Solutions: 1996 Ma 227 Final Exam

1. a) Find the first four non-zero terms on the Fourier cosine series of
3 O<x<l1
f(x) =
0 l<x<?2
Cosine Formula: ~ f(x) = % + ) ancos L

L
= 2 [f(x) cos 22 dx
0

ao = 1“: 3dx+_[i de} =

1 2 1
_ nmXx nmXx _ 6 H nTXx _ 6 H nmw
an = J.03cos 2 dx+jlocos 2 dx = 7 Sin 2% 73 sin -

" £.(-1)7  nodd
n =
0 n even

343 6 gin 1z gos oz S 6™ e
Thus f(x) = 5 + Zn— cos X Z an =D .

computing the first few terms:
— 3 41 6 c0slox— 2cosd 8 cos2x— 8 cosZ 2 cos 2
f(X) = & + 7 C0S 5 X — £ COS 5 X + £ COS 37X — == COS 5 7TX + = COS 57X

1. b) Sketch the graph of f(x) on -4 < x < 6

2T

<o L

1. ¢) Solve the boundary value problem:
y'x) —yx)=x  y0)=0; y'(@1)=1



homogeneous solution:  y"(x) —y(x) =0
characteristic equation: r>’-1=0=r = +1
y(X) = c1eX¥ + coe7*

y(x) = Ax+B
particular solution: y'(x) =A = A=-1=yX) =X
y'(x) =0

general solution: y(x) = c1e¥ +ce* —X then y'(X) = ci1e*—ce* -1
BC. = y(0) =c1%+¢ce%-0=0=c¢; = —¢C;
and y'(1) =ciel-cet-1=1=ce—cel=2

C1 = —C» . .
, Solution is : {Cz = —%,Cl = ﬁ},

cie—cel =2 ere

So y(X) = —2-eX— —2_e¥—X

ere! e+el

2.a) letu(r,0) = R(r)T(O)
then Uy =R'(DT@O) uyr = R'(DTO)  ug = RINT"(0)

and Uy + +Up + r—12U90 = 0 becomes R"(r)T(0) + LR'(r)T(9) + Ir%R(r)T”(@) =0
r’R"(r)T(0) + rR'(r)T(0) = -R(rT"(0)

r’R'(r)+rR'(r)  T"(0)
—R(r) - T)

resulting in the equations r?R"(r) + rR'(r) + kR(r) = 0
and  T"(0) -KT(H) =0

= k since R and T are independent

2.b) (i) Uxx(X, 1) = Vix(X, 1) Ux(X,t) = vx(X, 1)
Ue(X, t) = va(X, 1) Ut(Xt) = vi(x1)
u(d,t) = 2and u(x,t) -2 = v(x,t) = v(1,t) = 0
Ux(0,) = 0 = vx(0,t) = 0
u(x,0) = -3cosZ +2 and u(x,t) -2 = v(x,t) = v(x,0) = -3cos &

2.b) (i) let v(x,t) = XCOT(t)
then X'T = OXT' = X~ =91 =k

resulting in the ordinary differential equations:



—kX=0 and T'-£T=0
Boundary Conditions become: X'(0)T(t) =0 and X(1)T(t) =0
= X'(0) =0 and X(1) =1

Solving the differential equation X" — kX = 0 consider all values of k
k<O letk=-u? u>0

X" +u?X = 0 has the solution: X(X) = ¢1COSUX + C; Sinux

and X'(x) = —C1USIiNUX + C2UCOS UX

B.C. = X(1) = cicosu+czsinu=0 and X'(0) =cou=0

= ¢z = 0 thus cicosu =0 = up = 2% n=1.2,...

_1\2..2
=kn=-E2 = n=12...

(2n- 1)7'[

so Xn(X) = cpcos X
k=0 = X" =0 which has the solution: X(x) = c1x+ ¢z and X'(x) = ¢
B.C.= X(1)=c1+c,=0and X'(0)=c;=0=1c¢,=0
thus X(x) = 0 is the trivial solution.
k>0let k=u% u>0
X" —u?X = 0 has the solution: X(x) = c1e% + coe ™%
and X'(x) = ciue™ — coue™™
B.C.= X'(0)=ciu-cou=0=c1=¢Cy
and X(1) =cieV+coe' =0 = cie¥+c1eV=0=ci(e"+e¥) =0
= C; =C2 =0 thus X(x) = 0 is the trivial solution.

(2n-1)272 (@n-D)m l)rr
4

Using the non-trivial solution k, = — Xn(X) = €nCOS ——X,

the equation T'— £T = 0 becomes T’ + (Zn—glgzn T_0

, 2 /
solving by separating - = -~ l) : = [F=-]

@n- 1)2 2

(2n1)22
:>InT:—(2”1)”t+c:>T(t)—ce t

Therefore vp(X,t) = Xn(X)Th(t)

_ (2n-1)272
2n 1)77:X e_Tt

Vn(X,t) = cnCOS

(2n-1)272
(2n- 1)77:X e_Tt

so V(x,t) = chcos
n=1

Using 1.C. to compute coefficients:

o0
v(x,0) = chcosw = —3cos ¢
n=1



by equating coefficients: ¢; = 0,c; = 0,c3 = -3,¢c4 =0,...

_4972

V(x,t) = —BCos%e s is the solution.

2.b) (iii)  u(x,t) = —SCOS%e*%t +2

2 31
3.a) A= 12 3
312
231100
Use row operationsonthematrix:l 1 2 3 0 1 0
312001
R, - R1 12 3 01 O
—3R2+R3—>R3 = 0 -1 512 0
2R +R1 » R» 0 -5-70-31
123 0 1 0
-R2 > R»
= 15 -1 -20
—5R, + R3 - R3

0018 57 1

LR; - Ry {1201533
1
0
0

8 18 18
=3 7 1 =5
18R3+R1—>R1 ) 010 18 18 18
=S = 7 1
s R3+R2 > Rz 001 &5 4 =

1 =S5 1
00 55 T =3
2R R R 10 - L =
2thR1 >R = 18 18 1
= 17 1
01 &% 45 5
1 _5 T
18 18 18
-1 _ s 1 _5
= A" = 18 18 18
5 7 1

18 18 18



X1+ X2 +X3+Xg = 0
3.b) Written in augmented matrix form the system x; +3X, + 2X3 +4x4 = 0

2X1+X3—X4 =0

1111 O
becomes:f 1 3 2 4 0
201 -10
10+ -2 0
reduce to row echelonform: | 0 1 1+ 2 0
000 O O

Solution is {X2 = X2,X4 = X4,X3 = —2X2 — 3X4,X1 = X2 + 2X4}

1 2
0
or X =¢ +C2
-2 -3
0 1

4. a) jC(Bx—Sy)dx+x2dy C: X+ % =1
Parameterize the ellipse: x = 2cosf®  dx = —-2sin6dé
y =3sinf  dy = 3cos60do
in the second quadrant - <60 <~
jC(G cos — 9sin@)(—2sin)do + (2cosH)?3cosHdo

|” (-12cos6siné + 18sin%6 + 12c0s%6)de = $ 7 -2
2

b) Verify the divergence theorem for V = X7 + yT + 7K over the
sphere x2 +y? + 22 = a2

[[VeTdS  using spherical coordinates 6G becomes p = a
oG

T =xi+yj +zk = asinpcosfi +asingsindj +acosek

then T, = aCOS(pcosOT+ acowsin@?— asin (p?



and Ty = —aSin(pSiI‘IQ—i)+aSing0C059T+0_k)

- i -

i j k
_
N =TyxTo= acosgpcosd acosesing —asing
—asingsing asingpcosf 0
— a24in2 T Aa2cin2meing L 2 ; 2 2 : 2T
= acsin“pcosfi +assin“esinfdj + (a<cos@sing cos<f + a“cosesinesin<g)k
N = a?sinpcosfi +a?sinpsindj + acospsingk
at(£,%) = N = azT which points outward.

V= asinq)cosQT + asinq)sinGT + acos<pT<)

[[VeTdS = ji” jg(a3 sinp cos20 + adsin3psin26 + a®cos?gsin@)dpdd = 4rad
oG

fcj;jdideV divy = 20+ 2@+ <) =3

again using spherical coordinates
(or 3 times the volume of a sphere of radius a)

2r pm pa
. B - B ;
fc{fd'VVdV = IO IO IO(3p sing)dpdedd = 4ra

5.a) (i)  Graph the region of integration of j: sz x2ydydx

25T
Yy 1
20T
157

10T

X L



5. b) Verify Green’s Theorem for §C(x2 + y4)dx — 2xydy
C is the triangle with vertices (0,0),(1,0),(0,1)

LetCy : (0,0) — (1,0)
then 0<x<land y=0=dy=0
1
§Cl(x2 +y2)dx — 2xydy = IO x2dx = L
C,:(1,0) - (0,1)
0<t<l1

then parameterize y =t = dy = dt
X=1-t= dx = —dt

§ (2 +y?)dx — 2xydy = jl—[(l — )% +t2 ]dt — 2(1 — t)tdt

= [P [-L+2t-2] - 2t+ 2tdt = [ (-1ydt = -

3:(0,1) -~ (0,0)
then 1>y>0 and x=0=dx =

1
§Cs (x2 +y2)dx — 2xydy = jo ody = 0

Finally:
§_Pdx+Qdy = § de+Qdy+§C de+Qdy+§C Pdx + Qdy = -2

Let P=(xx%*+y?) and Q =-2xy
1 ply
then [[(Qx— Py)dAyy = jo | Cy-2yday = - 2
G

6. a) Find the volume of the region of the ball x2 +y2+ (z—1)? =1
cut out by the cone x? +y? = z2 using spherical coordinates



X2 +y2+(z-1)%> =1 = (psinpcosh)? + (psingsind)? + (pcosp —1)% = 1

= p? =2pCosp = p = 2C0SQ
x2 +y2 = 722 = (psingcosf)? + (psingsind)? = (pcose)?
ztan2q)=1:>(p=%
Solution is : .[(2)” joT chow p?sinpdpdpdd
6.) F=@x-y-2)T+@y-x)]+@z-xK
(i) curlF = V x (2x -y —12,2y — X,2Z —X)
~07+0j+0k =0
(i) Does there exist V& = F ? Yes, since curlF = 0. Find ®.
® = [(2x—y—2z)dx = X2 —xy —xz +9(y,2)
Dy = —X+0y =2y —X = gy = 2y = g(y,2) = [2ydy = y? + h(2)
O =x2-xy—xz+Yy?+h(z)
O, =x+h'2) =22-x=h'(z) =2z = h(z) = [2zdz = 22 +¢

Scalar potential is ® =x% —xy —xz +y? +2z?+¢

~

a)  Evaluate ﬂl_:) « dS where F = xi +y] +zK and
S

S: 2x+2y+z = 3 inthe first octant and RekK >0
Parameterize Sletz = 3 - 2x — 2y

then P=xi+yj+zk =xi +y] + 3 —=2x-2y)K
Py =17 +0] - 2K
Py =07 +1] - 2K



= XT + yT +(3—-2x— 2y)? parameterized
oN=2X+2y—3-2x-2y = —
The projection of S into the xy-planeis y = % - X

157
1.0

0.5 7

0.0

0.0

: - 33
Solution jsj FeTdS= IO IO —3dxdy

Remember: = |;u:;\l| the unit normal and dS = |7y x Tv|dAuy

so WdS = (PyxTy)dAy,  I'mcalling Py x Ty = N

7. b)  The volume common to the cylinders x? + y? = a2 and x> + z2 = a?

let z=+ya?-x% and y = +4/a? —x? then volume is the triple
integral _[ ja X _[a - dzdydx—j _[ _2/(@% —x?) dydx

_a2 x2 _aZ

= J. 4(a% —x?)dx = 22a3
-a

8. a) State Stoke’s Theorem
jj(vXV) « TS = jv dv

s

8. b) Evaluate §(2ydx —2xdy + z%xdz) whereC : x> +y2 =1, z=5
C



This is the right hand side of Stoke’s Theorem, and we know that
P=xi+y] +zK sodP = dxi +dy] +dzk, and we see from

the given expression that V = 2y 7 — 2x] + z2xK

i k
curlv = | = % L | =0i-22j+(-2-2)k =0i —2°] + -4k
2y —2x 7%

Givenz = Swewrite 7 = Xi +y] +5K

0 Px=17+0]+0K and _r’y=0_i)+1T+OT<)

-k

zZl

I

N

X

=

|
R O —
o O x|

Then curlV « RdS = curl¥ « NdA.y = —4dA,,
Note: S is the interior of the circle, so integrating over the circle
[[(VxV) «TdS = [[-4dA,y = -4 (Areaof circler = 1) = —4r

S S

or J.: J_;‘/;_; —4dxdy = —4n

1 a a?
8. ¢) Showthat| 1 B B2 | =(a—B)(y—-a)f-7)
1y y?
1 a a?
1 B B2 | =PBr?-B%y—ay?+a’y +af?-a?p
1y vy

—ay? —a’f+a’y — B2y + By* + BPa + (afy — aPy)
afy —a?f — By + pPa—ay® +a’y + fy® —aPy
(ay —a? =Py +Pa)(B-y) = (@a-B)y-a)(B-7)

9. a) Solve the eigenvalue problem:
y'+2y'+(A+1)y =0, y(0)=y(1)=0

10



The characteristic equationis r>+2r+(A+1) =0

2+ [A-40+1
SO r= ( ) = -1+/-2

2
There are three cases depending on the value of A.

Case 1: A<Olet A=-u?2 u>0

then r= -1+ /—(-u?) =-1+u

y(x) — Cle(—1+u)x + Cze(—l—u)x

B.C. = y(0) = 160 4 cop W0 =0 = ¢y +¢, =0
and y(1) = c;eCHWI 4 eI WL = cre U etV =0
=ce etV =0=rce'-ciet=0=cy(e'-eY) =0
=c1=0=c0
thus y(x) = 0 the trivial solution = no eigenvalues
Case 2: A=0
then r = -1
y(X) = c1e67* + Coxe™*
B.C. = y(0) = c1e°+¢2(0)e®=0=1¢; =0
and y(1) =ciet+c(1)et=0=c1+c, =0
=Cc1=0=¢cy
thus y(x) = 0 the trivial solution = no eigenvalues
Case3: A>0 letA=u?> u>0

then r = -1+ /—(U?) = -1+ui

y(X) = e7*(C1CoSUX + C2SiNUX)
B.C. = y(0) = e%c1c0s0+c,s8in0) =0=1c¢; =0
and y(1) = e~*(cicosu+czsinu) = 0
= Ccsinu=0=u=nr n=12,...
= eigenvalues A, = n?z2 n=1,2,...
eigenfunctions y,(x) = che*sinnzx

1 -10
9. b) Find the eigenvalues of the matrix A=| 02 1
00 -1



We wish to solve the matrix equation (A -rl )U =0

This has non-trivial solutions if and only if det(K — rT) =0
1-r -1 0
0 2-r 1 =1-n2-r1-r)=0
0 0 -1-r

= r =-1,1,2 are the eigenvalues
Eigenvectors corresponding to the eigenvalues are:
r=-1

2 -10 uz
03 1 u | =
00 O Us
2100
In augmented matrix form:{ 0 3 1 0
00O00O
U =—<uUz and up = Uy = —¢U3
U=s| 2
—6
r=1
0 -10 Up
01 1 U | =
00 -2 Us
010 O
In augmented matrix form:{ 0 1 1 O
00 -20

up =s isarbitrary uz3=0 u,=-u3=0

12



-1 -1 0 Uy

0O 0 1 U

0O 0 -3 Us

In augmented matrix form:

us =0 Ui = —Up
1
U=s| -1
0

-1 -1
0 O
0 O

o O O

= O

13



