Name Lecturer

Ma 221 Final Exam Solutions 5/6/14

Print Name: Lecture Section:
1.(a) (8 pts)Solve

xy' +2y = 8x2 +6x y(1) = 2.
Solution: The d.e. is linear. We put it into standard form.
y + %y =8x+6
Next, we find the integrating factor, u, multiply the d.e. by the integrating factor and integrate.
p= exp(J. %dx) = g2Inx
_ e _ 2
x2y" + 2xy = 8x3 + 6x2
%<x2y> = 8x3 + 6x2
X2y = 2x4 + 2x3 + ¢
Finally, we use the initial condition to find the constant and display the answer.
12.2=2.14+2.134¢

c=-2
X2y = 2x4 +2x3 -2
y=2x2+2x—L2
X

(b) (7 pts) Solve
(2xy3 + 6x)dx + (3x?y? + 10y )dy = 0.
Solution: Clearly the d.e. is not separable or linear. We test for an exact d.e.
M = 2xy3 + 6x N = 3x2y2 + 10y
My = 6xy? Nx = 6xy?2
My = Nx. Hence, the d.e. is exact. We proceed to find a function, F, such that
dF = Fx+ Fy = (2xy3 + 6x)dx + (3x?y? + 10y ) dy.
From
Fx = 2xy3 + 6X,
F= I(ny3 + 6X) X
= x2y3 +3x2 + g(y).
Now, we must have
Fy = 3x%y? +¢'(y) = N = 3x?y? + 10y
g'(y) = 10y
g(y) = 5y%.
Finally, the solution is
F =x%3+3x? +5y2 = .
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1 (c) (10 pts) Find a general solution of
2x2y" —3xy' +2y = 0.

Solution: This d.e. is a Cauchy-Euler (or equidimensional) equation. The solution is of the form
y = xM. We substitute this into the d.e.

y =xm
y' = mxm-1
y" = m(m - 1)xm-2
2m(m-1)-3m+2]xM =0
So, the indicial equation is
2m2 -5m+2 =0
2m-1)(m-2) = 0.
The rootsarem = 2, and m = % The result is
y = X2 + Cox 2
= c1x% + Co JX.
2. (a) (12 pts) Find a general solution of

y" =5y + 6y = 8el + 12t.
Solution: First, we solve the corresponding homogeneous equation by finding the roots of the
characteristic polynomial.
r2—5r+6=0
(r=2)(r-3)=0
r=2 and r=3
Yh = c1e2t + e
For
y" — 5y’ + 6y = 8el
we have (denoting the characteristic polynomial as p(r))

8 At
= ——e
VPt = o)
_ 8 et
12-5.1+6

_ Ot
_2e
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For
y" —5y' + 6y = 12t
we seek a soluton of the form
Yp2 = At+B
Substituting, we have
—-5A+6(At+B) = 12t

6A =12
-5A+6B =0
A=2

-]

B_3

Combining the three computations give the answer.
Y=Yh+Y¥Yp1+Yp2
5

= c1e2t 4 cpedt 4 et 4+ 2t + L

2(b) (13 pts.) Find a general solution of
y" +y = secx.

Solution. We will use variation of parameters. First, the solution to the corresponding homogeneous
d.e.is

Yh = C1Yy1 + C2Y2
= €1 COSX + CpSinX.

We seek a solution of the form
y =Viy1 +Vay2.
The equations for v} and v}, are as follows.
y1Vy +YaVh = cosxv) +sinxvy = 0
Y1V] +Y5Vy = —SiNXvy + COSV)H = Ssecx
Multiply the first equation by (-sinx), the second by cosx and add to obtain
(sin?x + cos?x vy = vy = 1

Vo = X+ Co.
Substitute into the first equation and obtain
cosxvy +sinx+1 =0
I _ =sinx _
V1= Tosx — ~tanx

V1 = In(cosx) + ¢y

y = [c1 + In(cosx)]cosx + [Co + X]SinX.
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3.(a) (10 pts.) Let
1for0<t<3

g(t) =
eM for3 <t< o

Use the definition of the Laplace transform to find -£{g(t)}.
Solution:

L} = [ o®etdt
3 0
= _[ 1.e St +j ete~Stdt
0 3

3 L
_ j 1.e-Stat + |imj e(4-S)tgt
0 Looo ¢ 3

—st |3 . 4-s)t |L

€. ‘ + |ImM‘
0 L—oo 4—3 3

-3s _ ) 4-3)L _ A(4-5)3

_ e 1, |im 24t — e

B - L-oo 4 -5

_ 1_e—3s e(4—5)3
= S Al s> 4




Name Lecturer

(b) (15 pts.) Solve using Laplace Transforms:

y'—4y' +4y =tet  y(0) =0, y'(0) = 1.
Solution: We take the Laplace Transform, using the following notation and formulae.
Y = Ly
£4{y'} =sY-y(0)
£{y"} = s2Y —sy(0) - y'(0)
The transform of the d.e. is

s2Y —sy(0) —y'(0) — 4[sY —y(0)] + 4Y = (s —11)2
(s2-4s+4)Y-1= s _11)2
(s2—4s+4)Y =1+ s _11)2

_ 1 1
Yo T o nie-2)

For the second fraction, we use the method of partial fractions to find an equivalent combination of
fractions which are in the table of Laplace Transforms.
1 A B C D

= + + +
(s-1)2%3-2)2 (s-1) (s-1)2 (5-2) (5-2)2
1=AG6-1)(5-2)2+B(5-2)2+C(s-1)%(s-2) + D(s—1)?
Setting s = 1 and s = 2 yields two of the coefficients.

s=1=>1=8B
s=2=1=D
The coefficient of s3 gives a simple equation.
0=A+C
C=-A

We obtain the constant term by setting s = 0 and then use the information found so far.
1=-4A+4B-2C+D

1=-4A+4+2A+1

A=2
We combine everything and invert using the table.
_ 1 n 1
(s-2)*  (5-1)*(s-2)?
1 A B Cc D
= + + + +
(s-2)2 (-1 (s-1)2 (5-2) (s-2)2

1 2 1 -2 1
(s —2)2 B (s —1)2 N (s —2)2

y = te?t + 2et + tel — 202t 4 o2t
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4.) a.) (10pts.) Use separation of variables, u(x,t) = X(x)T(t), to find two ordinary differential
equations which X(x) and T(t) must satisfy to be a solution of

2 2
ex+tg g _)(3(»[_‘_4)56_5J =0.
X

Note: Do not solve these ordinary differential equations.

Solution:
ux,t) = X)T(t)
62u _ X// .T
ox?
2%u _ X.T"
ot?

XX T —x3(t + 4)°XT" = 0
eXetX"T = x3(t + 4)°XT"
exx!  (t+4)°T1"
x3X  elT
The last step is the observation that one side is a function only of x and the other side is a function only
of t so they must be constant. Taking one at a time produces the two O.D.E.s.

to match the

=2

X" - x3X =0
(t+4)°T" = 2e!'T = 0.
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b.) (15 pts.) Find

-1 452 — 25 + 30 .
(s+2)(s?—4s+13)
Solution: After completing the square in the quadratic factor in the denominator, we set up the partial
fractions expansion needed.

452 — 25+ 30 _ 452 — 25 + 30
(s+2)(s?-4s+13)  (s+2)(s®-45+4+9)
452 — 25 + 30

(s+2)[(s-2)2+9]
A B(s-2)+C
+ 2
S+2  (s-2)2+9
The numerator of the second fraction could be Bs + C, but that would require some extra algebra to
invert the Transform.

452 - 25+30 = A[(s-2)2+ 9]+ [B(s - 2) + C](s + 2)

Sets = -2.
444-2.(-2)+30=A[4?+3?]
50 = 26A
A=2
Next, sets = 2.
4.4-2.2+30=9A+4C
42 = 18 + 4C
C=6
Match the coefficients of s2.
4=A+B
B=2

Combine and invert.
452 -25+30  _ _A  B6-2)+C

(s+2)(s?-4s+13)  S+2  (s-2)2+9
2, 25-2)+6
$+2  (5-2)2+9

-1 452 — 25+ 30 _p1) 2 25-2)+6
(s+2)(s? - 4s+13) S+2  (s—2)%2+9

e 1 - (s-2) - 3
— 28 1{S+2}+2I 1{(8_2)2+32}+2£ 1{(5_2)2+32}

= 22t 4 262t cos 3t + 2e2tsin 3t
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5. (a) (15 pts.) Find the first five non-zero terms of the Fourier sine series for the function
Fx) = n O<x<nm
0 n<x<2r

f(x) = > aysin kLLX
k=1

Solution:

where

L
ay = %Io f(x)sinkLLde, k=123,...

Here L = 27 s0

f(x) = ioq@in(%)
k=1

where
ay = %js”f(x)sin(%)dx, k=1,23,...
Thus
ag = %IZnsin(%)dx+ %IiEOsin(%)dx =
= %[—cos(%)]g = - %[cos(%”) —1] k=123,...
Thus

f(x) = iawin(%) = awin(%) +a25inx+a35in<%> +a4sin2x+a5sin<%> +agsin3x + ---

= 25in<%> + 2sinx + %sin(%) + 0sin2x + %sin(%) + %sin3x+

5(b) (10 pts.) Sketch the graph of the function represented by the Fourier sine series in 5 (a) on
—2m < X < 4.

Solution:
T

10
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6 (25 pts.) Solve

PDE Uxx — 16Utt =0
BCs u(0,t) =0 ux(1,t) =0

_ _pein( 3rX s 11X
IC  u(x,0) = -6sin > >+13S|n =5
IC ui(x,0) =0

You must derive the solution. Your solution should not have any arbitrary constants in it. Show all
steps.

Solution: This problem is from the Ma 221 Final Exam given in 10S.

Let u(x,t) = X(x)T(t). Then the PDE implies

X"T = 16XT"
or
X' T 2
X = 16 T = A
since we will need sines and cosines in the X part of the solution.
Thus
X"+ 242X =0
ny AZq_
T + 16 T=0
The BCs are

X(0)=X'(1)=0
X(X) = ansinAx + bp cos Ax

X(0) = 0 implies that bn = 0, so

X(X) = ansinAx

X'(x) = anAcosAx
o)

X'(1) = apAcosd =0
Hence 2 = 2%z, n=0,1,2,... and
Xn(x) = Ansin<%>nx n=0,12,...

Also

AR _n (2n +1)%n?
T+ 16T—T + 64

Tn(t) = cn sin(%)nt +dn cos(%)ﬂ

T=0

ut(x,0) = 0 implies that ch = 0 and
Tn(t) = dn cos(%)nt

12
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Thus
un(x.t) = anin(2r‘2—+1>nxcos(%>nt n=0,12,...

Let

0 o0
ux,t) = Y un(x.t) = >_Bn sin(%)nxcos(%)nt
n=0 n=0

ux,0) = an Sin<2”2—+1>nx = —63in<%> + 13sin<%>

Therefore By = —6,B5 = 13and Bn = 0forn = 1,5s0

u(x,t) = —63in<%> cos(%)t + 13sin< 112”)( )cos(%)t

13
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7. (a) (13 pts.) Find a general solution of
y" +y = xcosx — cosx
Solution: Note that y,, = Cqcosx + Cysinx.

First we will find a particular solution for cosx. Consider

y" +y = —cosx
and

v +v = —sinx
Multiply the second equation by i and add it to the first equation.
Lettingw =y + iv, we get

W' +w = —(cosx + isinx) = —elX

Since p(A) = A2+ 1and p(i) = 0,p'(1) = 24, sop'(i) = 2i # 0

_oxe 1 ix
Wp, > > ixe
Hence
Yp; = Rewp, = —2-sinx

Now we shall find a particular solution for xcosx. Consider
y" +y = xcosx
and
v +v = xsinx
Multiplying the second equation by i, adding it to the first equation and letting w = y + iv, we have
W' +w = x(cosx + isinx) = xel
Since eX is a homogeneous solution and xe X corresponds to a right hand side of elX, we let
wp, = (Apx+Ax?)elX
to deal with a right side of the form xe'*.
Wp, = (A1 +2Ax)e™ +i(Arx + Apx?)e
wp, = 2A2e™ + 2i(Ag + 2Ax)e™ — (Arx + Apx?)elX
Substituting into the DE leads to
2A0eX + 2i(A1 + 2Aox)elX = xelX
Therefore
2A> +2IA1 =0

4iA2:10rA2:%:—%

1 1 2 4

X=X )(cosx+|smx)

14



Name Lecturer

Yp, = Rewp, = %xcosx+ %xz sinx
Thus
Y = Yh +Yp; +Yp, = C1C08X + Cpsinx — %sinx + %xcosx + %xzsinx

Another way to find the particular solution is shown below.
y = AXCoSX + Bx2 cosx + Cxsinx + Dx2 sinx

y' = Acosx — Axsinx + 2Bxcosx — Bx2sinx + Csinx + Cxcosx + 2Dxsinx + Dx2 cosx
y" = —Asinx — Asinx — AXcosx + 2B cosx — 2Bxsinx — 2Bxsinx
— Bx2 cosx + Ccosx + Ccosx — Cxsinx + 2Dsinx + 2Dxcosx + 2Dxcosx — Dx2 sinx
y' +y = —Asinx — Asinx + 2Bcosx — 2Bxsinx
— 2Bxsinx + Ccosx + Ccosx + 2D sinx + 2Dxcosx + 2Dxcosx
= XCOSX — COSX
Next, we match coefficients of the four functions in the equation.
sinx: —-2A+2D =0
xsinx: —-4B =0
cosx: 2B+2C=-1
xcosx: 4D =1
So, as before,

-p=41
A=D-= 7
__1
2
_1 _ Ly 1,24
Yp = - XCOSX — XsinX+ --x*sinx.
Y =Yh+Yp = Cpcosx+ Cpsinx — %sinx+ %xcosx+ %xzsinx

15



Name Lecturer

7 (b) (12 pts.) Find the power series solution to

y'—xy =0
near x = 0. Be sure to give the recurrence relation. Indicate the two linearly independent solutions
and give the first six nonzero terms of the solution.

Solution:
o0
y =Y anx".

n=0
0]

0

y' = apnx"?

n=1

and

y" =D an(n)(n-1)x"2
n=2

The differential equation =

D an((n-1x"2 =D anx™ =0

n=2 n=0
Letk+ 1 = n— 2 in the first series. Thatis, n = k + 3. Then we have

0 o0
D sk +3)(k+2)xK =D apx™l = 0
k=—1 n=0

We replace k and n by m and have

(2)L)az + 3 [amz(m+3)(M +2) —amx™! = 0
m=0

Thusa, = 0and
amea(M+3)(m+2)—am =0 form=0,1,2,...
This or

_ am _
am.3 = MM for m=0,1,2,...

is the recurrence relation. Hence we have

asz = ﬁao
aq = ﬁal
ag =0
_ 1 _ 1
B=B5) R s®E)ER) O

_ 1 _ 1
TEDE M T DE)HE) !

Thus

16
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[ 0]
y = anx" = ag+ayx+ax? +agx3 + -
n=0

_ 1 1 21 4, 1 7.
‘a"[“ 10" et ]”1[“ 23 T e " J

SNB check: y" —xy = 0, Series solution is:
{y(0) +xy'(0) + £x3y(0) + 5-x%'(0) + 325x8y(0) + O(X") }

17
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8 (a) (15 pts.) Find the eigenvalues and eigenfunctions for
y'+y=0 y'(0)=y'(2r) =0

Be sure to consider the cases A < 0,4 = 0, and A > 0.

Solution: There are three cases to deal with, A > 0,4 = 0,4 < 0.

.1 <0. LetA = —a?, where @ = 0. Then the DE is
y'—a?y=0
and
y(X) = c1e* + coe~ X
Hence
y' = crae®™ — cy,e X
The initial conditions imply
y'(0) = cra—Cpa = 0
y' (27) = C10e2%7 — coae=20T = (
The first equation implies that c1 = ¢ so the second equation implies that
C1a<82an _ e—2an> =0

Since a = 0 and e%” —e %" £ 0, then c1 = ¢co = 0 and there are no eigenvalues for 4 < 0.

I.A=0. The DEnowisy” = 0soy = cix+ ¢y andy'(x) = c1. Thus the initial conditions imply
c1 = 0and y(x) = bg where bg is any nonzero constant is a solution.

[1I.A > 0. Let A = B2, where 8 # 0. The DE becomesy” + 2y = 0 and

y(X) = asin ffx + bcos fx
Thus

y'(x) = apcos fx — bfsin px

y'(0) =aB =0soa = 0.

y'(27) = —bBsin2pr = 0
Thus

207 = nrx

and

The eigenvalues are

and the eigenfunctions are
yn = bncos<%>x n=1,2,...
Thus have the eigenvalues and eigenfunctions
yn = bmos(%)x n=0,12,...

18
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8(b) (10 pts.) Solve

ﬂ-ﬁ-%_L x>0

dx Xy2
Solution: This is a Bernoulli equation and we may rewrite it as
3
y 1

Y+ =%
Letz = y3soz' = 3y2y’ and the above DE becomes

1,2z _ 1
32T XTX

or
r,3,_3
Z + YZ =X
3
The integrating factor is ej e _ x3. Multiplying the DE by this we have
x37' + 3x2z = 3x?

or
3
d(z)(z) = 3x2
50
x3z=x3+c
or
y3=z=1+ %
X
S0

20
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Table of Laplace Transforms

f(t) F(s) = L{f}(s)
T n>1's>0
(n-1t | "
eat 5 1 = s>a
: b
sinbt 7 . p? s>0
S
cos bt Y, s>0
edlf(t) | L{fi(s-a)
i) D" LE )
Table of Integrals
[sin?xdx = — %cosxsinx+ %x +C
[ cos?xdx = % coSXsinX + %x +C

fxcos bxdx = b—lz(cos bx + bxsinbx) + C

[xsinbxdx = biz(sin bx — bxcosbx) + C

f(%)dt — _In(l+et)+C

J(£2 )dt = I +ety —etac

1+et

[xe®dx = L (axe® —e¥) +C
a

21



