Ma 227 Final Exam Solutions 11 May 1998
Part I: Answer all questions.

Problem 1
a) (8 points)
Find the first four nonzero terms of the Fourier cosine series of

-1 0<x<§
f(x) =
0 §<x<n

Solution
If f(x) is a function defined on [0, L], then its Fourier cosine expansion is given by

f) =3, an cos(n—fx)

where ag = %j;f(x)dx and a, = %j;f(x)cos n—fxdx n=123,...

Here L = 7 so that f(x) = >~ ancos(nx),ap = %jgf(x)dx and a, = % jgf(x)cos nxdx.

Thus ao = L [#(-1)dx+ L [Z(0)dx = 1. Also,

an = %jf(—l)cosnxdx = —%[sin nx]g = —%[sin%ﬂ

Therefore

a = —%, a =0 az= +%, as =0, as= —%, as =0, ar= +%

Hence

f(x) = L 2 osx+0-0082X + 22— c083X + 0 - COSAX — 2 COS5X + 0 - COSBX + —2— COS 7X
2 T 3 5 r

b) (8 points)
Sketch the graph of the function to which the Fourier series in (a) converges
on —2x < X < 3.
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c) (9 points)
Find the eigenvalues and eigenfunctions for the problem

y'+2y=0; y0)=0; y@2)=0

Be sure to check the cases 1 < 0, A = 0,and A1 > 0.
|. Consider the case 1 < 0 first. Let A = —a? where o + 0. The DE becomes

y" —a?y = 0.

The general solution of this equation is y(X) = c1e** + c,e . Thus
y(0) =c1+c2 =0 and y(2) = c1e* +ce™2* = 0.

The first equation implies that c; = —c,. Thus the second equation becomes
c1(e?* +e72*) = 0. Thus c; = 0; this tells us that ¢; = 0 also. Therefore y = 0 is the only
solution if A < 0. Hence there are no negative eigenvalues.

Il. Suppose A = 0. The DE becomes y” = 0 which has the solutiony = ¢1x + c2. The
boundary conditions imply y(0) = ¢c; = 0, sothaty = c,. Buty(2) = ¢, = 0 so that
y = 0. Hence there is no eigenfunction corresponding to the eigenvalue 1 = 0.

lll. Suppose A > 0. Let A = B2 where B = 0. The DE becomes

y"+ By =0.



The general solution of this equation is y(x) = c1sin Bx + ¢z cos fx. Thus

Now y(0) = c2 =0 Thus y(x) = czsinpBx. Now y(2) = czsin2p = 0. For a nontrivial
solution we must have c; # 0. This means thatsin2 =0or = 5+, n=1,2,3,... The
eigenvalues are therefore A = p? = % and the corresponding eigenfunctions are

Yn = ansinFx, n=1,2,3, ...

Problem 2
a) (10 points)

Use separation of variables, u(x,t) = X(x)T(t), to find ordinary differential equations
which X(x) and T(t) must satisfy if u(x,t) is to be a solution of

5x5t%U + (t+ 3)°(X + 5)%Uy = 0
Do not solve these equations.

Solution:
uy = X'T, U = X'T, Ut = XT', ug = XT"

Thus the given equation becomes
15t2X5XT" + (t+3)°(x +5)*X"T =0

= 15x5m - —(t+3)° tz-!l-'” =k, k a constant

This yields the two ODEs
15x5X — k(x + 5)2X" = 0

(t+3)°T+kt?2T" =0
b) (15 points)
Solve:

P.D.E.: ux = 4u; B.C.'s: u(0,t) =u(2,t) =0

I.C.: u(x,0) = —C%sin’TTX + 23sinzx — 4sin 27X

Let u(x,t) = X(x)T(t). Then differentiating and substituting in the PDE vyields

X"T = AXT'
Using the argument that the left hand side is purely a function of x and the right hand
side is purely a function of t, and the only way that they can be equal is if they are

equal to a constant, we get



XTH - 4TT/ =k kaconstant

This yields the two ordinary differential equations

X"—kX =0 and T/—%szo

The boundary condition u(0,t) = 0 implies that X(0)T(t) = 0. We cannot have T(t) = 0,
since this would imply that u(x,t) = 0. Thus X(0) = 0. Similarly, the boundary condition
u(2,t) = 0 leads to X(2) = 0.

We now have the following boundary value problem for X(x) :

X"—kX =0 X(0)=X(2)=0

This boundary value problem is the one given in Problem 1(c) above with k = —A.The
solution is

k=—(1)"  Xp(x) =ansin=x  n=123,...
Substituting the values of k into the equation for T(t) leads to

T+ LET 0

2

nzn
which has the solution T,(t) =che” 6 , n=1,2,3,...
We now have the solutions
o a2
Un(X,1) = AnsinZExe 1 n=123,...
Since the boundary conditions and the equation are linear and homogeneous, it follows that
2t

nzzr
u(x,t) = D7 Un(x,t) = D~ Agsin xe i

satisfies the PDE and the boundary conditions. Since

u(x,0) = -3sin ”TX +23sinzx —4sin2zx = Y.~ Ansin ZEx.

Matching the cosine terms on both sides of this equation leads to



AL =-3 A, = 23 and A; = —4. All of the other constants must be zero, since there
are no sine terms on the left to match with them. Thus

u(x,t) = —3sin %Xe*%t + 23sinzxe %t — 4sin 27xe "
Problem 3
a) (15 points)

1 2 -1
Find the eigenvalues and eigenvectorsof A=| 1 0 1
4 -4 5
1-2 2 -1 2-1 2-1 O
1 -1 1 =11 -2 1
4 —4 5- 1 4 —-4 5-21
-1 1 11
= -1t +(2-A) (1)
@-NEVM L [ @EAEDT

= Q- (BA+A2+4) = (2-)B-A-4) = 2-[A2-41+3] = 2-V)A-3)(A-1)

Hence the eigenvalues are 1 = 1,2,3. The system of equations (A — A1)X = 0 for this
problem is

(1—/’L)X1+2X2—X3 =0
X1 — AX2 + X3 = 0
4X1—4X2+(5—1)X3 =0

2X2—X3 =0
X1 — X2 + X3 =0
4X1 —4X2 +4X3 =0

This system has the solution x3 = 2x2, X1 = X2 — X3 = —X2. The eigenvector is
1 1 1

therefore —1 . Similarly we haveforA =2 -1 andfori=3 -1.
2 -2 —4

b) (10 points)

Find the solution, if it exists, of



X1 + 2X2 - 2X3 + 3X4 —4xg = -3
2X1 + 4X5 — BX3 + 6X4 —bxs = -1

—X1 — 2X2 —3Xg4 + 11x5 = 15
Solution:
1 2 23 -4 -3 12 -23 -4 -3 12 -2 3 -4 -3
2 4 56 -5 -1 -M% 00-103 5 -FxF 001 0 -3 -5
1 -2 0 -3 11 15 00 -207 12 000 01 2

Since the rank of the coefficient matrix equals the rank of the augmented matrix, there
exists a solution. It is

X5 = 2 X3—3X5s =-5 0orx3=-5+3x3=-5+6=1landx; = -2x, —3xq4 + 7

Problem 4
a) (13 points)

Verify Green’s theorem when P = 4x—-2y; Q = 2x+6y and C is the ellipse
2

X =2c0sf, y=sinf, 0<6 <2z (Recall thatthe area of the ellipse % + z—z =11s
rab.)

SOLUTION

For this ellipse, a=2 and b =1. Let G be the interior of C. Green’s theorem
states that the two integrals §C Pdx + Qdy and ”G(Qx—Py)dxdy are equal. We must

verify this.

Since Qx =2 and Py = -2,
I (Qx—Py)dxdy = [[_4dxdy =4[ _dxdy = 4(Area of G) = 4(m)(2)(1) = 8r

The ellipse is already parametrized by 6. Since dx = -2sinfdf and dy = cos6do,
§C Pdx + Qdy = §C(4x — 2y)dX + (2x + 6y)dy

= [2*{(8cos0 — 25in0)(~2sin0) + (4cos0 + 6sin0)(cos0) }do
= JZ”{—leianosG +4sin?0 + 4cos20 + 6sind cosH }do
= [ {4~ 10sinfcos6 yd6 = 8z

The theorem has now been verified.
Problem 4



b) (12 points)
. 22
Consider IO Iy f(x, y)dxdy.
a) Sketch the region of integration.

b) Write the integral reversing the order of integration.
c) Rewrite the integral in terms of polar coordinates.

SOLUTION

0 X 2

b) Taking the limits from the sketch, we get jz jZf(x,y)dydx

c) The limits on 6 are clear from the sketch. Noting that the polar equation of the line

X =2 is rcosd = 2or r = 2secd, we have IZM jzsecef(rcose, rsind)rdrdd. Don't forget

the extra factor of r inside the integral.

Problem 5

Consider the ICI_:) .dr, where F = (2xyz + 22y)T + (X% + 22)] + (x2y + 2xy2)k

a) (12 points)

Show that V x F = 0. What does this tell you about §CI_:) .dr , where C is any closed
curve?

SOLUTION
h 7 k
2 _ _ 0 0 0
VxF=curl F= X 6_y ra

2XYZ + 2%y X7+ 7°X X%y + 2xyz

= 2+ 2x2— X2 — 2207 — (2xy + 2yz — 2xy — 22y)] + (2xz + 22— 2xz — 22)k = O

Then §CI_:) .dr =0 for any closed curve C.

Or, equivalently, §CI_:) .dr is independent of the path taken between two given points.



b) (13 points)
Find a function ®(x,y,z) such that Vo = F

SOLUTION
F=V0 = %‘fT + %‘;’T +22 % We set equal the corresponding components.

oz
0D _ oyyz + 22y = D(X,Y,2) = X?yz + xyz? + C1(y,2)

OX
%;;) = X%z +7°X = D(X,Y,2) = X°yz + xyz? + Co(X,2)
%) = X%y + 2xyz = D(X,Y,2) = X2yz + xyz? + C3(X,y)

Comparing the three expression for ®, welet C; = C, = C3 = C. Since C; is
independent of x, sois C. Likewise, C, isindependentof y, and C; of z.
Therefore C is independent of all variables, i.e. it is a constant.

Finally, we have ®(x,y,z) = x?yz + xyz2 +C
Problem 6

a) (12 points)
Let S be the closed surface bounded by the parabolic cylinder z = 1 -x? and the
planes z=0,y =0,y =1z = 2. Sketch S.

SOLUTION

b) (13 points)

Let S be the closed surface in 6 a), W the outward unit normalto S, and
F = xyi + (y2 +e?)] +sinxyk. Use the Divergence Theorem to transform the
”SI_:) - TdS into a triple integral. Do not evaluate the integral.



SOLUTION
- o 1 1-x2 (22
J[J F-mds=[[] divF dv = [[[ (y+2y+0)dv =] [ [ 3y dydzdx
The limits can be deduced from the sketch. Other correct expressions include:
12—z p+d12
j f * 3y dydxdz jojo ' 3y dxdydz

There is no way to express the integral in the forms dzdydx or dzdxdy or dxdzdy
without splitting the integral into two smaller integrals.

Problem 7
a) (10 points)

1 a b+c
Without expanding showthat | 1 b c+a | =0

1 c a+b
SOLUTION:
Using elementary operations on the columns we have,
1 a b+c 10 b+c 10 b+c
1 bc+a |1 |1 b-ac+a |- |1 b-a b+c
1 c a+b 1 c—a a+b 1 c—-a b+c

0
=(b+c)| 1 b-a
c—a

Since the first and third columns are the same.

b) (15 points)

Use Stokes’ Theorem to compute the integral ” curlF - fidS, where F = sz+ sz+ xy_K,
S

and S is the part of sphere x? + y? + z? = 4 that lies inside the cylinder x? + y? = 1 and
above the xy —plane. Sketch S.

(Note: cos?t — sin?t = cos2t.)

SOLUTION:
Stoke’s Theorem states that ” curlF - RdS = j E .dr. We want to find j E.dr.
S oS oS



The region S is the part of the sphere x? +y? + z2 = 4 that lies inside the cylinder

x2 +y2 = 1 and is above the xy —plane. To find where the sphere and the cylinder

intersect we set x? +y2 = 1 in the equation x? + y?> + z2 = 4. Thisyields 1 +2z2 = 4 or

z = ,/3. Thus 8S is given by x? +y2 = 1, z = /3. We parametrize this as
X=cost,y=sint, z=,/3 0<t<2r

Hence T(t) = costi+sint]+ 3 kand P'(t) = —sint i+ cost j + Ok and
F(t) = J/3sinti+ 3 cost] + costsint K

= 21 = - 2 . 21
jas F.dr= IO F(t) - P/ (t)dt = jo J3(cost —sint) dt = ﬁfo cos2t dt = 0
Problem 8
a) (10 points)

Find the volume of the solid bounded by the plane z = 0 and the paraboloid
z = 1-x?—y?. Sketch the volume.

SOLUTION:

The paraboloid z = 1 — x? — y? intersects the x,y —plane on the circle x> +y?> = 1. Let D
denote the inside of the circle. Then the volume is

_y2_y2
V=[] [ dzdA
Using cylindrical coordinates x = rcos6, y = rsin, z = z we have,

V= IZ” j; j;_rz r dzdrdd = fﬁ” j;(l —r?)rdrdg = =

b) (15 points)
Find the eigenvalues and eigenfunctions of

y'+2y =0 y(n)=yr) Yy'(n)=y(n)

10



SOLUTION:

We must consider the cases 4 < 0,4 = 0,1 > 0.
Casel. 1 <0 Letl = —qa?
y'—a?y =0

The auxiliary equation is r> —a? = 0 which tells us that r = +a real distinct roots.
The characteristic equation is

y = C1e™ + Ccoe™

y' = aci1e® — acye
Y(—7m) = y(r) = C187%" + C2e%" = C1€%" + C26™*" = C1(e*™ —e ") = C(e? —e ")

= C1 = C»
y'(-n) =y'(7) = aC167%" — qC2e"" = aC16Y — aCre ™

Butc; = ¢ S0 2c1e%" = 2¢c1e67%".= ¢; = 0sothatc, = 0. Thusy = 0 is the only solution,
and there are no negative eigenvalues.

Casell.A =0
y// _ O
The auxiliary equation is r? = 0, a repeated root.
Yy = C1X + C

y(-7) =y(r) > Cimr+C2 =Cir+C =0
This implies that ¢c; = 0. This also satisfies y'(-x) = y'(r) soy = ¢, where c, # 0 is a
nontrivial solution corresponding to 4 = 0.

Case lll. 2 > 0 Let A = a?, where a # 0. The DE is then
y'+a’y =0
The auxiliary equation is r2 + a> = 0 which tells us that r = +ai complex roots.
The characteristic equation is
y = C1C0Sax + CzSinax
y' = —CiasSinax + C20.COS ax
y(-) = y(r) = 0 = c1cos(—ar) + C2Sin(—ax) = €1 C0Sarx + C2Sinax or

c1cos(an) — casin(arn) = cpcosan + Caasinanr = 2¢,sinar = 0

y'(-m) = y'(x) implies that —ciasin(-ar) + C,a cos(—ar) = —CySinan + €, COSan

= 2ciasinar = 0. Thus if sinazr + 0, since we have c; = ¢, = 0. Hence for a nonzero
solution we must have sinaz = 0.

This is true when ¢ = n, where n = £1,42,+43,.....

Therefore the eigenvalues are 1, = n? and the eigenfunctions are

Yn = @n COSN7X + by sinnzx.

11



Problem 9
a) (13 points)Suppose that f(x) = Zﬁl aigi(x), where {¢1.¢2,¢3,...} is an
orthonormal set on the interval [a,b]. Show that jZfz(x)dx =&

SOLUTION:

By definition of orthonormality we know that
lifi=]j
b
[ 01090 dx =< ¢i,p; >=
Oifi+]j
b 0 o0
| FPO0dx =< f,f >=< 37 aipi(x), 227, ajpi(x) >

= a? < p1(x),p1(X) > +a1a2 < P1(X), P2(x) >
+aiaz < (pl(X),(pg(X) > +--- +adzad; < (pz(X),(pl(X) >
+a3 < 2(X), p2(X) > +aza3 < P2(X), P3(X) > +---
However, since we have an orthonormal set we have that
b 0
[ f200dx = 8% < 9100, 91(x) > +85 < 92(x),p2(X) > +--- = 3.7 af
b.) (12 points)

12 3 -3 9 2
Find the inverse of the matrix 0 01 |[.,inverse: 2 6 -1
2 30 0O 1 0
SOLUTION:
Using row reduction,
123100 123100 123100
001010 |-fR| 230001 |>R| 01620 -1
230001 001010 001010
1231 00 103 -3 6 -2
>Rl 0102 61 [>T 0102 61
001010 001 0 1 O



The inverse is

_)—3R3+R1

-39 2

2
0

-6 -1
1 0

100 -3 -9 -2

010 2
0010

-6 -1
1 O
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