Name Lecturer

Ma 221 Final Exam Solutions 5/08/07

Print Name:

Lecture Section:
I pledge my honor that I have abided by the Stevens Honor System.

This exam consists of 8 problems. You are to solve all of these problems. The point value of each
problem is indicated. The total number of points is 200.

If you need more work space, continue the problem you are doing on the other side of the page it is
on. Be sure that you do all problems.

You may not use a calculator, cell phone, or computer while taking this exam. All work must be shown
to obtain full credit. Credit will not be given for work not reasonably supported. When you finish, be
sure to sign the pledge.

There are tables giving Laplace transforms and integrals at the end of the exam.

Score on Problem #1
#2
#3
#4
#5
#6
#7
#8

Total Score
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1. Solve
(a) (8 pts)
(2y?x —2y3)dx + (4y3 — 6y2x + 2yx? )dy = 0
Solution: M = 2y?x — 2y3 and N = 4y3 — 6y2x + 2yx2. Therefore My = 4yx — 6y? = Ny so this
equation is exact. Thus, there exists f(x,y) such that
fx = M = 2y?x — 2y and fy = N = 4y3 — 6y?x + 2yx?

Integrating the expression for fx with respect to x, holding y fixed, yields

f = x2y2 — 2xy3 + h(y)
Therefore

fy = 2x2y — 6xy2 + h'(y) = N = 4y3 — 6y?x + 2yx?
h'(y) = 4y3 = h(y) =y*+C
Thus
f=x2y?2-2xy3+y*+C

and the solution is given by

x2y2 — 2xy3 +y* = k
(b) (7 pts) Solve

' -2y =58 y1) = &

Solution: We rewrite the DE as

y' - 4y = 4&x4

(2
This is a first order linear DE. The integrating factor is e I o _ e—2Inx _ % Multiplying the DE by
X
this we get

1y_2,_20

2l T3
or

d(1,)_ 2,

dX<x2y> 3%
S0

1 ,_ 23

x2y g X +C
or

_ 25 2
y=gX + Cx

The initial condition implies that
C=0
o)
y(x) = x5
1 (c) (10 pts) Find a general solution of
y" -y -2y = e5t+ 362

Solution: p(r) = r2 —r—2 = (r—2)(r+1). Sor = —1,2 are roots of the characteristic equation.
Therefore
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yh = cre t+cpe?t

Since et is not a homogeneous solution we have
keat e_5t e_5t

y = = =
" p)  p-5) 28
Since e2t is a homogeneous solution, but 2 is not a repeated root, we have
kte?t _ 3te?t _ 3te?' _ .ot

W= 0@ T P@ 8

Thus

-5t
Y = Yh+Yps +Yp, = Cre7t +coe? + S + e

SNB check: y"' —y' — 2y = et + 3e2t, Exact solution is:
—t 2, 1 7t _ ogalt
{c4e +Cge? + —Lo-(8ate™ - 2807t + 3)}

2. (a) (12 pts) Find a general solution of

y" + 2y’ —3y = 5sin3t — 3 + 3t2
Solution: p(r) = r2+2r—3 = (r+3)(r—1), sor = 1,-3. Thus
Yh = c1el +coe 3t
We find a particular solution for 5sin 3t now.
Method 1 using complex variables.
Consider the companion equation
v +2v/ —3v = 5cos3t

Multiplying this equation by i and adding it to the original equation and letting w = iy + v leads to
w' + 2w’ — 3w = 5isin3t + 5cos3t = 5e3it
Since p(3i) = -9+6i—3=-12+6i=-6(2-1) # 0
3it ; i
_ 1 5e” 2+ | ——5(2+')(cos3t+isin3t)

X =

6 2-1)  2+i 6(5)

Wp =

Since yp, = Imwp,

Yp, = —% cos 3t — %sin 3t

We letyp, = Ag + At + At2 to find a particular solution for —3 + 3t2 . Then substituting into the DE
leads to

2A5 + 2A1 + 4Ast — 3Ag — 3A1t — 3A,t2 = —3 4 3t2

Therefore
Ar =-1
4A;—3A; =0 = Ag =—%
2A> + 2A1 —3Ag = -3
Thus
_2_8_ —_ - _32
2 3 3Ag 3=>Ap 9
oo =5 - hiot
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and finally

Y = Yh +Yp; +Yp, = Crel +coe 3t - %cos3t— %sin3t— % - %t—t2

SNB check: y" + 2y’ — 3y = 5sin3t -3 + 3t2, Exact solution is:

3t 1 Lo 4 t_42_5
{C47e — 4 cos3t— Lsin3t— t+ Cyeel -t —3}

2(b) (13 pts.) Find a general solution of

v -2y ey = &
Solution: We use the Method of Variation of Parameters. The characteristic equation is
p(r) =r2—-2r+1=(r- 1)2 sor = 1isa repeated root and
Yh = C16X + coxeX
Let
Yp = VieX + voxeX
The two equations for v, v5 are

vieX +vhxeX =0
X
VX +vh(eX +xeX) = &
eX  xeX
W[eX,xeX] = = e
eX eX 4 xeX
Therefore
0 xeX
X
/ £ eX4xeX
vy = eZX =—1:>V]_=—X
eX 0
x e*
v —e—x—l:v = Inx
2= xS x P V2=
Thus

yp = vieX +voxe* = —xeX + xInxeX
Since xe* is a homogeneous solution we need not include it in yp and we have

Yy = Yh +Yp = c1eX + coxeX + xInxeX
SNB check: y" — 2y’ +y = £ Exact solution is: {Cs7e* — xeX + CsgxeX + xe* Inx}
3. (a) (10 pts.) Let

1for0<t<l1
9(t) =
0 fort>1
Use the definition of the Laplace transform to find £4{g(t)}

Solution:
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249} = [ g(e ot

= J.(l) 1.eStdt + _[io 0 - e Stdt

e—st

—st1 —
:_1est|0:_%[e st_l]:%_ :

S
(b) (15 pts.) Solve using Laplace Transforms:

y'+4y =4t y0)=1, y'(0)=5
Solution: Taking Laplace transforms of the DE vyields
SL{Y) - 5y(0) -y (0) + 4Ly} = 5
or
(s2+4)L{y} =s+5+ ;iz
5

Ly = =S—+ + 4
v s2+4  s2+4  s2(s?+4)

We have to invert this to find y(t).
Method 1 without complex variables.

4 _A_ B  GCs+D
s?(s2+4) 3 2 s2+4
Multiplying by s2 and setting s = 0 yields
4 _q1_
7 1=8B
SO
4 _A_ 1 _ GCs+D
s?(s2+4) 3 2 s2+4

s = 1 gives the equation
4 _ay14+ CtD

5 5
s = —1 gives the equation
4 _ _pAp14=CtD

5 5

Adding these two equations gives

8 _ 2
5 2+5D
or
8=10+2D
soD = -1. Thus
4 A 1 Cs-1
=2 4 =4
s?(s?+4) 5 2 s2+44
s = 2yields
4 _A_ 1, 2C-1
48) 2 4778
or
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4 =16A+8+8C-4
Simplifying we
2A+C =0

The equation we got setting s = 1 becomes with D = -1
4 a1+

5 5
or
4=5A+5+C-1
or
5A+C =0
Thus A = C = 0 and we have
4 _ 1, -1
s2(s?2+4) s2  s2+4
S 5 4
= 214 244 s2(s?+4)
:szs+4+325+4+s%+32ﬁ
__s ,_4 1

J’_ —_
s2+4 s244 2
Taking the inverse of this expression using the tables yields
y(t) = cos2t + 2sin2t + x

Method 2 with complex variables:

4 _ 4 _A,B
s2(s?+4)  s?(s-2i)(s+2i) 3 §?
As before multiplying by s2 and setting s = 0 yields B = 1. Multiplying by s — 2i and setting s = 2i
yields

C D
s-2i T s+2i

_4 _c-d
—4(4i) ¢ 4
Multiplying by s + 2i and setting s = —2i yields
4 _p__i
—4(-4i) 4
Therefore
4 _ 4 AL L i1 i1
s?2(s2+4)  s2(s-2i)(s+2i) 3 s2 4s-2 4s+2
s = 1yields
4 _ i _d_1
A T T S N T
or
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_A i i

_1 + _
5 41-2i) 4(1+2i)
1 _ i 1+ 2i —i 1-—2i
5 ~ AT =2 “1+2 T aa+zn 1-2i
1 _ i—-2-i-2 _a_1
5 - AT T4 A3
so A =0. Thus
4 _ 1 i1 1 1
s?2(s2+4) s2  4s-2 4 s+2i
and
£ _ S + 5 + 4
v s2+4  s2+4  s2(s2+4)
__S 5 A i1 i1
T S2+4 s244 2 A s-21 As+2i
o)
_ 5 A a2it i a-2it
y(t) = cos2t + 2S|n2t+t+4e e
= cos2t + %sin2t+t+ Le?t—e 2]
:cosZt+%sin2t+t+%[COSZHisin2t—cosZt+isin2t]
:0052t+%sin2t+t+%[2isin2t]
:c052t+%sin2t+t—%sin2t

= cos2t+2sin2t+t

4.) a.) (10 pts.) Use separation of variables, u(x,t) = X(x)T(t), to find two ordinary differential
equations which X(x) and T(t) must satisfy to be a solution of

_ 19525.0%U 3 50U _
12x~4t o2 + (X+2)°(t+2) ox 0.

Note: Do not solve these ordinary differential equations.

Solution:
ou _ y!
ox X (X)T(1)
ou _ !
o= X0T'®

02u 1"
L2 = X(X)T"(t
24— x0T

So the DE implies
—12x25X )T (1) + (x + 2)3(t + 2)°X' () T(t) = 0

or
12x2X ()T (1) = (x+ 2)3(t+ 2)°X' (x)T(t)
So
12657 _ x+2%%
(t+2)°T x2X
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So the two DEs are
1257 —k(t+2)°T = 0
(x+2)3X —kx2X =0

b.) (15 pts.) Find the eigenvalues and eigenfunctions of
y' —4%y'+42%y =0 y(0) =0 y(1) +y'(1) = 0

Solution: The characteristic equation is r2 — 4Ar + 422 = 0 or (r — 24)2 = 0. Thus r = 24 is a repeated
root and the solution to the DE is

y(x) = c1e?MX + coxeM

The boundary condition y(0) = 0 impliescq = 0, 0 y(X) = coxe2*X, and
y'(X) = cpe2MX 4 2Acoxe24X. Therefore

y(1) +y'(1) = coe?* + coe?t + 2Ac0e2* = 0
or
2+21)c2 =0
For co # 0 this implies the eigenvalue A = —1 and the eigenfunction
y(x) = coxe™*
5. (a) (15 pts.) Find the first five nonzero terms of the Fourier sine series for the function
2 O<x=<Z

f(x) = 0

Be sure to give the Fourier series with these terms in it.

Solution: L = %

f(x) = ) an sin(n—fx> =" ansin(2nx)
1 1

and
an = % th(x)sin(”—’ﬁ)dx = % If f(x)sin(2nx)dx n=1,2,3,...
an = %J.f(2)sin(2nx)dx
_ _8 cos2nx |%
T 2n 0
= —%[cos(%’) - coso] — —%[cos(n%) - 1} n=123...
Therefore
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agz—%[COSﬂ'—l]Z%—%
~aeleos(F) 1] =45
ﬁ[cos(Zn) 1]1=0
=g [eos(F)-1] - 40

ag = %[oos(sn) 1] = %

Thus

0

f(x) = Zan sin(2nx) = a; Sin2x + a, sin4x + ---
= (%)sin2x+ (%)sin4x+ (%)sin6x+03in8x+ (%)sinlOXJr (%)sianXJr

(b) (10 pts) Sketch the graph of the function represented by the Fourier sine series in 5 (a) on
- <X 7.

L =0.78540, L =1.5708 3£ = 2.3562
(0,2,.78,2)

6 (25 pts.)
PDE Uxx — 8Ut =0
BCs u(0,t) =0 ux(1,t) =0

ICs u(x,0) = —2sin 32” X + 10sin 92”

You must derive the solution. Your solution should not have any arbitrary constants in it. Show all
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steps.

Solution: Let u(x,t) = X(x)T(t). Then the PDE implies
X'T = 8XT'

or

1 /
akia i
Thus the ODEs for X and T are

X"+r2X =0
rp Lot
T+8rT 0

We have the BCs X(0) = X'(1) = 0.
X(x) = asinrx + bcosrx
X(0) = 0 impliesb = 0.
X'(x) = arcosrx
S0
X'(1) = arcosr = 0
n=0,1,2,... and

Xn(X) = cwin(%)m, n=0,12,...

@n+1)n

Thereforer = 5

The equation for T(t) is

(2n +1)272
T+ —32 T=0
S0
_(2n+1)2n2t
Tn(t) = dnpe 32 n=20,12,...
Hence

(2n+1)272

un(x,t)zAnsin(Zn—;l>nxe_ 2 ' n=012,...

(2n+1)272

0 = 3 un0t) = 3 Ansinf (2L ) Je
n=0 n=0

u(x,0) = —2sin 32”x+ 1Osm7” =>'A nsm(
n=0

SOAn =0,n =+ 1,4and A; = —2,A, = 10.

L )ox

97[2 8172
u(x,t) = -2sin 3T”xe “32 ' 4 10sin 92” Tt

7. (a) (15 pts.) Solve the equation
y' +3xy' +2y =0

near x = 0. Be sure to give the recurrence relation and the first 3 nonzero terms in each linearly
independent solution.

Solution:

10
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o0

- S
n=0
o0

y' = napx"?
n=1

= n(n-1)anx"2

n=2
Then the DE implies

Zn(n — Danx"2 + SZnanx” + ZZanx” =0
n=0
or

o0 o0
D n(n—1)anx"2 + > (3n + 2)anx" + 2ag = 0
n=2 n=1

Shifting the first summation by lettingn— 2 =k, or n = k + 2 we have

D (k+2)(K+ Dagoxk + D (3n+2)anx" +2ag = 0

k=0 n=1
Replacing k and n by m we have
D[+ 2)(M+ D)amez + (3m+ 2)amX™ + 2(1)az + 2ag = 0
m=1
Thus
do = —ap
and
M+2)(m+Damp2 +Bm+2)am =0

or

_ _ 3m+2 _

ame2 = mz2)msD) am m=123,...
Thus
___5
as 302) ai
8 8
ag = — a, = a
@R T @E)
11 11(5)
ag = ————=—agz = ———+>——
STTEH R T B

Thus

Can(1-x2+ 254 4 ... _5,3,55,5 ..
y(x)—ao(l X +3x + >+a1<x 3!x + 5!x + )
SNB check: y’ +3xy + 2y = 0, Series solution is:
{y(0) +xy'(0) —x?y(0) - 2x3'(0) + £x4y(0) + 22-x5y'(0) — 43xBy(0) — {BL-x7Y'(0) + $xBy(0) +

(b) (10 pts.) Find a second order homogeneous, ordinary differential equation with real constant
coefficients for which

11
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—5.2e73tcos5t and %e‘3tsin5t

are the solutions.

Solution: The LI solutions are e=3tcos5t and e~3tsin5t. These come from the case of complex roots
with a = -3, 8 = 5. That is with roots —3 + 5i. Thus

p(r) = (r+3-=>5i)(r—3+5i) = [(r+3)—5i][(r—3) + 5i]
=(r+3)2+25=r2+6r+34
Therefore, the DE is
y'" -6y’ +34y =0
SNB check: y" + 6y’ + 34y = 0, Exact solution is: {Cs(cos5t)e~3' — Cge3tsin5t )

8 (a) (12 pts.) Find an integrating factor to make
y2 cosxdx + (4 + 5ysinx)dy = 0
exact. Then use it to solve the equation.
Solution: We multiply the equation by u(x,y) and get
y2 cosxudx + u(4 + 5ysinx)dy = 0

Thus M = y2cosxu and N = u(4 + 5ysinx).

My = 2yucosx + uyy2 cosX = Nx = ux(4 + 5ysinx)) + u(5ycosx)
Letting ux = 0 we get
2du

2yu+y dy:Syu
or
du _3,_
dy y! 0

The solution is e_f Pdy _ ej ay = y3 We multiply the original equation by this to get
y®cosxdx + (4y3 + 5y4sinx)dy = 0
Now My = 5y*#cosx = Ny and this equation is exact. Thus there exists f(x,y) such that
fx = M = y®cosx and fy = N = 4y3 + 5y*sinx

Therefore integrating fx with respect to x, holding y fixed gives

f(x,y) = y°sinx + h(y)
Hence

fy = By*sinx + h'(y) = 4y3 + 5y*sinx
soh(y) = y* +c.
f(x,y) = y°sinx+y* +c¢
and the solution is given by
yosinx +y* = k

(b) (13 pts.) Find

;ﬁ_l{ s+1
s? +4s+13

Solution:

12
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s+1 _ s+1 _ S+2 _ 1
$2+45+13 (5+2)2+9  (5+2)%2+9 (s+2)%2+9
S+ 2 1 3

5+2)2+9 3 (s+2)2+9

i—l{ s+1 _ el s+2 1l 3
s2+4s5+13 (s+2)2+9 3 (5+2)%+9

= e~ 2lcos3t — %e‘zr sin3t

Therefore

13
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Table of Laplace Transforms

f(t) F(s) = L{f}(s)
A n>1/s>0
(n-1t | "
edt 5 1 = s>a
; b
sinbt 7 . p? s>0
s
cos bt Y, s>0
edlf(t) | L{fi(s-a)
i) D" LE )

Table of Integrals

[sin?xdx = — %cosxsinx+ %x +C

[ cos?xdx = % coSXsinX + %x +C

fxcos bxdx = b—lz(cos bx + bxsinbx) + C

[xsinbx = biz(sin bx — bxcosbx) + C

j( et )dt: —et_Inet) +In(L+et) +C

1+et
[ xe®dx = %(axeax —e¥) 4+ C

14



