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Ma 221 Final Exam Solutions 5/7/09

Print Name:

Lecture Section:
I pledge my honor that I have abided by the Stevens Honor System.

This exam consists of 8 problems. You are to solve all of these problems. The point value of each
problem is indicated. The total number of points is 200.

If you need more work space, continue the problem you are doing on the other side of the page it is
on. Be sure that you do all problems.

You may not use a calculator, cell phone, or computer while taking this exam. All work must be shown
to obtain full credit. Credit will not be given for work not reasonably supported. When you finish, be
sure to sign the pledge.

There are tables giving Laplace transforms and integrals at the end of the exam.

Score on Problem #1
#2
#3
#4
#5
#6
#7
#8

Total Score
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1. Solve
(a) (8 pts)
xcosxdx + (1 —6y®)dy =0 y(z) =0
Solution: This equation is separable. Hence
jxcosxdx + j(l —6y°)dy = ¢

From the table below J'xcosxdx = COSX + XSinX + k so
cosx + xsinx+y—y® =C
The initial condition y(z) = 0 implies

-1=C
so the solution is
cosx + xsinx+1 =yb —y
(b) (7 pts) Solve
;o 2+yed
Y= y=xe™
Solution: The equation may be rewritten as
(2 +ye?)dx + (xeXY —2y)dy = 0
LetM = 2 +yeX and N = xe¥¥ — 2y. Then
My = eX + xyeXy = Ny
and this equation is exact. There exists a function f(x,y) such that
fx =M=2+ye® and fy =N =xe? -2

f=2x+e¥+g(y)
Then
fy = xe¥ +g'(y) = N = xe¥ - 2y
Thus g(y) = —y2 + c. The solution is given by
f=2x+eY—-y2 =k
1 (c) (10 pts) Find a general solution of
y" —y' —2y = 64et + 4t2
Solution: The characteristic polynomial is
pr)=r2—r-2=(r-2)(r+1)
Therefore the roots are r = 2,-1 and
Yh = c1e7t + cpe?t
We first find a particular solution for 64e~t. Since p(-1) = 0 and p'(r) = 2r—1sop’(-1) = -3 = 0,
then

-t
Yp1 = 64_'[2

To find a particular solution for 4t2 we let
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Yp, = At2 + Bt+C

Yp, = 2At+B

Yp, = 2A
Substituting into the DE we have

2A — 2At — B — 2At2 — 2Bt — 2C = 4t2
Thus
A=-2 -A-B=0 2A-B-2C=0

HenceB = 2and C = -3 s0

Yp, = —2t2 + 2t -3
Finally

Yg = Yh +Ypy +Yp, = Cre 7t +coe?t - MtTe_t —2t2 4 2t-3

y" —y' — 2y = 64e~t + 4t2, Exact solution is:
{Caet - L (192t + 27et + 1812t — 18te! + 64)) + Coe? }

2. (a) (12 pts) Find a general solution of

y" =2y +y = 4sinx
Solution: The characteristic polynomial is
p(r) =r2—2r+1=(r-1)=3
Thus r = 1 is a repeated root and
Yh = c18X + coxeX
We present two approaches find a particular solution.

Complex Variable Approach: Consider a companion equation
v —2v' +v = 4cosx
Letw = v + iy, multiply the original equation by i and add it to the equation for v to get
w' — 2w’ +w = 4(cosx + isinx) = 4elX
Sincep(i) = -1-2i+1 = -2i # 0, then
4eiX

o7 = 2i(cosx + isinx)

Wp =
Yp = Imwp = 2cosx. Thus
Yg = Yh +Yp = C1€X + Coxe* + 2c0sx
Without complex variables: Let
Yp = Asinx + Bcosx
Then
yp = Acosx — Bsinx
yp = —Asinx — Bcosx
The DE implies
— Asinx — Bcosx — 2Acosx + 2Bsinx + Asinx + Bcosx = 4sinx
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Therefore
A=0andB =2
so that
yp = Asinx + Bcosx
as before.

y"" =2y’ +y = 4sinx, Exact solution is: {2cosx + CseX + CgxeX}

2(b) (13 pts.) Find a general solution of
x2y" —xy" = x3eX, x>0
Solution: This is an Euler equation with p = —1 and q = 0. The indicial equation is

m2+(p-1)m+q=m2-2m=0
som = 0,2. The two linearly independent solutions are x° = 1 and x2. Thus
yh = C1XY +Cox2 = ¢ + Cox?

Let
Yp = V1 +Vox?2
Then
ViY1 +Voy2 = Vi +Vhx2 =0
3
iyl +Vhyh = 2vhx = % _ xxgx _ e
1 x2
W[1,x%] = = 2X
0 2x
Therefore
0 x2
) xer 2 1.,2.x
V1= e = X
)
= —1 [x2exdx = —Lex(x2 -
Vi=-5 _[x e¥dx = —>e (x2-2x+2)
1 0
X
s 0 xe - Lex
2 2X )
)
_ 1ox
Vo = 5 e
and

Yp = V1 +Vox? = —%ex<x2 —2X+2) + %xzex = xeX — eX
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Yg = Yh +Yp = C1 + Cox2 + xeX — X
x2y" —xy" = x3X, Exact solution is: {Cox? —eX - +-Cg +xe* }
3. (a) (10 pts.) Let
el foro<t<?2
gt) =
3 for2<t<w

Use the definition of the Laplace transform to find -£{g(t)}.
Solution: Fros > 0

0 2 0
L{g(t)} :j e—stg(t)dt:j e—stetdt+j 3e~Stdt

= _[ e(-S)tdt + 3 I|m ) e‘Stdt

_ e(l—s)t _ i . —st|R
=T |, S AmeTl:
2(1-s) .
_ e 1 3 —sR _ a2s
~1-s 1-s S ém[e e ]
2(1-s)
_ e 1 3,2
1-5s -5 ' §°

(b) (15 pts.) Solve using Laplace Transforms:

y'=3y'+4y=0 y(0)=1, y'(0)=5
Solution: Taking the Laplace transform of both sides of the DE yields
L{y"} -3L4y'y +4Ldy}r = £{0}y =0
so that
s2Y(s) —s(1) = 5—-3[sY(s) — 1] +4Y(s) = 0
Solving for Y(s), we get

Y(s) = S+2
) s2-3s+4
s_ 3 7
S+2 S+2 _ 2 + 2
3s+4 3V2, 1 2 2 2
Y (D) e ()
s_3 J7
= 2 + 7 2
3 72 3\2 (JT)?
(s-3) +(T> (s-3) +<T>

Hence
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J7

3
_ -l sS+2 _ -1 5= 3% -1
Y =% {52—3s+4}_;€ aN2 (V7 )? 7
G-+ ()

3 3
=e2'cos gt + J7e2tsin gt

G- (4)

4.) a) (10 pts.) Use separation of variables, u(x,t) = X(x)T(t), to find two ordinary differential
equations which X(x) and T(t) must satisfy to be a solution of

3 2
5x2t7 02U | (x 4+ 2)3(t2 + 10)5-2°U _ 0,
ox2ot (x+2)%( ) ot2

Note: Do not solve these ordinary differential equations.
Solution:
uxxt = X'T' ug = XT"
The DE becomes
5x2t/X"T' = —(x + 2)3(t2 + 10)>XT"
sx2x (12 +10)°T"

= : =k, where k is a constant.
(x +2)3X t’T

Thus
5x2X" —k(x +2)3X = 0
(t2+10)°T" +kt'T' = 0

b.) (15 pts.) Find the eigenvalues and eigenfunctions for
y' —aay' +42%y =0 y'(1) =0, y@)+2y'(2) =0
Solution: The characteristic polynomial is
p(r) = r2 —4Ar + 422 = (r — 22)2
Thus r = 24 is a repeated root and
y = C1e2MX 4 coxe2AX

Hence
y' = 2c1262% + 2c Axe?MX + c X
y'(1) =0 = 2ic1+(1+21)cy =0
V(2)+2y'(2) =0 = ¢c1 +2Co +2(2c1A +4CoA+Cp) =0
or

(1+41)c1+(4+8A)cp =0
So we have the following two equations
2Ac1+ (1 +2A)c, =0
(1+41)c1+(4+8A)cp =0
These two equations will have a nontrivial solution if and only if
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20 1424
1+41 4+8A

=81 +1642 - (1+61+822)

=8A2+21-1=(41-1)(21+1)
Thus, for a nontrivial solution we want A = % or —%. These are the eigenvalues. When A = —% the
equations for c1 and ¢ become

—Cc1+0cy, =0
—2c1+0cp =0
Thus ¢, = 0 and ¢, can be any constant. Hence we have the corresponding eigenfunction
y = coxe X
For A = % the equations for ¢ and ¢, become

%c1+%c2 =0

2c1+6Ccr =0
Thus c1 = —3c» and the corresponding eigenfunction is

y = Co(-3+ x)e%X
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5. (a) (15 pts.) Find the first four nonzero terms of the Fourier sine series for the function

f(x)={x  0<x<nml2

0 ; nl2<x<n~m

Be sure to give the Fourier series with these terms in it.

Solution: The Fourier sine series for f(x) can be represented by

f(x) ~ D _ bnsin(nx)

n=1
where
2 2 .
bn = FUO xsm(nx)dx}
We integrate by parts with u = x, dv = sin(nx)dx and v = —l cos(nx) to obtain

bn = %[—lxcos(nx) +j T cos(nx)dx]

= by = %[—%xcos(nx)]g/2 + %Sln(nx)]nlz}

= bp = %[ 35 cos( n”)+ = 5 sin( ””)}
Ifn=1 by=2[1]=2
Ifn=2 by=2[Z]=+
Ifn=3  b3=24[-5]=--&
Ifn=4, by=2[-%£]=--%
By substituting into the series we obtain:
f(x) ~ an sin(nx) = smx+ sm(2x) - —sm(3x) - sm(4x) +..

(b) (10 pts.) Sketch the graph of the function represented by the Fourier sine series in 5 (a) on
- < X < 37.

f(x)={; : 0<x<nml2

Donl2 <X<n«w
Z - 1.5708
7 =3.1416
ST - 4.7124
27 = 6. 2832
=L — 7.8540
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6 (25 pts.)
PDE Ut = 3uxx
BCs u(0,t)=0 ux(2t) =0
IC  u(x,0) = 2sin(~°jT”x) - 7sin(§T”x)

You must derive the solution. Your solution should not have any arbitrary constants in it. Show all
steps.

Solution:
Assume
ux,t) = Xe)T()

Then, ut = XT " and Uxx = X "T. By substituting into the PDE we obtain:

xT' =3x"T
By separating the variables,
ToxT
3T X
We obtain two ODEs:
x"Zax=0
T'-31T=0
From the B.C.:

u(0,t) = X(0)T(t) =0 = X(0) = 0

ux(2,t) = X' @T) =0 = X'(2) = 0
We now solve the eigenvalue problem:
x"-ax=0 X0)=0 X'(2=0
The auxiliary equation r2 — A = 0 implies that
r=+J1
There are threecases: 1 =0, 1 >0, A1 <0
Casel: 1 =0

= r = 0 is adouble root.
= X(X) = €1 +CoX

0=X(0) =cg
X/=Cz
0=X'(2) =cy

= X =0 (trivial)

Case2: 1 >0, let A =k2% where k0
= r =1k
= X(X) = c1ekX + coekx
0=X0)=c1+Cy = Cyp =—-C1

10
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X" = kegeR* — kepe
0=X'(2) = keye2k + kcye—2k
= 0 = keq[ %K +e72]
= C1 = Cp =0 (trivial)
Case3: 1 <0, let A =-k2? where k=0

= r = ki

= X(X) = c1c0oskx + cpsinkx

0=X0) =cq

X' = —kcq sinkx + kco coskx

0= X '(2) = kep cos 2k

cos2k =0 = 2k = ZUUT - GBI _g g5
We obtain

Xn =Cn sin(%x)
2.2

With An = —%, the second ODE becomes

1, 3@n+ 1)272
16
This is a first-order separable equation. By separating the variables we obtain

dT _  3(@n+1)2x2

T T=0

T TR
By integrating,
~3(2n+1)272
InT = —— 15 t

or

3(2n+1)272 ¢
Th=¢€ 16

The general solution is:

® 3(2n+1)272
u(x,t) = > cn sin(@x)e_ !
n=0

From the initial condition:

= @n+ D 3 5

— in( 2T D) _ ogin(S ) — 7sin( 2L
ux,0) = nz_;cnﬂn( 7 x) 2sin( 4 X) = 7sin( 4 X)
f2n+1=3=n=1=¢1 =2
f2n+1=5=n=2=c¢yp=-7

The other cn’s are 0.

Substituting into the general solution yields:

2772 7572
u(x,t) = 25in(?jT”x)e_Tt ~ 75in(§T”x)e_Tt

11
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7.(a) (10 pts.)  Solve

y" —ay' +13y =0; y(0)=0, y(x)=0

Solution:
The auxiliary equation is:
p(r)=r2—-4r+13=0

This implies that

r

_4£J16-52 _ 4460 _,, 4
> +

The general solution is:
y = c162¥c0s3X + C2e2¥sin 3x
By substituting the boundary conditions:
0=y(0) =cg
0=y(r) =—C1e2" = ¢, =0
This implies that ¢, is an arbitrary constant. The solution satisfying the boundary conditions is:
y = Ce?Xsin3x;  C arbitrary

12
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(b) (15 pts.) Find the first 6 nonzero terms of the power series solution
about x = 0 for the DE:

y"+2x2y" +2xy = 0
Be sure to give the recurrence relation.

Solution:
Let

By substituting into the DE:
o8] o0 o0
Z n(n — 1)anx"2 + Z 2napx™ 4+ Z 2anx™! = 0
n=2 n=1 n=0
Let n = k+ 3 in the first sumand n = k in the second and third sums to obtain

o0 [e 0] o0
D (k+3)(k+ )apaxkH + > 2kagxkl + D" 2ayxktl = 0
k=—1 k1 k=0

or
2ap +6azx + Y _(K+3)(k+ 2)awax<*1 + D 2kayxk+l + 2apx + Y 2a,xK+1 = 0
k=1 k=1 k=1
By equating coefficients:
2a, =0 = a, =0

baz+2ag =0 = a3z = —%ao

The recurrence relation is:
(k+3)(k+2)ag;3 + 2kag + 2ax = 0

or
A3 = —%ak; k=123,...
From the recurrence relation:
SRR
RORR

13
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__4.,. _ 4
6)(5) 2%~ 158~ 7520
5

__5, _ 5
ey 4~ 21 T s

By substituting into the power series we obtain:

1 1 4

y =Y anx" =ag+aix— zaox® — zaix* + sagx® +

3 3 45

14

5

63

a1x7 +...
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8 (a) (12 pts.) Solve

x% = 3y +x%y3
Solution:
This is a Bernoulli equation. We first rewrite it in standard form:
d _
TRy =
Multiply both sides by y3
d
Vg - vt =x
Let z = y4
dz _ 439y
= X T 4y dx
By substituting into the DE,
1dz_3,_
Tax - xETX
or
g_)z( - 1Tzz = 4x

This is a first-order linear equation. The integrating factor is:
LX) o) I _ 12inx _ ginc12) _ 12

By multiplying both sides by u(x), we obtain:
x‘lz% —12x7 137 = 411

A 125y _ gy-11
= 4 (x™*4z) = 4x
= x 12z = —%x*lo +C
=z= —%xz +Cx12

= y4 = —%XZ +Cx12

15
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(b) (13 pts.) Find
1) _s2+s5+6
s(s—1)(s-3)
Solution:
s2+5+6 A B C
&= s6-De-3 5 5-1"5-3

By multiplying both sides by s(s —1)(s —3), we obtain:
$24+5+6=A(s—1)(s—3)+Bs(s—3)+Cs(s—1)

If s=0,

6=3A=>A=2
If s=1,

8=-2B=B=-4
If s=3,

18=6C =C=3
This implies that

Ty _ 2 4 3
i) =5~ s—1 " 5-3

or

;e—l{s(ssz_;)s(;f@}_zge 1{ b4 { 1}+3£ { 3}_2 4et + 3e3t

16
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Table of Laplace Transforms

f(t) F(s) = L{f}(s)
A n>1/s>0
(n-1t | "
edt 5 1 = s>a
; b
sinbt 7 . p? s>0
s
cos bt Y, s>0
edlf(t) | L{fi(s-a)
i) D" LE )

Table of Integrals

[sin?xdx = — %cosxsinx+ %x +C

[ cos?xdx = % coSXsinX + %x +C

fxcos bxdx = b—lz(cos bx + bxsinbx) + C

[xsinbx = biz(sin bx — bxcosbx) + C

j( et )dt: —et_Inet) +In(L+et) +C

1+et
[ xe®dx = %(axeax —e¥) 4+ C

[x2edx = a—13eax (a2 -2ax+2) +C

[udv = uv - [vdu

17



