transforms:

y′′  4y  4t y0  1, y′0  5

Solution: Taking Laplace transforms of the DE yields

s2ℒy − sy0 − y′0  4ℒy  4
s2

or

s2  4 ℒy  s  5  4
s2

ℒy  s
s2  4

 5
s2  4

 4
s2 s2  4

We have to invert this to find yt.
Method 1 without complex variables.

4
s2 s2  4

 A
s  B

s2
 Cs  D

s2  4

Multiplying by s2 and setting s  0 yields
4
4
 1  B

so
4

s2 s2  4
 A

s  1
s2

 Cs  D
s2  4

s  1 gives the equation
4
5
 A  1  C  D

5
s  −1 gives the equation

4
5
 −A  1  −C  D

5

Adding these two equations gives
8
5
 2  2

5
D

or

8  10  2D

so D  −1. Thus
4

s2 s2  4
 A

s  1
s2

 Cs − 1
s2  4

s  2 yields
4

48
 A

2
 1

4
 2C − 1

8

or
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4  16A  8  8C − 4

Simplifying we

2A  C  0

The equation we got setting s  1 becomes with D  −1
4
5
 A  1  C − 1

5
or

4  5A  5  C − 1

or

5A  C  0

Thus A  C  0 and we have
4

s2 s2  4
 1

s2
 −1

s2  4

ℒy  s
s2  4

 5
s2  4

 4
s2 s2  4

 s
s2  4

 5
s2  4

 1
s2

 −1
s2  4

 s
s2  4

 4
s2  4

 1
s2

Taking the inverse of this expression using the tables yields

yt  cos2t  2sin2t  x

Method 2 with complex variables:
4

s2 s2  4
 4

s2s − 2is  2i
 A

s  B
s2

 C
s − 2i

 D
s  2i

As before multiplying by s2 and setting s  0 yields B  1. Multiplying by s − 2i and setting s  2i
yields

4
−44i

 C  i
4

Multiplying by s  2i and setting s  −2i yields
4

−4−4i
 D  − i

4

Therefore
4

s2 s2  4
 4

s2s − 2is  2i
 A

s  1
s2

 i
4

1
s − 2i

− i
4

1
s  2i

s  1 yields
4
5
 A  1  i

41 − 2i
− i

4
1

1  2i

or
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− 1
5
 A  i

41 − 2i
− i

41  2i

− 1
5
 A  i

41 − 2i
 1  2i

1  2i
 −i

41  2i
 1 − 2i

1 − 2i

− 1
5
 A  i − 2 − i − 2

45
 A − 1

5

so A  0. Thus
4

s2 s2  4
 1

s2
 i

4
1

s − 2i
− i

4
1

s  2i

and

ℒy  s
s2  4

 5
s2  4

 4
s2 s2  4

 s
s2  4

 5
s2  4

 1
s2

 i
4

1
s − 2i

− i
4

1
s  2i

so

yt  cos2t  5
2

sin2t  t  i
4

e2it − i
4

e−2it

 cos2t  5
2

sin2t  t  i
4

e2it − e−2it

 cos2t  5
2

sin2t  t  i
4
cos2t  i sin2t − cos2t  i sin2t

 cos2t  5
2

sin2t  t  i
4
2i sin2t

 cos2t  5
2

sin2t  t − 1
2

sin2t

 cos2t  2sin2t  t

4.) a.) (10 pts.) Use separation of variables, ux, t  XxTt, to find two ordinary differential
equations which Xx and Tt must satisfy to be a solution of

− 12x2t5 ∂
2u
∂t2

 x  23t  25 ∂u∂x  0.

Note: Do not solve these ordinary differential equations.
Solution:

∂u
∂x  X′xTt

∂u
∂t  XxT′t

∂2u
∂t2

 XxT′′t

So the DE implies

− 12x2t5XxT′′t  x  23t  25X′xTt  0

or

12x2t5XxT′′t  x  23t  25X′xTt
So

12t5T′′

t  25T
 x  23X′

x2X
 k

7
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So the two DEs are

12t5T′′ − kt  25T  0

x  23X′ − kx2X  0

b.) (15 pts.) Find the eigenvalues and eigenfunctions of

y′′ − 4y′  42y  0 y0  0 y1  y′1  0

Solution: The characteristic equation is r2 − 4r  42  0 or r − 22  0. Thus r  2 is a repeated
root and the solution to the DE is

yx  c1e2x  c2xe2x

The boundary condition y0  0 implies c1  0, so yx  c2xe2x, and
y′x  c2e2x  2c2xe2x. Therefore

y1  y′1  c2e2  c2e2  2c2e2  0

or

2  2c2  0

For c2 ≠ 0 this implies the eigenvalue   −1 and the eigenfunction

yx  c2xe−2x

5. (a) (15 pts.) Find the first five nonzero terms of the Fourier sine series for the function

fx 
2 0 ≤ x ≤ 

4

0 
4
 x ≤ 

2

Be sure to give the Fourier series with these terms in it.
Solution: L  

2
.

fx ∑
1


an sin nx

L
∑

1


an sin2nx

and

an  2
L 0

L
fx sin nx

L
dx  4

 0

2 fx sin2nxdx n  1,2,3,…

an  4
 0


4 2 sin2nxdx

 − 8


cos2nx
2n 0


4

 − 4
n cos n

2
− cos0  − 4

n cos n
2

− 1 n  1,2,3,…

Therefore
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a1  − 4
 cos 

2
− 1  4



a2  − 4
2 cos − 1  8

2n
 4


a3  − 4
3 cos 3

2
− 1  4

3

a4  − 4
4 cos2 − 1  0

a5  − 4
5 cos 5

2
− 1  4

5

a6  − 4
6 cos3 − 1  4

3
Thus

fx ∑
1


an sin2nx  a1 sin2x  a2 sin4x 

 4
 sin2x  4

 sin4x  4
3 sin6x  0sin8x  4

5 sin10x  4
3 sin12x 

(b) (10 pts) Sketch the graph of the function represented by the Fourier sine series in 5 (a) on
− ≤ x ≤ .

4
 0.78540, 

2
 1. 5708 3

4
 2. 3562

0,2, . 78,2

-3 -2 -1 1 2 3

-2

-1

1

2

x

y

6 (25 pts.)

PDE uxx − 8ut  0

BCs u0, t  0 ux1, t  0

ICs ux, 0  −2sin 3
2

x  10sin 9
2

x

You must derive the solution. Your solution should not have any arbitrary constants in it. Show all
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steps.
Solution: Let ux, t  XxTt. Then the PDE implies

X′′T  8XT′

or

X′′
X

 8 T′
T

 −r2

Thus the ODEs for X and T are

X′′  r2X  0

T′  1
8

r2T  0

We have the BCs X0  X′1  0.

Xx  a sin rx  bcos rx

X0  0 implies b  0.

X′x  arcos rx

so

X′1  arcos r  0

Therefore r  2n1
2

,n  0,1,2, . . . and

Xnx  cn sin 2n  1
2

x, n  0,1,2, . . .

The equation for Tt is

T′  2n  122

32
T  0

so

Tnt  dne−
2n122

32
t n  0,1,2, . . .

Hence

unx, t  An sin 2n  1
2

xe−
2n122

32
t n  0,1,2, . . .

ux, t ∑
n0


unx, t ∑

n0


An sin 2n  1

2
x e−

2n122

32
t

ux, 0  −2sin 3
2

x  10sin 9
2

x ∑
n0


An sin 2n  1

2
x

so An  0,n ≠ 1,4 and A1  −2,A4  10.

ux, t  −2sin 3
2

xe−
92

32
t  10sin 9

2
xe−

812

32
t

7. (a) (15 pts.) Solve the equation

y′′  3xy′  2y  0

near x  0. Be sure to give the recurrence relation and the first 3 nonzero terms in each linearly
independent solution.
Solution:
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y ∑
n0


anxn

y′ ∑
n1


nanxn−1

y′′ ∑
n2


nn − 1anxn−2

Then the DE implies

∑
n2


nn − 1anxn−2  3∑

n1


nanxn  2∑

n0


anxn  0

or

∑
n2


nn − 1anxn−2 ∑

n1


3n  2anxn  2a0  0

Shifting the first summation by letting n − 2  k, or n  k  2 we have

∑
k0


k  2k  1ak2xk ∑

n1


3n  2anxn  2a0  0

Replacing k and n by m we have

∑
m1


m  2m  1am2  3m  2am xm  21a2  2a0  0

Thus

a2  −a0

and

m  2m  1am2  3m  2am  0

or

am2  − 3m  2
m  2m  1

am m  1,2,3, . . .

Thus

a3  − 5
32

a1

a4  − 8
43

a2  8
43

a0

a5  − 11
54

a3 
115

5432
a1

Thus

yx  a0 1 − x2  2
3

x4   a1 x − 5
3!

x3  55
5!

x5 

SNB check: y′′  3xy′  2y  0, Series solution is:
y0  xy′0 − x2y0 − 5

6
x3y′0  2

3
x4y0  11

24
x5y′0 − 14

45
x6y0 − 187

1008
x7y′0  1

9
x8y0 

(b) (10 pts.) Find a second order homogeneous, ordinary differential equation with real constant
coefficients for which

11
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− 5.2e−3t cos5t and 2
3

e−3t sin5t

are the solutions.

Solution: The LI solutions are e−3t cos5t and e−3t sin5t. These come from the case of complex roots
with   −3,  5. That is with roots −3  5i. Thus

pr  r  3 − 5ir − 3  5i  r  3 − 5ir − 3  5i

 r  32  25  r2  6r  34

Therefore, the DE is

y′′ − 6y′  34y  0

SNB check: y′′  6y′  34y  0, Exact solution is: C5cos5te−3t − C6e−3t sin5t

8 (a) (12 pts.) Find an integrating factor to make

y2 cosxdx  4  5y sinxdy  0

exact. Then use it to solve the equation.
Solution: We multiply the equation by ux,y and get

y2 cosxudx  u4  5y sinxdy  0

Thus M  y2 cosxu and N  u4  5y sinx.

My  2yucosx  uyy2 cosx  Nx  ux4  5y sinx  u5ycosx

Letting ux  0 we get

2yu  y2 du
dy

 5yu

or
du
dy
− 3

y u  0

The solution is e
−Pdy

 e
 3

y dy
 y3 We multiply the original equation by this to get

y5 cosxdx  4y3  5y4 sinx dy  0

Now My  5y4 cosx  Nx and this equation is exact. Thus there exists fx,y such that

fx  M  y5 cosx and fy  N  4y3  5y4 sinx

Therefore integrating fx with respect to x, holding y fixed gives

fx,y  y5 sinx  hy
Hence

fy  5y4 sinx  h′y  4y3  5y4 sinx

so hy  y4  c.

fx,y  y5 sinx  y4  c

and the solution is given by

y5 sinx  y4  k

(b) (13 pts.) Find

ℒ−1 s  1
s2  4s  13

Solution:

12
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s  1
s2  4s  13

 s  1
s  22  9

 s  2
s  22  9

− 1
s  22  9

 s  2
s  22  9

− 1
3

3
s  22  9

Therefore

ℒ−1 s  1
s2  4s  13

 ℒ−1 s  2
s  22  9

− 1
3
ℒ−1 3

s  22  9

 e−2t cos3t − 1
3

e−2t sin3t
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Table of Laplace Transforms

ft Fs  ℒfs

tn−1
n − 1!

1
s n n ≥ 1 s  0

eat 1
s − a s  a

sinbt b
s2  b2

s  0

cosbt s
s2  b2

s  0

eatft ℒfs − a

tnft −1n dn

dsn ℒfs

Table of Integrals

 sin2xdx  − 1
2

cosx sinx  1
2

x  C

 cos2xdx  1
2

cosx sinx  1
2

x  C

 xcosbxdx  1
b2 cosbx  bx sinbx  C

 x sinbx  1
b2 sinbx − bxcosbx  C

 e−t

1et dt  − e−t − lnet  ln1  et  C

 xeaxdx  1
a2 axeax − eax  C
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