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Ma 221 Final Exam Solutions

Print Name:

Lecture Section:
1. Solve
(a) (8 pts)
2xy3dx— (1-y2)dy =0 y(1) =1

Solution: This equation is separable. We rearrange and integrate.

Combining these, the implicit solution is
1

2
X2 4+ —
2y2

+Iny=%.

(b) (7 pts) Solve
(8x3y3 +4x3)dx + (6x*y? + 4y3)dy = 0
Solution: We consider this d. e. to be in the form
M(x,y)dx + N(x,y) = 0.
Since
My = 24x3y2 = Ny
the d. e is exact. l.e, there is a function F(x,y) such that
dF = Fxdx + Fydy = Mdx + Ndy.

Since a solution to the d.e. is given by F(x,y) = ¢, we will find such a function, F(x,y).

Fx = M(x,y) = (8x3y3 +4x3)
F = J.<8x3y3 +4x3)ox

= 2x%3 +x* +g(y)

Fy = 6x%y2 +9'(y) = N(x,y) = (6x%y? +4y®)

Hence
Ty — Ay3
gy =4y
g(y) = y*
F(x,y) = 2x3y3 + x4 +y4
and an implicit solution is
2x4y3 +x* +yd = c.
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1 (c) (10 pts) Find a general solution of
y" +2y’ -3y = 8el + 18t
Solution: The characteristic equation is
p(r)=r2+2r-3=(r+3)(r-1)=0.
Thus the solution of the homogeneous equation is
yh = c1e 3t + coel.
To find a particular solution, yp,, for 8e!, we compute p’(1) = 2+ 2 = 4 and have

t
Yp, = —85? = 2tel,
To find yp, for 18t, we set
Yp, = At + B.

Substitution into the d.e gives
2A - 3(At+B) = -3At+ (2A-3B) = 18t.

SoA =-6and B = -4 and yp, = -6t —4. combining everything, we have that a general solution is
given by

Y=YhtYp1+Y¥p2
= c1e 3t 4 el + 2tet — 6t — 4.
2. (a) (12 pts) Find a general solution of
y" + 4y’ + 5y = 16sint
Solution: The characteristic equation is
r2+4r+5=(r+2)2+1=0.

So
(r+2)2=-1
r+2 =i
r=-2+i

and a general solution of the homogeneous equation is
yh = c1e2tcost + coe?tsint.

To find a particular solution of the given equation using the method of undetermined coefficients, we
proceed as follows.

y = Acost + Bsint
y' = —Asint + Bcost
y" = —Acost — Bsint
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Substituting these into the d.e. gives
(<A +4B + 5A)cost + (-B — 4A + 5B)sint = 16sint
4A+4B =0
—4A +4B = 16

Add the two equations to obtain 8B = 16, so B = 2. Then from the first, A = —2. Combining
everything, we have

Yp = —2cost + 2sint
Y=Yh+Yp
= (c1e72-2) cost + (coe72t +2) sint
SNB check: y" + 4y’ + 5y = 165sint, Exact solution is: 2sint — 2cost + C1(cost)e™2t + Co(sint)e 2t
2(b) (13 pts.) Find a general solution of
y'"(0) + 16y(0) = tan40

Solution: The characteristic equation is r2 + 16 = 0, so the roots, r = +4i, are complex and the
solution to the homogeneous equation is

Yh = C1€0s(40) + cosin(49).
To find a particular solution, we use the method of variation of parameters. We set

y = V1 €0s(40) + vpsin(40)

where vq and vo are variable. With the simplifying assumption that eliminates second derivatives, the
equations for v4 and v, are

Viy1+Vay2 =0 (A)
ViYs +Vah = 5
where y1 and y, are the solutions to the homogeneous equation and % is the right hand side of the d.e.
For our problem, these equations are

cos(49)v] +sin(49)v, = 0 (B)

— 4sin(40)v] + 4cos(40)v, = tan(46)
Multiply the first equation by 4sin46, the second equation by cos46 and add to obtain
4(sin40 + cos240 vy = 4v), = sin40

Vh = %sin4(9
w:j%gmwe
__1
T cos46 + Cco

Substituting v/2 into the first of the equations in (A), we obtain
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cos(40)vy +sin(40) ) sindf | =0
Cos(40)v) = —[%sin249]
v =Ll 1—00324(9}
174 cos40
= _Tl(sec 40 — cos40)
Vi = _Tl j (sec46 — cos40)do

=1 1
16 Injsec46 + tan 40| + 16 sin40 +cq

The integral of the secant is obtained from the integral table. finally, we combine results to obtain the
desired solution. The homogeneous solution is included via the constants of integration, so they have
been labeled as before.

y = V1€0s(48) + vy sin(40)

- [=L 1 g 1 -
= [ 16 Injsec40 + tan 40| + 16 sm49+cl]cos49+[ 16 cos40+c2]sm40

= [1—% In|sec46 + tan 40|]cos40 + C1 €040 + cpsin46

3. (a) (10 pts.) Use the definition of the Laplace transform to find £{f(t)} where
2t o<t<3
f(t) = { e st

1 3<t
fors > 2.
Solution:
0 3 0
_ —st _ —stn2t —st
LD _jo e f(t)dt_joe e dt+j3 e~St(1)dt
g9t ‘3_ st ‘R  1_g3(25) g3
2-s |y Aim=s ~ T s-z s

(b) (15 pts.) Solve using Laplace Transforms:

y +2y' +y=t2+4t y(0) =0, y'(0)=-1
Solution:Taking Laplace transforms we have
LY} + 2£4y' Y + £{yy = £{t2 + 4t}
so that
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$2Y(s) + 1+ 2[sY(s)] + Y(s) = SL + 4

(s2+2s+1)Y(s)+1 = 4s+2

33
(s +2s+1)Y(s) = % -1
S
_ 5344542
83
Y(S) _ —83 +4s +2

s3(s?2+2s+1)
We use the partial fractions method to get back to entries in the Laplace Transform table.
—s3+4s+2 _ A B, C . _D E

Ss+1)2 S 2 8 Tsrl 5112
—83+45+2 = As?(s+1)2 +Bs(s+1)2+C(s+1)2 + Ds3(s + 1) + Es3
Setting s to 0 and —1 gives two of the coefficients.
s=0 = 2=C
s=-1 > 1-442=-E E=1

The rest can be obtained either by choosing some more values for s and producing equations or by
equating the coefficients of the various powers of s. Some are easier to pick out than others. We have
already used the constant which resulted when we set s to 0. The coefficient of s is

4=B+2C=B+4
B=0

The coefficient of s2 is
0=A+2B+C=A+2

The coefficient of s# is

D=2
So, we have
4
Ys:—s+4s+2:A+i+g+D E
) s3(s+1)2 S g2 3 s+l (541)2
-2 0 2 2 1

I
d
n
|
n
|

_p-1) -2, 2 2 1
y(t) = £ {s +s3+3+1+(s+1)2}

= 2+t2+2et+tet
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4.) a.) (10pts.) Use separation of variables, u(x,t) = X(x)T(t), to find two ordinary differential
equations which X(x) and T(t) must satisfy to be a solution of

(P + Dux +x2 (2 + L)ux — (X2 + L)ug = 0

Note: Do not solve these ordinary differential equations.
Solution: We have

u(x,t) = X(x)T(t)
ux = X' (X)T(t)
uxx = X" (OT(t)
Ut = XOT" (1)
Substitute and then separate.
@+ DX"T+x2(2+ )X T- (2 +1)XT" =0
2+ DHX'T+x2(2 + D)X'T = (x2 + 1)XT"
X"ex2X" 1"
(x2+1)X  (2+)T
The last step - equating both sides to a constant - is based on having a function only of x on the left side

of the equality and a function of t on the right side. Now, we extract the two ordinary differential
equations.

X" +x2X" = k(x? + 1)X
T =k(t2+1)T
These can be rewritten as follows, but it’s really not necessary.
X" +x2X" —k(x2+1)X =0
T -k(?+1)T=0
b.) (15 pts.) Find all eigenvalues (1) and the corresponding eigenfunctions for the boundary value
problem
y'=2y+2y=0 y'(0)=y'(x)=0
Solution: The characteristic equation of the d. e. is

r2-2+1=0
r2=2-1
r=+J2-1

There are three cases to be considered depending on whether the quantity under the radical is positive,
zero or negative. We deal with each case in turn.

Casel: 2— 1 >0.. Let’swrite u2 = 2— 1. Hencer = +u and the solution to the d.e. is
y = c1eHX + cpe X
y' = p(ciet* —cpeHx),
Fromy'(0) = 0,
C1 = Co.
Fromy'(z) = 0,
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ucq(eH® + ety = 0.
Hence ¢c1 = ¢» = 0 and there is no non-zero solution.

Casell: 2— A =0. Thed.e.isy” = 0. The solution is
Yy =C1X+Co
y' =c1
Fromy'(0) = 0,
c1 =0.

Theny'(z) = 0 and ¢, is arbitrary. Hence we have an eigenvalue of 1 = 2 and will label this as
Ao = 2 with the corresponding eigenfunction labeled as yg = cg.

Caselll. 2— 1 < 0. Let’'swrite2 — A = —u2. Hencer = +,/2— 4 = +ui and the solution to the d.e.
IS

Yy = C1 COS uX + Cp Sin ux
/

y' = pu(—Cq SN ux + C5 COS x)

Fromy'(0) = 0,
co = 0.
Fromy'(z) = 0,
—ucqysinur = 0.

For a non-zero solution, we need to have sinuzr = 0. So eigenvalues and eigenfunctions come from

Un =n n=123,...

An =2+ u?

=2+n?2  n=123,...
Yn =cncosnx n=123,...

For the ease of the grader, we can combine cases Il and I1l and summarize the results as
eigenvalues : An=2+n2 n=0,1,23,...
eigenfunctions : yp = cpcosnx n=0,1,2,3,..
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5. (a) (15 pts.) Find the Fourier sine series for the function
fX) =xon0<x<1

Solution:
f(x) = ;aksink—fx
where
= 2 (" sin kex _
a = £ jo fogsin KX ax, k=1,2,3,...
HereL = 1so
f(x) = D _ aysin(krx)
1
where
1
ay = 2[0 fx)sin(kmx)dx, k= 1,2,3,...
Thus
1 . 1 . !
Qg = 2'[0 xsin(kzx)dx = 2 (kn)z (sinkzx — kzxcoskzx) | =
0
- —2[%003@} - %(—1)k+1 k=1,23,..
Thus

© k+1
f(x) = % > (_1|2 sin(kzx)
1

(b) (10 pts.) Sketch the graph of the function represented by the Fourier sine series in 5 (a) on
-3<x<3.

Solution:
1
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6 (25 pts.)
PDE Uxx — 16Ut = 0
BCs u(0,t) =0 ux(1,t) =0

IC  u(x,0) = —63in(%) +13sin %

IC ui(x,0) =0
You must derive the solution. Your solution should not have any arbitrary constants in it. Show all
steps.
Solution: Let u(x,t) = X(X)T(t). Then the PDE implies

X"T = 16XT"
or
1 1
since we will need sines and cosines in the X part of the solution.
Thus
X"+ 22X =0
ny Alq
T + 5 T=0
The BCs are

X(0)=X'(1)=0
X(X) = ansSinAx + bp cos Ax

X(0) = 0 implies that bn = 0, so

X(X) = ansinAx

X' (x) = anAcosAx
o)

X'(1) = anAcosA =0
Hence A = %n n=0,12,... and
Xn(X) = Ansin(%)nx n=01,2,...

Also

o, A%+ (2n +1)27?2
T +16T—T + 64

Tn(t) = cn sin(%)nt +dn cos(%)nt

T=0

ut(x,0) = 0 implies that ch = 0 and
Tn(t) = dmos(%)nt
Thus
un(x.t) = anin(%)rxcos(%)nt n=0,12,...
Let

11
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. ©
U, t) = Zun(X-t) _ ZBnSin<2nz—+l>n’XCOS(_2ng+ 1 )ﬂt
n=0 n=0

ux,0) = an sin<2”2—+1>nx = —65in(%) + 135in(%)

Therefore By = —6,B5 = 13and B = 0forn = 1,550
u(x,t) = —6sin<%> cos(%)t + 133in<%> cos ﬂ%)t

12
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7.(a) (10 pts.)  Solve
x2y" +3xy' +2y = 0
Solution: This is a Cauchy-Euler equation with p = 3 and g = 2 so the indicial equation is
m2+m(p-1)+q=m2+2m+2

I [4—41)(2)

2

Thus

Thuswe seta = —1 and b = 1 in the formula
Yh = x&[Acos(bInx) + Bsin(bInx)].
and get
yh = X" L[Acos(Inx) + Bsin(Inx)]

(b) (15 pts.) Find the first 5 nonzero terms of the power series solution about x = 0 for the DE:
y' —axy' +4y =0
Be sure to give the recurrence relation.

Solution:
o0
y =Y anx".

n=0
0]

[oe]

y' = annx"t

n=1

and

y" = an(m(n - 1)x"2
n=2

The differential equation =
D anm)(n—1)x"2 -4 annx" +4> anx" = 0
n=2 n=1 n=0
Combining the second and third summations we have

D an)(n-1)x"2+4ag+4> an(l-n)x" =0
n=2 n=1

Shifting the first series by lettingn —2 = kor n = k+ 2 we have

D agak+2)(k+ 1xK+4ag +4 > an(l—n)x" =0
k=0 n=1

or after replacing k and n by m and combining the series

4ag +2a + Y [amea(M+2)(M+ 1) + 4am(1 - m)]x™ = 0
m=1

13
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Thus
ar = —2ag
and the recurrence relation is
a _ 4(m—-1)
M2~ (m+2)(m+1)

am m=1273,...

Thus
az =0
and hence
a1 =0 forn=1,23,...
Also
__4 __2
aq = 4(3) as 3 ap
_4Q) . 2. _ 4
4% = 55y 24 = 54~ 50
Thus

y s ag(1- 22 Zat - - )

SNB check: y" —4xy’ + 4y = 0, Series solution is:
{y(0) +xy'(0) - 2x?y(0) — £x4y(0) - 5Ex8y(0) + O(X") }

14
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8 (a) (10 pts.) Solve

dy ., _ e _
Y= v =1
Solution. We rewrite the equation as
dy L exyl
ax TY=¢Y

so this is a Bernoulli equation. Multiplying by y we have

yy' +y? = e
Letz = y2 so that 2’ = 2yy’ and the DE becomes

1,5 ox

Sl +z=¢
or

7' +2z7 = 2¢%

The integrating factor is ej 20x _ e2X. Multiplying the DE by this we have
2
d(ze X> — 23X
dx

50
762X = 23 ¢
3
and

z=y? = %ex +ce XX
The initial condition implies ¢ = < so

3

;C_l 25
{53(52 +4s +5) }

Solution: The partial fractions breakdown is

y2_ Zex+%e—2x

(b) (15 pts.) Find

25 _A,B _ C_ _Ds+E
s3(s2+4s+5) S s2  s3  s24+4s+5
Multiplying both sides by s3 and setting s = 0 yields
5=C
o)
25 _A,B _ 5, _ Ds+E

s3s2+4s+5) S s2 3 s244545

Putting everything on the right over the common denominator s3(s2 + 4s + 5) and equation the
numerators on both sides leads to

25 = As2(s2 + 4s +5) + Bs(s2 + 4s + 5) + 5(s2 + 45 + 5) + Ds* + Es3
Thus

15
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- _ 1l p__11
HenceB = -4,A = &,D = —=%-

25 _1
s3(s2+4s+5) 9L
_af
5_

-1

5

Hence

el 25
{ s3(s2 + 4s + 5)

S

c-a(§) e

120
S S
1 2
S

1

S

N

52

20
§2

A+D=0
4A+B+E=0
5A+4B+5=0
5B+20 =0

5

+&_ 11s+24 :|

s s24+45+5

25 _11s+24
+ £ :

S (s+2)°+1
+25(%) _ 1s+2) 2

s s+2)2+1 (s+2)2+1

_1 _ 2542 _ -2t a2t
}— 5(11 20t + 2t 1le—<‘cost — 2e smt)

16



Ma 221 Solutions
Spring 2012

Table of Laplace Transforms

f(t) F(s) = L{f}(s)
T n>1's>0
(n-1t | "
eat 5 1 = s>a
: b
sinbt 7 . p? s>0
S
cos bt Y, s>0
edlf(t) | L{fi(s-a)
i) D" LE )
Table of Integrals
[sin?xdx = — %cosxsinx+ %x +C
[ cos?xdx = % coSXsinX + %x +C

fxcos bxdx = b—lz(cos bx + bxsinbx) + C

[xsinbxdx = biz(sin bx — bxcosbx) + C

f(%)dt — _In(l+et)+C

“at
-[ ( 1e+e‘t

)dt = Inl+eH—-et+C

[xe®dx = L (axe® —e¥) +C
a

17




