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1. Solve
(a) (8 pts)

xcosxdx  1 − 6y5dy  0 y  0

Solution: This equation is separable. Hence

 xcosxdx  1 − 6y5dy  c

From the table below  xcosxdx  cosx  x sinx  k so

cosx  x sinx  y − y6  C

The initial condition y  0 implies

− 1  C

so the solution is

cosx  x sinx  1  y6 − y

(b) (7 pts) Solve

y′  2  yexy

2y − xexy

Solution: The equation may be rewritten as

2  yexydx  xexy − 2ydy  0

Let M  2  yexy and N  xexy − 2y. Then

My  exy  xyexy  Nx

and this equation is exact. There exists a function fx,y such that

fx  M  2  yexy and fy  N  xexy − 2y


f  2x  exy  gy

Then

fy  xexy  g′y  N  xexy − 2y

Thus gy  −y2  c. The solution is given by

f  2x  exy − y2  k

1 (c) (10 pts) Find a general solution of

y′′ − y′ − 2y  64e−t  4t2

Solution: The characteristic polynomial is

pr  r2 − r − 2  r − 2r  1
Therefore the roots are r  2,−1 and

yh  c1e−t  c2e2t

We first find a particular solution for 64e−t. Since p−1  0 and p′r  2r − 1 so p′−1  −3 ≠ 0,
then

yp1 
64te−t
−3

To find a particular solution for 4t2 we let
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yp2  At2  Bt  C

yp2
′  2At  B

yp2
′′  2A

Substituting into the DE we have

2A − 2At − B − 2At2 − 2Bt − 2C  4t2

Thus

A  −2 − A − B  0 2A − B − 2C  0

Hence B  2 and C  −3 so

yp2  −2t2  2t − 3

Finally

yg  yh  yp1  yp2  c1e−t  c2e2t − 64te−t
3

− 2t2  2t − 3

y′′ − y′ − 2y  64e−t  4t2, Exact solution is:
C8e−t − 1

9et 192t  27et  18t2et − 18tet  64  C9e2t

2. (a) (12 pts) Find a general solution of

y′′ − 2y′  y  4sinx

Solution: The characteristic polynomial is

pr  r2 − 2r  1  r − 12

Thus r  1 is a repeated root and

yh  c1ex  c2xex

We present two approaches find a particular solution.

Complex Variable Approach: Consider a companion equation

v′′ − 2v′  v  4cosx

Let w  v  iy, multiply the original equation by i and add it to the equation for v to get

w′′ − 2w′  w  4cosx  i sinx  4eix

Since pi  −1 − 2i  1  −2i ≠ 0, then

wp  4eix

−2i
 2icosx  i sinx

yp  Imwp  2cosx. Thus

yg  yh  yp  c1ex  c2xex  2cosx

Without complex variables: Let

yp  A sinx  Bcosx

Then

yp
′  Acosx − B sinx

yp
′′  −A sinx − Bcosx

The DE implies

− A sinx − Bcosx − 2Acosx  2B sinx  A sinx  Bcosx  4sinx
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Therefore

A  0 and B  2

so that

yp  A sinx  Bcosx

as before.
y′′ − 2y′  y  4sinx, Exact solution is: 2cosx  C5ex  C6xex

2(b) (13 pts.) Find a general solution of

x2y′′ − xy′  x3ex, x  0

Solution: This is an Euler equation with p  −1 and q  0. The indicial equation is

m2  p − 1m  q  m2 − 2m  0

so m  0,2. The two linearly independent solutions are x0  1 and x2. Thus

yh  c1x0  c2x2  c1  c2x2

Let

yp  v1  v2x2

Then

v1
′ y1  v2

′ y2  v1
′  v2

′ x2  0

v1
′ y1
′  v2

′ y2
′  2v2

′ x  f
a  x3ex

x2
 xex

W 1,x2 
1 x2

0 2x
 2x

Therefore

v1
′ 

0 x2

xex 2x

2x
 − 1

2
x2ex

so

v1  − 1
2  x2exdx  − 1

2
ex x2 − 2x  2

v2
′ 

1 0

0 xex

2x
 1

2
ex

so

v2  1
2

ex

and

yp  v1  v2x2  − 1
2

ex x2 − 2x  2  1
2

x2ex  xex − ex
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yg  yh  yp  c1  c2x2  xex − ex

x2y′′ − xy′  x3ex, Exact solution is: C9x2 − ex − 1
2

C8  xex

3. (a) (10 pts.) Let

gt 

et for 0 ≤ t ≤ 2

3 for 2  t  

Use the definition of the Laplace transform to find ℒgt.
Solution: Fro s  0

ℒgt  
0


e−stgtdt  

0

2
e−stetdt  

2


3e−stdt

 
0

2
e1−stdt  3 lim

R→


2

R
e−stdt

 e1−st
1 − s 0

2
− 3

s lim
R→

e−st |2
R

 e21−s

1 − s
− 1

1 − s
− 3

s lim
R→

e−sR − e2s

 e21−s

1 − s
− 1

1 − s
 3

s e−2s

(b) (15 pts.) Solve using Laplace Transforms:

y′′ − 3y′  4y  0 y0  1, y′0  5

Solution: Taking the Laplace transform of both sides of the DE yields

ℒ y′′ − 3ℒ y′  4ℒy  ℒ0  0

so that

s2Ys − s1 − 5 − 3sYs − 1  4Ys  0

Solving for Ys, we get

Ys  s  2
s2 − 3s  4

s  2
s2 − 3s  4

 s  2

s − 3
2

2
 7

4


s − 3

2

s − 3
2

2
 7

2

2


7
2

s − 3
2

2
 7

2

2


s − 3

2

s − 3
2

2
 7

2

2
 7

7
2

s − 3
2

2
 7

2

2

Hence
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yt  ℒ−1 s  2
s2 − 3s  4

 ℒ−1
s − 3

2

s − 3
2

2
 7

2

2
 7ℒ−1

7
2

s − 3
2

2
 7

2

2

 e
3
2

t cos
7
2

t  7 e
3
2

t sin
7
2

t

4.) a.) (10 pts.) Use separation of variables, ux, t  XxTt, to find two ordinary differential
equations which Xx and Tt must satisfy to be a solution of

5x2t7 ∂
3u

∂x2∂t
 x  23t2  105 ∂

2u
∂t2

 0.

Note: Do not solve these ordinary differential equations.
Solution:

uxxt  X′′T′ utt  XT′′

The DE becomes

5x2t7X′′T′  −x  23t2  105XT′′

5x2X′′

x  23X
 − t

2  105T′′

t7T′
 k, where k is a constant.

Thus

5x2X′′ − kx  23X  0

t2  105T′′  kt7T′  0

b.) (15 pts.) Find the eigenvalues and eigenfunctions for

y′′ − 4y′  42y  0 y′1  0, y2  2y′2  0

Solution: The characteristic polynomial is

pr  r2 − 4r  42  r − 22

Thus r  2 is a repeated root and

y  c1e2x  c2xe2x

Hence

y′  2c1e2x  2c2xe2x  c2e2x

y′1  0  2c1  1  2c2  0

y2  2y′2  0  c1  2c2  22c1  4c2  c2  0

or

1  4c1  4  8c2  0

So we have the following two equations

2c1  1  2c2  0

1  4c1  4  8c2  0

These two equations will have a nontrivial solution if and only if
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2 1  2

1  4 4  8
 8  162 − 1  6  82

 82  2 − 1  4 − 12  1

Thus, for a nontrivial solution we want   1
4

or − 1
2

. These are the eigenvalues. When   − 1
2

the
equations for c1 and c2 become

− c1  0c2  0

− 2c1  0c2  0

Thus c1  0 and c2 can be any constant. Hence we have the corresponding eigenfunction

y  c2xe−x

For   1
4

the equations for c1 and c2 become

1
2

c1  3
2

c2  0

2c1  6c2  0

Thus c1  −3c2 and the corresponding eigenfunction is

y  c2−3  xe
1
2

x
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5. (a) (15 pts.) Find the first four nonzero terms of the Fourier sine series for the function

fx 
x ; 0  x  /2

0 ; /2  x  

Be sure to give the Fourier series with these terms in it.

Solution: The Fourier sine series for fx can be represented by

fx ~ ∑
n1


bn sinnx

where

bn  2
 0

/2
x sinnxdx

We integrate by parts with u  x, dv  sinnxdx and v  − 1
n cosnx to obtain

bn  2
 − 1

n xcosnx  
0

/2 1
n cosnxdx

 bn  2
 − 1

n xcosnx0
/2  1

n2
sinnx0

/2

 bn  2
 − 

2n
cos n

2
  1

n2
sin n

2


If n  1, b1  2
 1 

2


If n  2, b2  2
 


4
  1

2
If n  3, b3  2

 −
1
9
  − 2

9
If n  4, b4  2

 −

8
  − 1

4
By substituting into the series we obtain:

fx ~ ∑
n1


bn sinnx  2

 sinx  1
2

sin2x − 2
9 sin3x − 1

4
sin4x . . .

(b) (10 pts.) Sketch the graph of the function represented by the Fourier sine series in 5 (a) on
−  x  3.

fx 
x ; 0  x  /2

0 ; /2  x  


2
 1. 5708

  3. 1416
3
2

 4. 7124

2  6. 2832
5
2

 7. 8540

8



Name_________________________ Lecturer ______________________

3  9. 4248

x

-3 -2 -1 1 2 3 4 5 6 7 8 9
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0.6
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x

y
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6 (25 pts.)

PDE ut  3uxx

BCs u0, t  0 ux2, t  0

IC ux, 0  2sin 3
4

x − 7sin 5
4

x

You must derive the solution. Your solution should not have any arbitrary constants in it. Show all
steps.

Solution:
Assume

ux, t  XxTt

Then, ut  XT ′ and uxx  X ′′T. By substituting into the PDE we obtain:

XT ′  3X ′′T

By separating the variables,

T ′

3T


X ′′

X
 

We obtain two ODEs:

X ′′ − X  0

T ′ − 3T  0

From the B.C.:

u0, t  X0Tt  0  X0  0

ux2, t  X ′2Tt  0  X ′2  0

We now solve the eigenvalue problem:

X ′′ − X  0; X0  0, X ′2  0

The auxiliary equation r2 −   0 implies that

r   

There are three cases:   0,   0,   0
Case 1:   0

 r  0 is a double root.
 Xx  c1  c2x
0  X0  c1

X ′  c2

0  X ′2  c2
 X ≡ 0 (trivial)

Case 2:   0, let   k2 where k ≠ 0
 r  k
 Xx  c1ekx  c2e−kx

0  X0  c1  c2  c2  −c1

10
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X ′  kc1ekx − kc2e−kx

0  X ′2  kc1e2k  kc1e−2k

 0  kc1 e2k  e−2k

 c1  c2  0 (trivial)
Case 3:   0, let   −k2 where k ≠ 0

 r  ki
 Xx  c1 coskx  c2 sinkx
0  X0  c1

X ′  −kc1 sinkx  kc2 coskx

0  X ′2  kc2 cos2k

cos2k  0  2k  2n1
2

 k  2n1
4

n  0,1,2, . . .

We obtain

Xn  cn sin
2n  1

4
x

With n  − 2n122

16
, the second ODE becomes

T ′  32n  122

16
T  0

This is a first-order separable equation. By separating the variables we obtain

dT
T

 − 32n  122

16
dt

By integrating,

lnT  − 32n  122

16
t

or

Tn  e−
32n122

16
t

The general solution is:

ux, t ∑
n0


cn sin

2n  1
4

x e−
32n122

16
t

From the initial condition:

ux, 0 ∑
n0


cn sin

2n  1
4

x  2sin 3
4

x − 7sin 5
4

x

If 2n  1  3  n  1  c1  2
If 2n  1  5  n  2  c2  −7
The other cn’s are 0.
Substituting into the general solution yields:

ux, t  2sin 3
4

xe−
272

16
t − 7sin 5

4
xe−

752

16
t
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7. (a) (10 pts.) Solve

y ′′ − 4y ′  13y  0; y0  0, y  0

Solution:
The auxiliary equation is:

pr  r2 − 4r  13  0

This implies that

r  4  16 − 52
2

 4  6i
2

 2  3i

The general solution is:

y  c1e2x cos3x  c2e2x sin3x

By substituting the boundary conditions:

0  y0  c1

0  y  −c1e2  c1  0

This implies that c2 is an arbitrary constant. The solution satisfying the boundary conditions is:

y  Ce2x sin3x; C arbitrary
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(b) (15 pts.) Find the first 6 nonzero terms of the power series solution
about x  0 for the DE:

y ′′  2x2y ′  2xy  0

Be sure to give the recurrence relation.

Solution:
Let

y ∑
n0


anxn

y ′ ∑
n1


nanxn−1

y ′′ ∑
n2


nn − 1anxn−2

By substituting into the DE:

∑
n2


nn − 1anxn−2 ∑

n1


2nanxn1 ∑

n0


2anxn1  0

Let n  k  3 in the first sum and n  k in the second and third sums to obtain

∑
k−1


k  3k  2ak3xk1 ∑

k1


2kakxk1 ∑

k0


2akxk1  0

or

2a2  6a3x ∑
k1


k  3k  2ak3xk1 ∑

k1


2kakxk1  2a0x ∑

k1


2akxk1  0

By equating coefficients:

2a2  0  a2  0

6a3  2a0  0  a3  − 1
3

a0

The recurrence relation is:

k  3k  2ak3  2kak  2ak  0

or

ak3  − 2k  1
k  3k  2

ak; k  1,2,3, . . .

From the recurrence relation:

a4  − 22
43

a1  − 1
3

a1

a5  − 23
54

a2  0
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a6  − 24
65

a3  − 4
15

a3  4
45

a0

a7  − 25
76

a4  − 5
21

a4  5
63

a1

By substituting into the power series we obtain:

y ∑
n0


anxn  a0  a1x − 1

3
a0x3 − 1

3
a1x4  4

45
a0x6  5

63
a1x7 . . .
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8 (a) (12 pts.) Solve

x
dy
dx

 3y  x2y−3

Solution:
This is a Bernoulli equation. We first rewrite it in standard form:

dy
dx
− 3

x y  xy−3

Multiply both sides by y3

y3 dy
dx
− 3

x y4  x

Let z  y4

 dz
dx

 4y3 dy
dx

By substituting into the DE,
1
4

dz
dx
− 3

x z  x

or
dz
dx
− 12

x z  4x

This is a first-order linear equation. The integrating factor is:

x  e
 − 12

x dx
 e−12 lnx  elnx−12  x−12

By multiplying both sides by x, we obtain:

x−12 dz
dx
− 12x−13z  4x−11

 d
dx
x−12z  4x−11

 x−12z  − 2
5

x−10  C

 z  − 2
5

x2  Cx12

 y4  − 2
5

x2  Cx12
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(b) (13 pts.) Find

ℒ−1 s2  s  6
ss − 1s − 3

Solution:


f s  s2  s  6

ss − 1s − 3
 A

s  B
s − 1

 C
s − 3

By multiplying both sides by ss − 1s − 3, we obtain:

s2  s  6  As − 1s − 3  Bss − 3  Css − 1

If s  0,

6  3A  A  2

If s  1,

8  −2B  B  −4

If s  3,

18  6C  C  3

This implies that

f s  2

s −
4

s − 1
 3

s − 3

or

ℒ−1 s2  s  6
ss − 1s − 3

 2ℒ−1 1
s − 4ℒ−1 1

s − 1
 3ℒ−1 1

s − 3
 2 − 4et  3e3t
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Table of Laplace Transforms

ft Fs  ℒfs

tn−1
n − 1!

1
s n n ≥ 1 s  0

eat 1
s − a s  a

sinbt b
s2  b2

s  0

cosbt s
s2  b2

s  0

eatft ℒfs − a

tnft −1n dn

dsn ℒfs

Table of Integrals

 sin2xdx  − 1
2

cosx sinx  1
2

x  C

 cos2xdx  1
2

cosx sinx  1
2

x  C

 xcosbxdx  1
b2 cosbx  bx sinbx  C

 x sinbx  1
b2 sinbx − bxcosbx  C

 e−t

1et dt  − e−t − lnet  ln1  et  C

 xeaxdx  1
a2 axeax − eax  C

 x2eaxdx  1
a3 eax a2x2 − 2ax  2  C

udv  uv −  vdu
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