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Ma 221 Final Exam Solutions 5/5/08

Print Name:

Lecture Section:
I pledge my honor that I have abided by the Stevens Honor System.

This exam consists of 8 problems. You are to solve all of these problems. The point value of each
problem is indicated. The total number of points is 200.

If you need more work space, continue the problem you are doing on the other side of the page it is
on. Be sure that you do all problems.

You may not use a calculator, cell phone, or computer while taking this exam. All work must be shown
to obtain full credit. Credit will not be given for work not reasonably supported. When you finish, be
sure to sign the pledge.

There are tables giving Laplace transforms and integrals at the end of the exam.

Score on Problem #1
#2
#3
#4
#5
#6
#7
#8

Total Score
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1. Solve
(a) (8 pts)
(x2+1)y' +3xy = 6x y(0) =-1

Solution: This equation if first order linear.

! 3X

6X
+
y X2 +1

X2 +1

y:

3 2X
eIP“::eZIxalwzze%““ﬂ+”::(x2+1)%1nwmﬁpwn@theDEbytmsymMs
(x2+1) %y/ +3x(x? +1) %y = 6x(x? +1) 7
or

%[(xz + 1>%y} = 6x(x? + l>%
Integrating yields
(x2+1) 7y =2(x2+1)7 +C

or
C

yx) =2+ ——=—
(x2+1)2
The initial condition implies
y0)=2+C=-1

so C =-3and

yx) =2- —3—

(x2+1)2
"+ 6x

3X
y Y= = .. 3
SNB check: x2+1 x2+1  Exact solution is: L <2<x2 +1)72 - 3)
y(0) = -1 (241)2

sin(x +y)dx + (2y + sin(x +y))dy = 0
Solution: This equation is exact since
osin(x +y)
oy
Thus, there exist f(x,y) such that

(b) (7 pts) Solve

o2y +sin(x +Y))

= CoS(X+Y) = M

fx = M =sin(x+y)

fy =N =2y +sin(x+y)
Integrating the first equation wrt x we have

f(x,y) = —cos(x +y) +g(y)
Then
fy = sin(x+y) +g'(y) = N = 2y +sin(x +y)
and
g(y) =y*+C
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f(x,y) = —cos(x +y) +y2 +C
and the solution is given by
y2 —cos(x +y) = K
1 (c) (10 pts) Find a general solution of
y'+2y' =3y =3t+4+e
Solution: p(r) = r2 +2r—-3 = (r+3)(r—1). Thusr = -3,1 and
yh = c1e 3+ coet
We must now find a particular solution. For e=3t we have since p(-3) = 0 and
p'(-3)=2(3)+2=-4=%0
te-3t o3t
p'-3) 4
For 3t + 4 we assume yp, = At+B, soy’ = A,y = 0 and the DE implies
2A-3At-3B =3t+4
Hence A = -1 and 2A - 3B = 4 implies —-3B = 6 and B = -2 so

Yp, = —t=2

Yp1 =

and

-3t
Y = Yh +Yp1 +Yp, =cle‘3t+czet—teT—t—2

SNB check: y" + 2y’ — 3y = 3t + 4 + e~3t, Exact solution is:

{Cse 3t - L5 (4t+16te3 +32¢% + 1) + Cyet}

2. (a) (12 pts) Find a general solution of

y" + 4y = cos2t — 2sint
Solution: The roots of the characteristic polynomial p(r) = r2 + 4 are r = +2i. Therefore

Yh = C1Sin2t + co cos2t

We now find a particular solution for cos 2t. We use the Method of Undetermined Coefficients.
Consider the two equations

y" + 4y = cos2t
V"' +4v = sin2t
Multiplying the second equation by i and adding it to the first and letting w = y + iv leads to
w' + 4w = cos2t + isin2t = e2it

Thus
2it 2it i+ 2it
e te ite t o, : ;
Wp = = — = — = —(—icos2t +sin2t
P 0@ 2(2i) 4 7 )
Thus
yp; = Rewp = tsin 2t

4
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To find a particular solution for —2sint we consider the two equations
y" + 4y = —2sint
v+ 4v = —2cost
Multiply the first equation by i, let u = v + iy to get
u” +4u = —2cost — 2sint = —2eit
Then since p(i) = i2+4 = 3 = 0, then

it
Up = —23e' :—%(cost+isint)

and

0 _ 2.

Yp, = Imup = 3 sint
Thus
y=y - in2 tsin2t _ 2
h+Ypy +Yp, = C1SiN2t + CoCOS2t + 7] 3 sint

SNB check: y"' + 4y = cos2t — 2sint, Exact solution is:
{1—16 cos2t — £ sint+ C16C0s2t — C175in2t + 2-tsin Zt}

2(b) (13 pts.) Use the method of Variation of Parameters to find a general solution of

y'+2y +y =tdet
Solution: The characteristic equation is p(r) = r2 +2r+1 = (r + 1)2, sor =-1isa repeated root and

Yh = c1e7t +cpe™
Let

yp = vie Tt +votet
The two equations for v; and v}, are

ev] +te7vh, = 0
—e7vy + (et —te v, = toe

The Wronskian of these the two homorgeneous solutions is

—t t
e te _ o2t
et ettt
Thus
0 te~t
, toet et _tet a2t 6
vy = - = _t
et 0
/ —e 1 toet 5
Vo = =t
2 g2t
Thus
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__t

V1, = 7

_ 16

V2—6
_ et IO LA LA S Y
Yp = vie ' +vote e+ e 42te

and

y=Yh+Yp=cret+coet+ 4—12t7e—t

SNB check y" + 2y’ +y = toe~t, Exact solution is: {ng,e—t + %E—Yt + C26te—t}
3. (a) (10 pts.) Let
tfor0<t<l1

git) =
1 forl<t<ow

Use the definition of the Laplace transform to find £4{g(t)}
Solution:

0 1 0
_ —Stqy — —st —st
L{g(D)} = jo g(t)estdt = jote Sdt+j1 (1)e~stdt
- _312 (-ste~st —e~sty]t — Le-sty®

-5 g8 1 gs 1 gs
==__&£ 4, + 4 & _ 4 £

The formula jteatdt = a%(ateat —ea) 4+ C on the last page of the exam was used in the calculation.

(b) (15 pts.) Solve using Laplace Transforms:

y'-y' -2y =e? y(0) =0, y'(0) =-1
Solution: Taking Laplace transforms of both sides of the equation leads to
2 _o_ _ _v/ _ 2ty - 1
(2 =5 =2) Ly} —sy(0) —y'(0) +y(0) = £{e*} = =5
Thus

(s=2)(s+ 1)Ly} = -1+ 352 _ —Ss_+23

so that

£ _ -s+3
v (s+1)(s—2)2

We have to invert —=t3—  Now
(s+1)(s-2)
—-S+3 _ _A B C

= + +
(s+1)(s-2)2 s+1 s-2 (5-2)2
4
(-3)?

Multiplying by s + 1 and setting s = —1 gives us A = = %. Multiplying by (s — 2)2 and setting

s = 2gives us C = +. Thus
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—-s+3 _4_1 + B -|-l 1
(s+1)(s-2)> 9s+1 s-2 3 (5-2)°
Settings = 1we get 2 = £ -B+ L. Thus
- 142 __4
B = 1+9 9
<s+3 _ 4.1 4 1 .1 1
(s+1)(s—2)2 9s+1 9s-2 3 (5-2)2

— 4_ 1 _4_1 1_ 1 _ A4t _ 42t 12t
y(t)“f{g s+1 9s—2+3(5_2)2} & - geT gt

where we have used the shift formula to get the last inverse.

SNB check:
y' -y -2y = e?
e [Aat_ 12t 12t 1.0t
y(0) = 0 ,Exactsolution is: { ge~t— L+ 12— Le2t},
y'(0) = -1

4.) a.) (10pts.) Use separation of variables, u(x,t) = X(x)T(t), to find two ordinary differential
equations which X(x) and T(t) must satisfy to be a solution of

_ay443.0%U 5t _2\3.0U _
3x4t a)(2+(x+6) (t-2°4 = 0.

Note: Do not solve these ordinary differential equations.

Solution:
% = X' 00T(t)
U~ X"00T(t)
A = Xxe0T'®

So the DE implies
= 33X T + (x + 6)°(t—2)3XT = 0
or
X! _ (t=2)°T
(x+6)°X 3T
where K is a constant. The two DEs are
XX —k(x+6)°X =0
(t-2)3T —kt3T = 0

b.) (15 pts.) Find the eigenvalues and eigenfunctions for
x2y"+xy' +2y =0 y(1) =y(e") =0
Be sure to consider the cases A < 0,4 = 0, and 1 > 0.
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Solution:
Note that this is an Euler equation!! Since p = 1,q = A the indicial equation is

rP+@p-1r+q=r2—-1=0
I.1 < 0. Let A = —a2 where a # 0. Then the indicial equation is
r2—g2=0
som = +a. Thus
y = C1X* +Cox™®
The boundary conditions imply
C1+C2=0

C1e%" +coe ™ =0

This leadstocq = co = 0, soy = 0 and there are no negative eigenvalues.

Il. 2 = 0. The DE for this case is

x2y" +xy' =0
or
xy" +y' =0
Letv =y’ so we have
xv' +v =0
xv) =0

Thenv = CTl andy = cqInx + c,. The BCs lead to
C1+Cr =0
ciIlne®+cy, =0
or
C1+C2=0
mC1+C2 =0
Again we have c; = ¢cp = 0, so 4 = 0 is not an eigenvalue.

[1I. A > 0. Let A = 2 where B # 0. The indicial equation is

r2+p2=0
o)
r=4+pi
Thus
y = cqpcos(BInx) +cosin(BInx)
The BCs imply

c1=0
Co is arbitrary
sin(fr) =0= f=nforn=1,2,...



Name Lecturer

Eigenvalues:
An = B2 =n?wheren =1,2,...

Eigenfunctions:
Yn = cnsin(ninx)
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5. (a) (15 pts.) Find the first five nonzero terms of the Fourier cosine series for the function
fx) =2-x; 0<x<2
Be sure to give the Fourier series with these terms in it.

Solution:
= nrx
f(X)—bo+nz;l'bncos( : )
_ 1t _ 2t nrx _
bo = & [ f00dx  bn = 2 [ fcos( M Jax n=1.2,...
Here L = 2s0
- nzx
f(x) = bo +§bn cos(%)
-1 2 1 X 2
bO—ZIOf(X)dX— _[(2 X)dx = 2 (2x 2)|0 1
_ 2t Nzx _ 2 _ nzx _
bn = Ljof(x)cos( L )dx— 2J‘O(Z x)cos—2 dx n=1,2,...
o)
bn=[nL(2—x)sin(nﬂX)_ COS(nnx ( 4 )[—cos(nn)+1] n—12 .
T 2 n2n 2.2
Thus
- (&)
1 2 1+
b =<i> ~1+1]
2 Ar2
b =<i>1+1
3 972 [
b =< 4 ) 1+1] =0
4 1672 =
b5=< 42>[l+1]
2577.' 257[
b =< 4 ) 1+1] =0
6= 36,2 )1
b =< 4 >1+1 -8
! 4972 [ ] 4972
and

f(x)—1+ 8 - cos(2X) + 982

cos(3EX ) 4 8 _cos(DX ), 8 _os(LEX), ...
- 2 2 2

2572 4972

(b) (10 pts.) Sketch the graph of the function represented by the Fourier cosine series in 5 (a) on
-2 <X < 6.
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6 (25 pts)

PDE Ugt = 4Uxy

BCs ux(0,t) =0  ux(mzt)=0

ICs  u(x,0) = 2cos(3x) — 5cos(5x) + 7 cos(6x)
ut(x,0) =0

You must derive the solution. Your solution should not have any arbitrary constants in it. Show all
steps.

Solution:
Let u(x,t) = X(x)T(t). Then differentiating and substituting in the PDE yields

XT" = ax"T
=
Xl/ -I-//
X 4T

Using the argument that the left hand side is purely a function of x and the right hand side is purely a
function of t, and the only way that they can be equal is if they are equal to a constant, we get

1 /!
XT - I—T =k  k aconstant

This yields the two ordinary differential equations
X"-kx=0 and T'-4kT=0

The boundary condition ux(0,t) = 0 implies, since ux(x,t) = X' (X)T(t) that
X'(0)T(t) = 0. We cannot have T(t) = 0, since this would imply that u(x,t) = 0. Thus X'(0) = 0.
Similarly, the boundary condition ux(z,t) = 0 leads to X'(z) = 0.

We now have the following boundary value problem for X(x) :
X"-kXx=0 X @) =X'(z)=0

For k > 0,the only solution is X = 0. For k = 0 we have X = Ax + B. X'(x) = A, so the BCs imply that
X(x) =B, B+0
is a nontrivial solution corresponding to the eigenvalue k = 0.
Fork < 0, let -k = a2, where & = 0. Then we have the equation
X"+a2X =0
and

11
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X(X) = cqSinax + € cosax
X'(x) = ciacosax — coasinax

X'(0)=cia =0
socq = 0.
X'(r) = —cpasinar = 0
Thereforea = n, n = 1,2, ... and the solution is

k=-n?2  Xnp(X) =cncosnx n=123,...
Substituting the values of k = —n? into the equation for T(t) leads to

T +4n2T =0
which has the solution

Tn(t) = cprcos2nt+cposin2nt, n=1,2,3,...

ut(x,0) = 0 implies that T'(0) = 0.
T'(t) = —2ncpy sin2nt + 2ncpp cos2nt so then T'(0) = 0 implies that cpp = 0 forn = 1,2,3,...

We now have the solutions
un(x,t) = Ancosnxcos2nt n=0,123,...

Since the boundary conditions and the equation are linear and homogeneous, it follows that

o0 o0
u(x,t) = D_un(x,t) = D _ Ancosnxcos2nt
n=0 n=0

satisfies the PDE, the boundary conditions, and the second initial condition.
The first initial condition leads to

o0
u(x,0) = 2cos(3x) — 5cos(5x) + 7cos(bx) = Z An Ccosnx.
n=0

Matching the cosine terms on both sides of this equation leads to

Az =2, As = -5, and Ag = 7. All of the other constants must be zero, since there are no cosine
terms or constant terms on the left to match with. Thus

u(x,t) = 2cos3xcos6t — 5cos5xcos10t + 7 cos 6xcos 12t

12
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7.(a) (10 pts.)  Consider the equation
(X2 -8x+15)y" +(x+2)y' +3y =0

i.) Find the singular points of the above equation

ii.) Find a minimum value for the radius of convergence of a power series solution about
x = 2 of the above equation. (Note: You do NOT have to find the power series solution.)

Solution:
i.)  Divide the DE by x2 — 8x + 15 to obtain:
2) 3
" (x+ ' ~0
Y T Tex+15) | X2_8x+15°

X2 -8x+15=0= (x-3)(x-5)=0=x=23,5
So then, the singular points are x = 3and x = 5.

ii.)  The minimum radius of convergence will be the distance from x = 2 to the nearest singular
point.
The nearest singular point is x = 3, so then, the minimum radius of convergence is 1.

14
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(b) (15 pts.) Find the first 6 nonzero terms of each linearly independent power series solution
about x = 0 for the DE:

y" =33y +y =0
Be sure to give the recurrence relation.

Solution:
yx) = D anx"
n=0
y'(x) = D an(nx"?
n=1
y" () = an(n)(n - 1)x"2
n=2
The DE implies

D an(m)(n—1)x"2 = an(n)x™2 + > anx" = 0

n=2 n=1 n=0
We shift the first sum by lettingn —2 = k+ 2 or n = k + 4 and the third sum by letting n = k + 2and
get

3 ageak+ Ak + 3)xK2 =S an(x™2 + Y ay xk2 = 0
k=-2 n=1 k=2
Replacing n and k by m and combining we have

o0

2a + 6agx + 12a4%% + ag + a1X + azx2 + Y _{amsa(M+4)(M + 3) — Mam + a2 }x™2 = 0

m=1
S0
aop
2a2+a0:0:>a2:—7
6a3+a1:0:a3:—%
_ __82 _ a4
12a4+a, =0= ay = 19 >
ama(M+4)(M+3)—mam+ame2 =0
or
_ _Mmam-—am42 _
Amed = m =+ 4)(m + 3) m=3,4,...
Then
_ay—as _ 7aq
%= 5@ 120
Thus
i 2 4 1 7
- n_ 24 ... = X2 X — Ly 4L y54 ...
y(x)—nz_;anx =ag+agX+asxs+ ao[l 5>t 57 +...}+a1[x 6 X+ Xt

15
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8 (a) (12 pts.) Consider:
y" +p®y’ +q@®y =1
Given that y1(t) =t and y,(t) = t2 are solutions to the above equation, find p(t) and q(t).

Solution: Substituting y4 and y» into the DE we have
pt) +tq(t) =1
2 +pt)(2t) +qHt? = 1
or
pt) +tq(t) =1 = q(t) =
2tp(t) + t2q(t) = -1

1-p@®
t

so from the second equation
2tp(t) +tL - p(t) = -1 = 2p(H) —tp(t) = -1 -t = p(t) = =L=L
1+t

J’_ —_
and q(t) = —1— = Ztthr 1

7] _I _t i 2t+ I :I

16
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(b) (13 pts.) Find

;6—1{ 5s2 —5s— 4 }
(s—3)(s2 +4)

Solution:
g - 5s2-5s-4 _ _A , Bs+C
(s—3)(s2+4) S—3  s244
= 552 —55—4 = A(s? +4) +Bs(s—3) + C(s—3)
s=3=
26 =13A=>A=2
s=0=>
-4=4A-3C=>C=14
s=1=
-4=5A-2B-2C=>B=3
So then,
y= 333 ' Sgij - 533 +3(szs+4)+2(322+4)
Therefore,

y = £y} = 23!+ 3cos2t + 2sin2t

17
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Table of Laplace Transforms

f(t) F(s) = L{f}(s)
A n>1/s>0
(n-1t | "
edt 5 1 = s>a
; b
sinbt 7 . p? s>0
s
cos bt Y, s>0
edlf(t) | L{fi(s-a)
i) D" LE )

Table of Integrals

[sin?xdx = — %cosxsinx+ %x +C

[ cos?xdx = % coSXsinX + %x +C

fxcos bxdx = b—lz(cos bx + bxsinbx) + C

[xsinbx = biz(sin bx — bxcosbx) + C

j( et )dt: —et_Inet) +In(L+et) +C

1+et
[tedtdt = aAz(ateat —edy 4+ C

18



