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If you need more work space, continue the problem you are doing on the other side of the page it is
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You may not use a calculator, cell phone, or computer while taking this exam. All work must be shown
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1. Solve
(a) (8 pts)

x2  1 y′  3xy  6x y0  −1

Solution: This equation if first order linear.

y′  3x
x2  1

y  6x
x2  1

e
Pdx

 e
3
2  2x

x21
dx
 e

3
2

lnx21  x2  1
3
2 . Multiplying the DE by this yields

x2  1
3
2 y′  3x x2  1

1
2 y  6x x2  1

1
2

or

d
dx

x2  1
3
2 y  6x x2  1

1
2

Integrating yields

x2  1
3
2 y  2 x2  1

3
2  C

or

yx  2  C

x2  1
3
2

The initial condition implies

y0  2  C  −1
so C  −3 and

yx  2 − 3

x2  1
3
2

SNB check:
y′  3x

x21
y  6x

x21

y0  −1
, Exact solution is: 1

x21
3
2

2 x2  1
3
2 − 3

(b) (7 pts) Solve

sinx  ydx  2y  sinx  ydy  0

Solution: This equation is exact since
∂ sinx  y

∂y  cosx  y 
∂2y  sinx  y

∂x
Thus, there exist fx,y such that

fx  M  sinx  y

fy  N  2y  sinx  y

Integrating the first equation wrt x we have

fx,y  −cosx  y  gy
Then

fy  sinx  y  g′y  N  2y  sinx  y

and

gy  y2  C
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fx,y  −cosx  y  y2  C

and the solution is given by

y2 − cosx  y  K

1 (c) (10 pts) Find a general solution of

y′′  2y′ − 3y  3t  4  e−3t

Solution: pr  r2  2r − 3  r  3r − 1. Thus r  −3,1 and

yh  c1e−3t  c2et

We must now find a particular solution. For e−3t we have since p−3  0 and
p′−3  2−3  2  −4 ≠ 0

yp1 
te−3t

p′−3
 te−3t

−4

For 3t  4 we assume yp2  At  B, so y′  A,y′′  0 and the DE implies

2A − 3At − 3B  3t  4

Hence A  −1 and 2A − 3B  4 implies −3B  6 and B  −2 so

yp2  −t − 2

and

y  yh  yp1  yp2  c1e−3t  c2et − te−3t

4
− t − 2

SNB check: y′′  2y′ − 3y  3t  4  e−3t, Exact solution is:
C5e−3t − 1

16e3t 4t  16te3t  32e3t  1  C4et

2. (a) (12 pts) Find a general solution of

y′′  4y  cos2t − 2sin t

Solution: The roots of the characteristic polynomial pr  r2  4 are r  2i. Therefore

yh  c1 sin2t  c2 cos2t

We now find a particular solution for cos2t. We use the Method of Undetermined Coefficients.
Consider the two equations

y′′  4y  cos2t

v′′  4v  sin2t

Multiplying the second equation by i and adding it to the first and letting w  y  iv leads to

w′′  4w  cos2t  i sin2t  e2it

Thus

wp  e2it

p′2i
 te2it

22i
 − ite2it

4
 t

4
−icos2t  sin2t

Thus

yp1  Rewp  t sin2t
4
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To find a particular solution for −2sin t we consider the two equations

y′′  4y  −2sin t

v′′  4v  −2cos t

Multiply the first equation by i, let u  v  iy to get

u′′  4u  −2cos t − 2sin t  −2eit

Then since pi  i2  4  3 ≠ 0, then

up  −2eit

3
 − 2

3
cos t  i sin t

and

yp2  Imup  − 2
3

sin t

Thus

y  yh  yp1  yp2  c1 sin2t  c2 cos2t  t sin2t
4

− 2
3

sin t

SNB check: y′′  4y  cos2t − 2sin t, Exact solution is:
1
16

cos2t − 2
3

sin t  C16 cos2t − C17 sin2t  1
4

t sin2t

2(b) (13 pts.) Use the method of Variation of Parameters to find a general solution of

y′′  2y′  y  t5e−t

Solution: The characteristic equation is pr  r2  2r  1  r  12, so r  −1 is a repeated root and

yh  c1e−t  c2e−t

Let

yp  v1e−t  v2te−t

The two equations for v1
′ and v2

′ are

e−tv1
′  te−tv2

′  0

− e−tv1
′  e−t − te−tv2

′  t5e−t

The Wronskian of these the two homorgeneous solutions is

e−t te−t

−e−t e−t − te−t
 e−2t

Thus

v1
′ 

0 te−t

t5e−t e−t − te−t

e−2t
 −t

6e−2t

e−2t
 −t6

v2
′ 

e−t 0

−e−t t5e−t

e−2t
 t5

Thus

4



Name_________________________ Lecturer ______________________

v1  − t7
7

v2  t6
6

yp  v1e−t  v2te−t  − t7
7

e−t  t7
6

e−t  1
42

t7e−t

and

y  yh  yp  c1e−t  c2e−t  1
42

t7e−t

SNB check y′′  2y′  y  t5e−t, Exact solution is: C25e−t  1
42

t7

et  C26te−t

3. (a) (10 pts.) Let

gt 

t for 0 ≤ t ≤ 1

1 for 1  t  

Use the definition of the Laplace transform to find ℒgt
Solution:

ℒgt  
0


gte−stdt  

0

1
te−stdt  

1


1e−stdt

 1
s2
−ste−st − e−st0

1 − 1
s e−st 1



 −e
−s

s − e−s

s2
 1

s2
 e−s

s  1
s2
− e−s

s2

The formula  teatdt  1
a2 ateat − eat  C on the last page of the exam was used in the calculation.

(b) (15 pts.) Solve using Laplace Transforms:

y′′ − y′ − 2y  e2t y0  0, y′0  −1

Solution: Taking Laplace transforms of both sides of the equation leads to

s2 − s − 2 ℒy − sy0 − y′0  y0  ℒ e2t  1
s − 2

Thus

s − 2s  1ℒy  −1  1
s − 2

 −s  3
s − 2

so that

ℒy  −s  3
s  1s − 22

We have to invert −s3
s1s−22 . Now

−s  3
s  1s − 22

 A
s  1

 B
s − 2

 C
s − 22

Multiplying by s  1 and setting s  −1 gives us A  4
−32  4

9
. Multiplying by s − 22 and setting

s  2 gives us C  1
3

. Thus
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−s  3
s  1s − 22

 4
9

1
s  1

 B
s − 2

 1
3

1
s − 22

Setting s  1 we get 2
2
 2

9
− B  1

3
. Thus

B  −1  5
9
 − 4

9

−s  3
s  1s − 22

 4
9

1
s  1

− 4
9

1
s − 2

 1
3

1
s − 22

yt  ℒ 4
9

1
s  1

− 4
9

1
s − 2

 1
3

1
s − 22

 4
9

e−t − 4
9

e2t  1
3

te2t

where we have used the shift formula to get the last inverse.
SNB check:

y′′ − y′ − 2y  e2t

y0  0

y′0  −1

, Exact solution is: 4
9

e−t − 1
3

e2t  1
3

te2t − 1
9

e2t ,

4.) a.) (10 pts.) Use separation of variables, ux, t  XxTt, to find two ordinary differential
equations which Xx and Tt must satisfy to be a solution of

− 3x4t3 ∂
2u
∂x2

 x  65t − 23 ∂u∂t  0.

Note: Do not solve these ordinary differential equations.
Solution:

∂u
∂x  X′xTt

∂u
∂x  X′′xTt

∂u
∂t  XxT′t

So the DE implies

− 3x4t3X′′T  x  65t − 23XT′  0

or

3x4X′′

x  65X
 t − 23T′

t3T
 k

where k is a constant. The two DEs are

3x4X′′ − kx  65X  0

t − 23T′ − kt3T  0

b.) (15 pts.) Find the eigenvalues and eigenfunctions for

x2y′′  xy′  y  0 y1  ye  0

Be sure to consider the cases   0,  0, and   0.
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Solution:
Note that this is an Euler equation!! Since p  1,q   the indicial equation is

r2  p − 1r  q  r2 −   0

I.   0. Let   −2 where  ≠ 0. Then the indicial equation is

r2 − 2  0

so m  . Thus

y  c1x  c2x−

The boundary conditions imply

c1  c2  0

c1e  c2e−  0

This leads to c1  c2  0, so y  0 and there are no negative eigenvalues.

II.   0. The DE for this case is

x2y′′  xy′  0

or

xy′′  y′  0

Let v  y′ so we have

xv′  v  0

xv′  0

Then v  c1
x , and y  c1 lnx  c2. The BCs lead to

c1  c2  0

c1 lne  c2  0

or

c1  c2  0

c1  c2  0

Again we have c1  c2  0, so   0 is not an eigenvalue.

III.   0. Let   2 where  ≠ 0. The indicial equation is

r2  2  0

so

r  i

Thus

y  c1 cos lnx  c2 sin lnx

The BCs imply

c1  0

c2 is arbitrary

sin  0    n for n  1,2, . . .

7
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Eigenvalues:

n  2  n2 where n  1,2, . . .

Eigenfunctions:

yn  cn sinn lnx

8
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5. (a) (15 pts.) Find the first five nonzero terms of the Fourier cosine series for the function

fx  2 − x; 0  x  2

Be sure to give the Fourier series with these terms in it.
Solution:

fx  b0 ∑
n1


bn cos nx

L

b0  1
L 0

L
fxdx bn  2

L 0
L

fxcos nx
L

dx n  1,2,…

Here L  2 so

fx  b0 ∑
n1


bn cos nx

2

b0  1
2 0

2
fxdx  1

2 0
2
2 − xdx  1

2
2x − x2

2
 0

2  1

bn  2
L 0

L
fxcos nx

L
dx  2

2 0
2
2 − xcos nx

2
dx n  1,2,…

so

bn   2
n 2 − x sin nx

2
 − 4

n22
cos nx

2
0
2  4

n22
−cosn  1 n  1,2,…

Thus

b1  4
2

1  1  8
2

b2  4
42

−1  1  0

b3  4
92

1  1  8
92

b4  4
162

−1  1  0

b5  4
252

1  1  8
252

b6  4
362

−1  1  0

b7  4
492

1  1  8
492

and

fx  1  8
2

cos x
2
  8

92
cos 3x

2
  8

252
cos 5x

2
  8

492
cos 7x

2
 

(b) (10 pts.) Sketch the graph of the function represented by the Fourier cosine series in 5 (a) on
−2  x  6.

9



Name_________________________ Lecturer ______________________

2 − x

-2 -1 0 1 2 3 4 5 6

0.5

1.0

1.5

2.0

x

y
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6 (25 pts)

PDE utt  4uxx

BCs ux0, t  0 ux, t  0

ICs ux, 0  2cos3x − 5cos5x  7cos6x

utx, 0  0

You must derive the solution. Your solution should not have any arbitrary constants in it. Show all
steps.

Solution:
Let ux, t  XxTt. Then differentiating and substituting in the PDE yields

XT′′  4X′′T


X′′
X

 T′′
4T

Using the argument that the left hand side is purely a function of x and the right hand side is purely a
function of t, and the only way that they can be equal is if they are equal to a constant, we get

X′′
X

 T′′
4T

 k k a constant

This yields the two ordinary differential equations

X′′ − kX  0 and T′′ − 4kT  0

The boundary condition ux0, t  0 implies, since uxx, t  X′xTt that
X′0Tt  0. We cannot have Tt  0, since this would imply that ux, t  0. Thus X′0  0.
Similarly, the boundary condition ux, t  0 leads to X′  0.

We now have the following boundary value problem for Xx :

X′′ − kX  0 X′0  X′  0

For k  0, the only solution is X  0. For k  0 we have X  Ax  B. X′x  A, so the BCs imply that

Xx  B, B ≠ 0

is a nontrivial solution corresponding to the eigenvalue k  0.

For k  0, let −k  2, where  ≠ 0. Then we have the equation

X′′  2X  0

and

11
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Xx  c1 sinx  c2 cosx

X′x  c1cosx − c2 sinx

X′0  c1  0

so c1  0.

X′  −c2 sin  0

Therefore   n, n  1,2,… and the solution is

k  −n2 Xnx  cn cosnx n  1,2,3,…

Substituting the values of k  −n2 into the equation for Tt leads to

T′′  4n2T  0

which has the solution

Tnt  cn1 cos2nt  cn2 sin2nt, n  1,2,3, . . .

utx, 0  0 implies that T′0  0.
T′t  −2ncn1 sin2nt  2ncn2 cos2nt so then T′0  0 implies that cn2  0 for n  1,2,3, . . .

We now have the solutions

unx, t  An cosnxcos2nt n  0,1,2,3, . . .

Since the boundary conditions and the equation are linear and homogeneous, it follows that

ux, t ∑
n0


unx, t ∑

n0


An cosnxcos2nt

satisfies the PDE, the boundary conditions, and the second initial condition.
The first initial condition leads to

ux, 0  2cos3x − 5cos5x  7cos6x ∑
n0


An cosnx.

Matching the cosine terms on both sides of this equation leads to

A3  2, A5  −5, and A6  7. All of the other constants must be zero, since there are no cosine
terms or constant terms on the left to match with. Thus

ux, t  2cos3xcos6t − 5cos5xcos10t  7cos6xcos12t

12
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7. (a) (10 pts.) Consider the equation

x2 − 8x  15y′′  x  2y′  3y  0

i.) Find the singular points of the above equation
ii.) Find a minimum value for the radius of convergence of a power series solution about

x  2 of the above equation. (Note: You do NOT have to find the power series solution.)

Solution:
i.) Divide the DE by x2 − 8x  15 to obtain:

y′′  x  2
x2 − 8x  15

y′  3
x2 − 8x  15

y  0

x2 − 8x  15  0  x − 3x − 5  0  x  3,5
So then, the singular points are x  3 and x  5.

ii.) The minimum radius of convergence will be the distance from x  2 to the nearest singular
point.

The nearest singular point is x  3, so then, the minimum radius of convergence is 1.

14
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(b) (15 pts.) Find the first 6 nonzero terms of each linearly independent power series solution
about x  0 for the DE:

y ′′ − x3y ′  y  0

Be sure to give the recurrence relation.
Solution:

yx ∑
n0


anxn

y′x ∑
n1


annxn−1

y′′x ∑
n2


annn − 1xn−2

The DE implies

∑
n2


annn − 1xn−2 −∑

n1


annxn2 ∑

n0


anxn  0

We shift the first sum by letting n − 2  k  2 or n  k  4 and the third sum by letting n  k  2and
get

∑
k−2


ak4k  4k  3xk2 −∑

n1


annxn2  ∑

k−2


ak2xk2  0

Replacing n and k by m and combining we have

2a2  6a3x  12a4x2  a0  a1x  a2x2 ∑
m1


am4m  4m  3 − mam  am2xm2  0

so

2a2  a0  0  a2  − a0
2

6a3  a1  0  a3  − a1
6

12a4  a2  0  a4  − a2
12

 a0
24

am4m  4m  3 − mam  am2  0

or

am4  mam − am2
m  4m  3

m  3,4,…

Then

a5  a1 − a3
54

 7a1
120

Thus

yx ∑
n0


anxn  a0  a1x  a2x2   a0 1 − x2

2
 x4

24
. . .  a1 x − 1

6
x3  7

120
x5 
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8 (a) (12 pts.) Consider:

y ′′  pty ′  qty  1

Given that y1t  t and y2t  t2 are solutions to the above equation, find pt and qt.

Solution: Substituting y1 and y2 into the DE we have

pt  tqt  1

2  pt2t  qtt2  1

or

pt  tqt  1  qt  1 − pt
t

2tpt  t2qt  −1
so from the second equation

2tpt  t1 − pt  −1  2tpt − tpt  −1 − t  pt  −1 − t
t

and qt 
1  1t

t
t  2t  1

t2

The the DE is

y′′  −1 − t
t y′  2t  1

t2
y  1

16
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(b) (13 pts.) Find

ℒ−1 5s2 − 5s − 4
s − 3s2  4

Solution:
y  5s2 − 5s − 4

s − 3s2  4
 A

s − 3
 Bs  C

s2  4

 5s2 − 5s − 4  As2  4  Bss − 3  Cs − 3

s  3 

26  13A  A  2

s  0 

− 4  4A − 3C  C  4

s  1 

− 4  5A − 2B − 2C  B  3

So then,
y  2

s − 3
 3s  4

s2  4
 2

s − 3
 3 s

s2  4
  2 2

s2  4


Therefore,

y  ℒ−1y  2e3t  3cos2t  2sin2t
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Table of Laplace Transforms

ft Fs  ℒfs

tn−1
n − 1!

1
s n n ≥ 1 s  0

eat 1
s − a s  a

sinbt b
s2  b2

s  0

cosbt s
s2  b2

s  0

eatft ℒfs − a

tnft −1n dn

dsn ℒfs

Table of Integrals

 sin2xdx  − 1
2

cosx sinx  1
2

x  C

 cos2xdx  1
2

cosx sinx  1
2

x  C

 xcosbxdx  1
b2 cosbx  bx sinbx  C

 x sinbx  1
b2 sinbx − bxcosbx  C

 e−t

1et dt  − e−t − lnet  ln1  et  C

 teatdt  1
a2 ateat − eat  C
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